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A direct procedure is outlined for determining the basis spanning finite dimensional irreducible
representations of U( p + ¢) adapted to the subgroup U( p) ® U(g). Using a tableau based analysis,
it is shown that the realization of the semimaximal states follows readily from a knowledge of the
matrix elements of the generators E;; | of U( p), U{g)CU(p + g).
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. INTRODUCTION

The use of the canonical basis spanning finite dimen-
sional irreducible representations (irreps) of the unitary
group has been well established in the study of many-body
problems. Based on extensive studies by Moshinsky,' Baird
and Biedenharn,? and others,** considerable notational and
other simplifications have been developed™*® leading to large
scale studies of many-particle systems using computers.”

In many applications, however, it is necessary to choose
a noncanonical basis for the unitary group U{ p + ¢) adapted
to the subgroup U( p) ® U(g). The usefulness of such a basis
has been discussed in recent years by a number of work-
ers.”'! Details of the realization of such a basis using lower-
ing operators which are polynomials of the generators of the
unitary group was considered recently by Mickelsson.’
Though rules have been given for the construction of these
operators, their explicit realization and actual construction
of the required basis using them is not easy.

Alternatively, the S-function method of Littlewood, '
as elaborated by Wybourne,'* could also be used to generate
the basis adapted to the restriction U( p + ¢)1U( p) ® U{g). In
this approach there exist simple tableau based rules for ob-
taining the irreps of U( p) ® Ulg), which occur in the above
restriction. A determination of the required basis states
spanning a given product representation of the subgroup is,
however, not quite straightforward.

In the present paper we have used the tableau method to
obtain the subduction series occurring in the restriction of
the group to the subgroup U( p) ® Ul(g). The series is obtained
as was done by Wybourne'? and Robinson,'* by reducing the
skew representation [4 ] — [ 1], where [4]is an irrep of
U(p + g)and [ 4] is an irrep of U(g) contained entirely with-
in [4 ] and realized using a tensor product of the first p orbi-
tals of the fundamental representation of the group. For each
of the product irreps occuring in the subduction series the
semimaximal states have been determined. The semimaxi-
mality condition® has been used to determine the subgroup
adapted basis in terms of the set spanning [1 ]. Knowing the
matrix elements of the generators of U( p) and Ulg), this basis
set has been determined to within a normalization factor and
ambiguity due to the multiplicity of occurrence of [v] in
[A1—[xl

The procedure has been outlined in Sec. 2 and a brief
discussion presented in Sec. 3.
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2. THE RESTRICTION U(p + @) LU(p) e U(q)

Consider an ordered set of orthonormal single particle
basis orbitals {¢,|i = 1,2,..., p, p + 1,..., p + ¢} spanning the

fundamental representation space V, . , of the unitary group
U(p +g). Let
Al1=[41, Ads A, JA 24254, >0, (1)
Pt g

4, =N,

i=1

be an irrep occurring in the reduction of the tensor basis

spanning ¥, . ® ", where N is the number of particles. The
basis spanning V, , , ® ¥ may be represented as a tensor of
rank & in terms of single particle orbital occupancies, as

(NiNoveooN, o J=0 1658 7, (2)
where

Ptaq

2 N,=N, N,N,,..,N,, >0 (3)
i+1

Using nonstandard Wigner operators of the permutation
group S it is quite straightforward to generate a canonical
basis spanning the irrep [A ] using the reducible basis of Eq.
(2) and the detailed procedures outlined in an earlier note. '’
As was shown in that note'® such a basis transforms as the
canonical Gel’fand or Weyl basis under the action of the
generators {E;|i,j=1,2,..p,p + 1,...,p + q} of U(p + g).
Using the Weyl tableau to represent the basis, we observe
that the first p indices define a standard subtableau structure
of A corresponding to a [ 1] of U{ p) obtained in the reduction
of ¥, & "', where

N'+N"=N, SN=N, S N=N" @
it1 i=p+1

In terms of the branching rules for U( p + g),'® this essential-
ly means that if we delete N " boxes successively from the
given Weyl tableau for [4 ] such that no two of the NV, , or
N,,,or..N,,  boxesshare a column, the residue still de-
fines a standard Weyl tableau for the irrep [ 1] of U( p). The
deleted portion [A ] — [ u], which is a “skew tableau” in the
sense defined by Robinson,'* forms a reducible representa-
tion for the subgroup Ulg), whose fundamental representa-
tion space is spanned by thge last g orbitals. Given a [A ] of
U(p + g) and [ u] of U( p), contained entirely within it, the
rules obtaining the possible irreps of U( p) ® Ul{g) occurring
in the reduction of [ u] ® {[A ] — [ u]) can be stated as'®
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(i) replace the Young tableau box structure for [A ] by corre-
sponding dots; (ii) leaving the subtableau structure corre-
sponding to a given [ 4] unaltered, fill the residual portion of
(i) with a set of a’s in all possible ways so that no two of them
share a column in the tableau; (iii) assign sets of b ’s, ¢’s, etc.,
as in (ii), ensuring at each stage that the letters g, b, ¢, etc.,
define a lattice permutation read from left to right along each
row taken from top to bottom.

Exhausting the skew portion of the tableau [A ] — [ u] as
above, we obtain a set of [A ]{[ u] ® [v] by arranging the set of
a’'s, b’s, etc., as defining the rows of tableaus for irreps of
Ulg). As an illustration, consider
[4,3,2]1[2,1]1 ® ([4,3,2] — [2,1]) of U(3) & U(3)C U(6). Using
the rules above, we readily obtain

4321 ef - - -

a a . a a a a
= a b + - a b + a b
a b a ¢ b b
- - a a .« a a a a
+. a b + - b b + .« b b )
b ¢ a ¢ c

so that we obtain the possible representations subduced from
[4,3,2] as

(4,3,2]11[2,1] ®([4,3,2] — [2,1])
=[2,1] ®([4,2] + [4,17] + [3}]
+21[3,2,1] + [2%]). (5)

Thus, given a fixed [A ] of U( p + g) and a fixed [ u] of U( p)
contained entirely in {4 ], it is easy to obtain the subduction
series

Allkle(A]—[ul) = XTI [l X V], (6)

v

where I, is the multiplicity of occurrence of [v] in
(A]—[ul

For convenience, we will assume that the irreps [v] on
the right side of Eq. (6) are ordered such that for / < j, the
irrep [v "] has a greater row symmetry in the corresponding
tableau than [v"]. In terms of the partitions defining the
irreps this implies that the first nonzero difference
(v, — v, 90,10 — v, ] is positive where the suffixes
define the partitions of the irreps in the usual sense [cf.,
Eq. (1)].

Let us now consider the procedure for generating the
basis states spanning the product representations subduced
asin Eq. (6). Let | »;/ ) and |v;k ) be the canonical Weyl basis
spanning the irreps of U{ p) and U(g) occurring in the restric-
tion [A J1[ u] ® [v] of U( p + g). Corresponding to a particu-
lar [ ][ 4] ® [v] occurring in the reduction of
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[u]®([A] — [ u])defined by Eq. (6), we observe that the basis
states for the subduction can be expressed as

ANl vikr) = 3 (4| ulvkr) |45 ), (7)

where |4; j) are the canonical Weyl bases spanning the irrep
[A]of U(p + q) and the subduction coefficients can be cho-
sen to be elements of a real orthogonal matrix satisfying'®

S| ulivkr) pd 'k P14 J) = 8,648 (8)

J

and
Z(/i il ulvkry (ulivkr|Af) = 8,,.6;. 9)
k.7

In Eqgs. (7)-(9), the index 7 has been introduced to distinguish
between the states spanning multiply occurring
[VlelA] —[ullie, I, ,, > 1 on the right of Eq. (6)].

As a first step in determining the linear combination
occurring on the right side of Eq. (7), consider the semimaxi-
mal states for the irreps defined by Eq. (6). The semimaximal
states (s.m.) can be defined using the weight raising gener-
ators E; (i<j=12,..,p, p+ 1,..,p + gq) of the unitary
group U(p + g) as’

E,|(sm.)) =0 (10)
foricj=12,.pandi<j=p+1,.,p+q.

The semimaximality condition defined by Eq. (10) can also

be restated as requiring that the component states spanning
[ u] and [v] of Eq. (7) be of maximal weight. In terms of the
partitions [ 4, i, ..., ¢t , ] and [v, v,, ..., v, ] of [ 1] and [v],
respectively, defined as in Eq. (1) for the subgroups U( p) and
Ul(q), we observe that the orbital occupancy indices of Eq. (2)
take the values

N =p k= 1,..,p} and NV, , = v, |I=1,.g} (11)

Let | ;1) and |v;1) denote, respectively, the maximal
weight states of [ 4] and [v] with occupancy indices as in Eq.
(11). For nonzero subduction coefficients to exist on the right
side of Eq. (7), we require that the same numbers of indices
1,...,0,....p + g be assignable in all possible ways to the tab-
leau structure of [A ], so that the result is a standard Weyl
tableau. The assignment of indices 1,...,p in numbers equal to
that given by Eq. (11) to the [ u] substructure of [4 ] is
straightforward, since the former defines a standard subtab-
leau of the latter. The assignment of p + 1,...,p + g in num-
bers, as given by Eq. (11) to the skew portion [A ] — [u], is
also straightforward and follows from rules (i), (ii), and a
modified (iii), which led to Eq. (6). Rule (iii) given there is
modified by the statement that the indicesp + 1,...,p + g be
assigned to the skew portion [A ] — [ ] of [A ] in all possible
ways consistent with Eq. {11), so that the resulting structure
defines a standard Weyl tableau for [4 ]. This can be readily
illustrated for the restriction [4,3,2}1[2,1] ® [3,2,1] of
U(6)1U(3) ® U(3). The self-explanatory branching diagram
leading to allowed standard Weyl tableaus having occupan-
ciesN,=2,N,=1,N;=0,N, =3, Ns=2,N,=11s
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where the branches leading to nonstandard tableaus have
been omitted. This result indicates that only a subset of |4;)
leads to nonvanishing coefficients {4j| 11;v17) on the right
side of Eq. (7).

Once a subset has been obtained as above, the semimax-
imality condition of Eq. {11) can be used on the right side of
Eq. (7) to eliminate contributions from lower weight states of
higher row symmetry irreps occurring on the right of Eq. (6).
In doing this, it is only necessary to apply E;, , (i =p + 1,
P+ 2,..,p + g — 1) to both sides of Eq. (7) and equate the
result on the right side to zero, since the left side already
gives zero. This need to use only E;; ., instead of all E (i <)
follows from the commutation relations satisfied by £,

E;=[E; \E_,]=E, ,—E_,E, (12)
which lead to
E,lsm))= —E,_E; |(s.m.)]
=(=V"'E, ,E 5 ~E;,  |lsm))=0.(13)

Equations (12) and (13) imply that only ¢ — 1 independent
equations,

E,, 12(/”{ ulvlr)|d; /) =0
7
fori=p+1,.,+p+gq, (14)

can be used to eliminate the contributions from lower weight
states of higher symmetry irreps of Eq. (6). The final combi-
nation occurring on the right of Eq. (7} after this elimination
can only define a semimaximal state for the given restriction
[4 ][ ] ® [v] and does not have any contribution from the
lower symmetry irreps [v]e[4 ] — [ u] occurring in Eq. (6).
This again follows since, by definition, at least one row of the
tableau corresponding to [v'] is of less length than a corre-
sponding one for [v]. This forces the corresponding set of
indices with occupancies as in Eq. (11} to share a column in
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the skew portion [v'Je[4 ] — [ u]. The final set of essential
unknowns occurring on the right side of Eq. (7) is equal to the
number of times [v] occurs in [A ] — [u].

As an illustration consider again [4,3,2]1[2,1] ® [3,2,1]
of U(6)4U(3) & U(3). For notational convenience we label the
states occurring in the final column of the branching dia-
gram for this example discussed earlier as ¢, (i = 1,...,6),
read from top to bottom. We also replace the corresponding
subduction coefficients on the right side of Eq. (7) by 4,

(i = 1,...,6) and require the determination of these unknowns
for

. 4 4 4 .
[4,3,2]1 ‘2 >>< ‘5 5 =>a.
6 i=1

Applying the generators E 5 and E, to both sides of the
above expression, noting that the left side yields zero in ei-
ther case and using the simple expressions for the matrix
elements of these generators for the basis on the right of the
above equation, we obtain the results

1 1 4 4
[—‘1-2—0,+a3+ma4]2 4 5
V's Vs
4 6
V3 1/3 1 1 4 4
+ 24-——31—a5] 2 4 6 V=0
V'5 V'5
4 5
and
1 1 4 4
la, +V2a,}]2 4 5
5 5

V'3 % V'3

+ | L—a, + —a, + L4
2‘/24 4 5

22 2
NI
-+~3£;——aﬁ] 2 4 5 =0.

V2, s

Since the basis states of [4,3,2] occurring on the left side of
the above equations form an orthonormal set, we obtain four
defining equations for the six unknowns a,,...,a,. Using these
equations to eliminate four of them, we get

4 4 4
[4,3,2]l’1 1>><5 5
2
6
_ |22 __1
—a4[ s ¢3+1//4 Vs ‘/’ﬁ]
4 V2
J2vaw — 20— 2w v ue - Y24
+a,[(\/)¢| 2 =t Uy \/Sw]

Since the semimaximality condition holds for all arbitrary
values a,, as, we can choose linearly independent semimaxi-
mal states for this restriction, as

4 4 4
[4,3,2]1‘;_ 1>><5 5 5t
6
1
= W[Q\/z)llﬁ — (V504 + ¢
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and
4 4 4
[4,3,2]1E 1>><5 S5 52
6
=L [evi0w, — 2v/Si, — 4v,

V83
+ (V/S)gs — (v 2)ibs ).

An orthonormal pair of states may be generated from these
using the Schmidt orthogonalization procedure. We observe
that the occurrence of the two basis states for the restriction
coincides with the twofold multiplicity of occurrence of
[3,2,1]in [4,3,2] — [2,1], as illustrated in Eq. (5).

3. SUMMARY AND DISCUSSION

The procedure outlined in Sec. 2 for generating the sub-
duced representations of the unitary group consists basically
of the following. Given [A ] of U( p + g) with definite sub-
structure [ u] of U( p) we first obtain the subduction series as
in Eq. (6) using rules (i)-(iii) presented there. For any
[ 1] ® [v] occurring in the reduction of [ u] @ {[A ] — [ u]) we
generate the maximal weight states for the component repre-
sentations having the occupancies as in Eq. (11). Assigning
these orbital indices to the tableau corresponding to [A ] the
required Weyl tableaus are generated. Using these to define a
linear combination as in Eq. (7), the generators £, | |
(i =p + 1,...,p + q) are applied to it and the result equated to
zero. This leads to defining relations among the subduction
coefficients and makes it possible to eliminate some of them.
The number of remaining coefficients is equal to the multi-
plicity index I, ,,. If I'; ,, = 1, only one unknown is left
which can be fixed by normalization. If, on the other hand,
I, ., >1 we find that a set of unique semimaximal states
cannot be obtained. In this case a method similar to the one
used by Patera and Sharp'” and Harter and Patterson'® in
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their studies of angular momentum projected states has been
employed to obtain linearly independent semimaximal
states. These can then be Schmidt orthogonalized. Once the
semimaximal states have been realized the others follow on
using the lowering generators E;(i > j = 1,...,p and
i>j=p+ 1., p+ q) of the subgroup

U(p)® Ulg)CU(p +q).

Since a program has been developed recently for gener-
ating the canonical basis states for the finite dimensional
irreps of U(n)'® corresponding to a specified occupancy in-
dex set and for determining the matrix elements of the gener-
ators® of the group between any two of these, the task of
using the present procedure is considerably simplified.
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The decomposition of representations of supergroups into representations of subgroups is needed
in practical applications. In this paper we set up and exploit a fruitful one-to-one correspondence
between the Lie group branching SU (VN + M )DSU(N ) @ SU(M ) @ U(1) and the supergroup
branchings SU(N /M )DSU(N)® SUM )& U(1) and SU(N, + N,/M, + M,)DSU(N,/M,)

® SU(N,/M,) ® U(1). A simple and useful prescription is discovered for obtaining the SU(N /M)
branching rules from those of SU(V + M) for any representation. A large class of examples,
sufficient for many physical applications we can foresee, are explicitly worked out and tabulated.

PACS numbers: 02.20 + b, 11.30.Pb, 21.60.Fw

I. INTRODUCTION

Superalgebras and supergroups are relevant to mixed
systems of bosons and fermions.' They were introduced into
physics in the context of dual models® and were subsequently
used in supersymmetric field theories® and supergravity.*
The first experimental evidence of a supersymmetric pheno-
menon in Nature has recently come from nuclear physics: A
scheme based on the supergroup U(6/4) has been suggested
to describe many properties of nuclei in the Os—Pt region.
Also, lately the representations of the supergroup SU(N /M)
with a vanishing eigenvalue of the cubic Casimir operator
have been used to construct models of composite quarks and
leptons.®

Classification aspects of superalgebras have been stud-
ied extensively.” However, with the new physical applica-
tions>® one needed especially an explicit construction of the
representations of superalgebras. The most extensive and
practical results were obtained by introducing a symmetriza-
tion—antisymmetrization procedure (called supersymmetri-
zation),? of direct products of fundamental (defining) repre-
sentations. Part of these results have also been obtained by
other methods.’ In particular, a labelling of irreducible re-
presentations in terms of Dynkin superdiagrams was given
by Kac,” who also computed the mathematical properties
(dimensions, etc.) of “typical” representations. These are the
representations containing an equal number of bosons and
fermions. However, “‘nontypical” representations are infini-
tely more numerous than “typical” ones. In the applications
of Refs. 5 and 6 it is nontypical representations that were
needed. The properties of both typical and nontypical repre-
sentations were computed using Young supertableaux meth-
ods and given in the form of practical formulas in Ref. 8. The
relation between supertableaux and Kac-Dynkin diagrams
is obtained in Ref. 10. In addition to these finite dimensional
representations, there are the infinite dimensional unitary
representations of noncompact supergroups, which are real-
ized on coset spaces in the form of induced representations.
In supersymmetric field theoretical applications®* the su-
percoset space plays the role of superspace, which includes

a)Research supported in part by the U.S. Department of Energy, Contract
Nos. DE-AC02-76ER03074 and DE-AC02-76ER03075.
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the Minkowski position x,, and the Majorana Grassmann
variables @ 2 . Geometrical properties of such representa-
tions are presently under study in the context of supersym-
metric field theory and supergravity and will be reported
elsewhere.

The rules of supersymmetrization are summarized by
supertableaux,® which are similar in appearance to ordinary
Young tableaux but indicate opposite symmetrization pro-
perties for the bosonic and fermionic components of the fun-
damental representations. The generalized supertableau
contains both dotted (4 and undotted & boxes with a slash
through each box to distinguish them from ordinary Young
tableaux. An undotted box [4 corresponds to the covariant
basis of the fundamental representation, which may be writ-
ten in terms of a tensor with a single Jower index ¢ , . Similar-
ly, a dotted box A corresponds to the conjugate of the funda-
mental representation whose contravariant basis may be
written as ¢ # with an upper index.

In previous papers® we constructed the representations
of SUN /M), Osp(N /2M ), and P(N ) type supergroups in
terms of direct products of (covariant and contravariant)
fundamental representations. This was done by using analo-
gies with the known methods'' for constructing representa-
tions of ordinary Lie groups, which are summarized in the
next paragraph. We formally associated certain supergroups
with ordinary Lie groups by observing similar properties in
their fundamental (defining) representations:

SUN /M ) with SUN + M),

Osp(N /2M ) with O(N + 2M ),

P(N) with Sp(2N). (1.1)
We then established a formal one-to-one correspondence
between their higher irreducible representations whenever
the shape of the supertableau for the supergroup was the
same as the Young tableau for the corresponding ordinary
Lie group. It was then possible to construct explicit irreduci-
ble matrix representations of the supergroup element, in di-
rect product space. The super character was calculated and
given in the form of a compact and explicit formula involv-
ing the supertrace of powers of the fundamental representa-
tion, that is Str{U "), where U is the group element in the
fundamental representation. These expressions were com-
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pared to those of the ordinary groups and were seen to differ
only in the replacement of supertrace by trace, provided the
tableaux were in one-to-one correspondence. The correspon-
dence guaranteed the equality of the various combinatoric
factors indicated by the tableaux, except for the supertrace
< trace distinction. This basic observation allowed us to
calculate characters of ordinary Lie groups and thus derive
our new formula for supercharacters. From supercharacters
we easily wrote down formulas for the dimensions of these
representations and eigenvalues of all Casimir operators.®
Our formulas, when specialized to ordinary Lie groups, give
the known results, but in some cases in a new form, in parti-
cular when dotted boxes are involved.

The rules of tensor products for obtaining irreducible
representations of ordinary Lie groups can be summarized as
follows. For the group SU(N ) the basis for higher irreducible
representations can be constructed in terms of direct pro-
ducts of only the fundamental representation L~ ¢,,,

a = 1,2,...,N, according to the rules of Young tableaux."'
However, as is often convenient and more transparent in
physical applications, physicists use tensors containing both
lower (covariant) and upper (contravariant) indices, where
an upper index may be represented by a dotted box ¢ “ ~[1."
An irreducible SU(V ) tensor is obtained by symmetrizing
lower and upper indices independently, according to inde-
pendent Young tableaux, and then subtracting all possible
traces between upper and lower indices, by using the Kron-
ecker delta 8,”, which is an invariant of SU(V ). The traceless
tensor thus obtained forms the basis of an irreducible repre-
sentation of SU(NV ). All these operations can be summarized
by a generalized Young tableau containing both dotted and
undotted boxes, as in Fig. 1.

ﬁ/[diogonols

m,[. ol 'ny'/\\g _IJ n|

m, o] M\ ns

mx e S\ ns
/// el \\\

FIG. 1. A generalized Young tableau.

Consider such a tableau with r undotted and r dotted rows.
The Young tableau is legal provided n,>n,>->n,>0 and
m,»>my>->m,>0. For SU(N ) the tensor will vanish and the
tableau is meaningless unless

r<N, r<N—r. (1.2)

These inequalities, in particular the last one, follow from the
remarks below and the fact that if more than A indices are
antisymmetrized in any column, the tensor vanishes. Any
column with k& dotted boxes may be replaced by a column
with N — & undotted boxes, that is

E}k : E}(N—k) (1.3)
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This is seen by using the SU(V ) invariance properties of the
completely antisymmetric Levi-Civita tensor €, , ., OF
€"“"**in N dimensions. Thus, any tableau contéining dot-
ted boxes can be converted to a conventional tableau con-
taining only undotted boxes. Because of Eq. {1.3), any col-
umn containing exactly N dotted or N undotted boxes may
be ignored as far as the SU(V ) transformation is concerned,
since that part of the tensor represents a singlet of SU(N ) (but
does not vanish).

For groups O(2N ), O(2N + 1), and Sp(2NV ) the complex
conjugate representation is equivalent to the original repre-
sentation (1~ (0. Therefore, there are no dotted boxes. An
irreducible basis may be constructed just as in SU{V ) by us-
ing Young tableaux with undotted boxes satisfying
n,>n,>-->0. Because of Eq. (1.3), it is sufficient to consider
N rows to obtain all irreducible representations (except
spinor representations), but the tensor would not vanish un-
less the number of rows is more than the dimension of the
fundamental representation (2N or 2N + 1). Unlike SU(N),
for these groups there are invariant tensors with two lower
indices. They can be taken as the Kronecker delta 8, for
SO(2N )and SO(2N + l)andasastandard 2N X 2N antisym-
metric matrix

0 IN)
Cub = ( _IN 0

for Sp(2NV }. After doing the appropriate Young tableau sym-
metrizations all possible “‘traces” must be taken away by
contracting with these tensors. This means that traces are
taken away when SO(2N ) or SO(2N + 1) indices are symme-
trized and when Sp(2/V) indices are antisymmetrized. The
“traceless” tensor thus obtained forms the basis of an irredu-
cible representation of the above groups.

For the supergroups in Eq. {1.1), the forms of the super-
tableaux are the same as the corresponding groups except for
O or [ replacing O or [ and “supertraces” taken away in-
stead of traces by contracting with the appropriate superin-
variant tensor.® The “supertraceless’ tensors so obtained
form irreducible bases for the supergroups. For supergroups
the restrictions of Eq. (1.2) are removed and Eq. (1.3) no
longer holds. This is because there are no completely anti-
symmetric Levi-Civita tensors for supergroups. The invar-
iant superdeterminant which plays a similar role to the de-
terminant cannot be written in terms of a tensor with a finite
number of indices since it is a ratio of two ordinary determi-
nants. As a consequence, supertableaux can have any num-
ber of rows with dotted as well as undotted boxes. Further-
more, supertableaux with dotted boxes can no longer be
converted to supertableaux with only undotted boxes since
Eq. (1.3) does not hold [except for special cases as in Ref. 10)].
Therefore, unlike SU(V ), representations described by dot-
ted supertableaux are independent ones and the notation
with dotted boxes is necessary.

The SU(N /M )DSU(N) ® SUM ) & U(1) branching rules
of the superrepresentations is of primary importance in prac-
tical physical applications.>® This decomposition is also the
key for establishing the relation'® between supertableaux
and the Kac-Dynkin diagrams. The irreducibility of our re-
presentations, which was discussed to a limited extent in our
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previous work,® becomes evident after this connection. In
this article we will explicitly study these branching rules. We
will also indicate the branching rules with respect to other
subgroups, such as SU(N, + N,/M, + M,)DSU(N,/M,)

® SU(N,/M,) ® U(1), which follow from the same methods.
The same techniques apply to Osp(V /2M ) and P(V ).

Il. SU(N/M) BRANCHING RULES FROM THOSE OF
SUNV + M)

As in our previous work, we continue to make progress
by further exploiting the relationship between SU(V /M ) and
SU(N + M ). Here we will compare the branching rules for

SU(N + M)DSUN)eSUM ) ® U(l)
and

SUN /M )DSU(N )2 SUM )& U(1). (2.1)
In the N + M dimensional fundamental representation, the
U(1) generator is a traceless matrix for SU(N + M) and a

supertraceless onefor SU(N /M ). Uptoan overall constant, it
is given as

Ull): (%} for SUWV + M),
Ul1): (l%v—{l—fﬁ) for SUN /M ).

In the following we will work our way up by starting with a
few simple examples and eventually arrive at some general
observations that hold for any representation.

The fundamental representation ¢, ~( or [4) can be
split into the direct sum ¢, = ¢, ® ¢, . Here the N dimen-
sional piece ¢,, a = 1,2,...,N, transforms like the fundamen-
tal representation of SU(NV ), is singlet under SU{M ), and car-
ries the U(1) charge 1/N. We denote this part by
&, ~(3,1),,5. Similarly, the M dimensional piece ¥_,

a = 1,2,...,M, belongs to the fundamental representation of
SU(M ), is a singlet under SU(V ), and carries the U(1) charge
(— 1/M )forSU(N + M )and 1/M forSU(N /M ). Wedenote
it by ¢, ~(1,00) _ /s, or (1,00}, ,,,, respectively. For

SU(N + M) ¢, and ¢, are both bosons (or both fermions).
For SU(N /M ) one of them is a boson and the other is a fer-
mion. In representations of Class I* we chose ¢ = boson and
¥ = fermion. It is sufficient to restrict ourselves to only class
I representations since all other representations (Class Il and
mixed cases) can be obtained from those of pure Class I re-
presentations by simply switching bosons and fermions in
the final basis without changing the matrix representation of
the group element.®

From the above explanation, the branching equation
{2.1) for the fundamental representation ¢, = @, ® ¥, can
be expressed in terms of tableaux as

(2.2)

O=(01),,y®(1,0) _,,, forSUN+ M),
(2.3)
= (O,1),,~ ®(1,0),,4 for SUN/M).

Next consider the completely symmetric (completely su-
persymmetric) tensor with n indices @, 4., ,. By specializ-
ing each index 4, = a, ® a;, wherea, = 1,2,..,Nand a,

= 1,2,...,M, we can find the various SU(N ) e SUM )& U(1)
components of this tensor as

1241 J. Math. Phys., Vol. 23, No. 7, July 1982

¢{A|AZ...A") = ¢(a.az~--a,,) & biaaya, Ma,) B
(2.4)

8 D aiaasan ® Pajimaa) ®Paasa,-
The U(1) charges can be computed by assigning 1/N to each
a;and — 1/M(+ 1/M)to each ;. For SUN + M)
Prarara, _an_ i, -ay MUSt be completely symmetrized in
both sets of indices g, or @, since the original indices (4 -4 y)
were completely symmetrized. Thus, it transforms as the
direct product representation

n—k k
(EIDDDD, DDDDD)
of SU(N ) X SU(M ). But for SU(N /M ), since supersymmetri-
zation® of (4,4,--4,) implies symmetrization of the bosons
., and antisymmetrization of the fermions ¢, , the bosonic
indices {a,a,---a,, _ . }aresymmetric but the fermionic indices

{a, _x.-a,)are antisymmetric. Thus, from (2.4) we can
write the branching rule®

n (n-k) k
——— 0 ~
suN+M) OO & (o, ool
k=0 (nk)/N-k/M
(2.5)
n n (n-k)
Su(N/M): e - 3 (oD, @ K k) N K/ M
k=0

The number of terms appearing in the first of these equations
is (n + 1). However, in the second equation some of the
Young tableaux

H

0

for SU(M ) vanish if k > M. Thus, if n<M there willben + 1
terms, but if 7 > M there will be fewer terms.

Note that the pictures in Eq. (2.5) are independent of the
value of N and M. They are completely determined by the
permutation symmetry of the original one row tableau.
Therefore, the comparison of the branching rule for Lie
groups and Lie supergroups need not be restricted to groups
that have identical subgroups. For example, instead of com-
paring the branching rules of SU{6/4) to those of SU(10) we
may just as well compare them to those of SU(75), since the
pictures of SU(10) and SU(75) are identical except that
Young tableaux for SU(10) with more than 10 rows vanish.
Similarly, for a given shape of the supertableau the pictures
of SU(6/4) are identical with those of any other SU(N /M)
except for the illegal SU(N) or SU(M ) tableaux that vanish.
Thus, in branching rule calculations, we will always consider
Nand M tobe as large as necessary so that none of the SU(V )
or SU(M } tableaux vanish for both SU(N + M) and
SU(N /M ). Thus, the branching rule pictures that are ob-
tained will be generic to the tableau and independent of the
values of N and M. They will depend only on the numbers m,
and 7, of the dotted and undotted boxes in the original tab-
leau as, e.g., in Fig. 1. After obtaining the branching rule for
a given tableau specified by m; and »; (not for given M and
N), we can specialize to any desired values of N and M and
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eliminate, if necessary, any illegal SU( ) or SU(M ) tableau
that does not satisfy Eq. (1.2) for given values of 7, #, and NV (or
M ). In this way we obtain branching rules for the whole
series of SU(NV /M ) supergroups rather than specific N,M.
Equation (2.5), which is the first such example, was obtained
in Ref. 8 and through other methods in Ref. 9.

Next we consider the SU(N 4 M ) tableau

-

and SU(V /M ) supertableau

&

which correspond to a tensor ¢, 4 4.5 - By specializing the
indices 4, = a; ® a,, B, = b, ® B,, we obtain the various
components. The independent components are specified by
considering the indices a; to be Jower than the indices b,
within SU(V ) and both a; and b, to be lower than the a, or 3,
within SU(N + M ), when they are allowed to take values
A=12,.. N+ M. Then we obtain

Pt a,4,8, = Plaasans, ® Blaaiays, ® Diaaans, s

® bia,aan, @ Dy,

® By, @ Blaasanss, (2.6)
Note that we did not include ¢, .. ., and some others,
even though they could appear as possible components of the
tensor. This is because of the ordering rule ¢; < b, <, <f;,
which allows us to select the independent components of the
tensor only once. According to this rule, we cannot allow b,
to appear in the second row when the first row contains only
a’s. The component with the symmetries of ¢, ,, .., is al-
ready counted, as seen below.

For SU(N + M) Eq. {2.6) can be written in terms of
SU(N ) e SU(M) Young tableaux as

¢(o,o203);b,=( B:D.l)
¢(o,02)(a3);h,=( B .o)

¢(0.)(a2a3);b|=( B,oan

(2.7)

¢(o|02 a,); Bl ={Om,n)

P (0,0,)(a); B,= (00,0 )+ (. )
¢(o|)(azas);,8|=( o B+ (oom)
¢"(a.azas);ﬁu= oLHE

Note that ¢, , ...5, has two irreducible SU(M ) components
since the a; index in the first row and the 8, index in the
second row are not forced to be in any symmetry relation
relative to each other. Thus, we obtain the two irreducible
pieces, because for SU(M )

0®0:- mef (2.8)

Similarly, @, ya.a.5 has two irreducible components since
mead: B:l I mn| (2.9)

The second piece in Eq. (2.9) corresponds to the component
& (e, .00, MeENtiOned above.
Thus, for SUN + M)DSU(N )@ SUM ) ® U(1) the
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branching rule for this tableau is

HH=( .0, @t B 4, © (05,050 /u

® (0, D), _5,u® (B Dignom

& (O.H) n-3m® (@, B, yosm

(2.10a)

2/N-2/M 2/N-2/M

Note that in the final result the pictures are symmetric
under the interchange of SU(M ) and SU(N ), as they should
be, since the permutation symmetry of the original tableau
does not distinguish between SU(NV ) and SU(M ) indices.
Identical results would be obtained by considering the a,,b,
indices to be higher compared to the a; indices. The SU(N)
«>SU(M ) interchangeability of the branching rule reflects
this fact. Thus, for every irreducible component (X, Y} there
exists another irreducible component (Y,X ), where X and Y
represent the pictures of Young tableaux.

The same reasoning can be applied step by step to the
SU(N /M ) group. The only difference is that whenever the
a;’s were symmetrized within SU(N + M ) they should be
antisymmetrized within SU(N /M )and vice versa. Thisisre-
quired by the supersymmetrization indicated by the super-
tableau®. The a,’s have the same permutation properties in
both SU(N + M }and SU(N /M ) as in the previous example.
Thus, for SU(N /M ), Eq. (2.7) will be modified by changing
every SU(M ) row into a column and vice versa. This means
that every irreducible component (X,Y') that appeared for
SU(N + M) will have a counterpart (X, ) for SUN /M )
where ¥is an SU(M ) Young tableau reflected along the diag-
onal relative to Y. Thus, the analog of Eq. (2.10a) for
SUN /M )DSU(N) e SUM ) ® U(1) becomes

B2 =CHH, 1, @ ) g @ (D03, 44/

® D'E Vin+am @ D5 N m

® (0, ) n+3/m® (0,005 /n+r2/m

S, ne2m @ H) o measm (2.10b)
Note that the 1/M pieces in the U(1)’s have switched signs.
Furthermore, the pictures are now symmetric under the
SU(N }SU(M ) interchange only after being reflected along
the diagonal. That is, for every irreducible component (X, )
there exists also (¥,X ).

We use the same methods as above for tableaux contain-
ing n, boxes in the first row and 7, boxes in the second row,
where n,>n,>0. The result for SUN + M) is

ny B

na k2 nI""Z"kz'j n-k k +j
SN D D N I "kp -)
k2=0 j=0 k;=kz-j

(2.11a)

whilefor SU(N /M )weonly need toreflect the SU(M ) tableau
and obtain
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s B

kit ko-j
nz2 kz n- nz krj 2
= Z 2 nz_szB}ID

k70 =0 k= k o

(2.11b)

The U(1) charges were not indicated for lack of space but
they are computed by counting the number of boxes for
SU(N ) and SU(M ) tableaux and given as

(n, + n, — k, — k)/N T (k, + k,)/M, with the upper sign
for SU(N + M )andthelower onefor SU(N /M ). Thenumber
of independent irreducible terms appearing in the sum of Eq.
{2.11) is easily computed to be

iny —ny + Hny + 1)(n, + 2). (2.12)

Some of these terms may vanish if N or M are too small and
the tableau becomes illegal according to Eq. (1.2). Equations
(2.11) reduce to (2.5) for the special case n, = 0.

After obtaining the result for 1 and 2 rows, it is immedi-
ate to arrive at the branching rule for 1 and 2 columns, sim-
ply by reflecting each tableau along the diagonal. These and
a few other cases not containing dotted boxes are summar-
ized in Table L.

Returning to tableaux containing dotted boxes, we be-
gin with the fundamental contravariant representation,

'3 ¢ ® ¢°, which may be written as
=(0,1)_,~yo(L,00),, forSUN-+M),

lle(El,l)_l/Nea(l,E]),l/M for SUN/M). (2.13)

The next simplest case is the adjoint representation ¢ , %,
whichis a traceless matrix for SU(N + M }and supertraceless
for SU(V /M ). Specializing theindices4 =a®a,B=baf,
we obtain the components

TABLE I. Examples of branching rules for SU(N /M ) as compared with those of SU(N + M ). Note the limits on the number of boxes in the pictures.

Only covariant representations are considered.

TOTAL NUMBER OF TERMS

=]

En B

SU(N+M) LIMITS ON I¥ ALL TABLEAUX ARE LEGAL
sy(n/wy [RREP | SUCN) g SU(M) IRREP U(1) CHARGE NUMBERS OF BOXES Gt g, (1.2)]
aIrtm wss il l:fm] e
n [E-§ , ﬁkl N ¥y G k ¢ n n+ 1
n [ En—k s Hkl
3} ;% 0<k:n n+ 1

HEHE | [weEP . B

ni+ny-ky~kp _

0 < ks €1y
ki+k;

0 <j ¢k (ny=np+1) (n2+1) (n,42)
n2 n2-k2 > kg 2 ] ko-j € k1 € nap-nptko-]
™ 2 ni-ka rele @k?—'j 0 ¢ ky ¢
, kit £ s
+n,-ky -k k+]
nitno-kike _ Kitko 0 <<k B(np=nz+l) (ny+l) (n;+2)
N M
ki+j ko=j € k1 € ny-np+ky—j
ni N2 { nl'k1$n2°kz , kzl~g 1 1 1-n2+ko—j
54
—Aa——, - ;
annn) r_f_‘,i‘ fﬂ_\ i =0,1
: 0 — L
M} M bm-2 £ -; —N“‘ + J < som 2nm+n-m+1
:J n 1_j_‘\‘{’(;Sk"ﬂ"_l+(1_1)lx'fm
n-k N
L . {E r\(. = Kronecker delta
m [ 4m- k+j £-j 1
R
n-k) T ky %ﬁ‘]l p o
" nke E-U - 18] T - L% x } Yok, 0 sk €Koooog k< 0 {n+m) !
n-kp ki =l * n n'm!
...k
n—k; ]
m n-kp 1T ]
a-k O , 53:
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¢AB=¢ab®¢aB®¢ab®¢aﬂ' (214)

The pieces ¢,° and ¢,” are not irreducible with respect to
SU(N }and SU(M ), respectively, since we have not yet insured
that they are traceless. Thus

8.’

X +%6ab¢ — @) e(1,1),

8.5=3.° xﬁéaﬁw (LED) o (1,1), (2.15)

where the singlet part ¢ = (1,1) is identical in both pieces so
that the tracelessness (supertracelessness) condition on ¢ ,
is satisfied. The result for SUN + M) is

M=), e (1,0, @ (1,1),

(O v 1m0 v an (2.16a)
while for SU(N /M ) we have
2 = (O, 1), @ (1,L) @ (1,1),

e (O, ,mn @0y m- (2.16b)

Next we consider the tensor ¢ g:ﬁ;::ﬁ:" with both lower

and upper indices symmetrized (or supersymmetrized) and
satisfying the trace (or supertrace) condition. Specializing
the indices, we have
b 4B 3 S g et Mot
k=01=0

The U(1) quantum numbers can be calculated by assign-
ing 1/N foreacha,, — 1/N foreachb,,(F 1/M )foreacha;,
and (F 1/M ) for each [3;, where the upper sign is for
SU(N + M) and the lower signs for SU(N /M ). The various
terms in the sum are, in general, reducible with respect to
SU(N)® SU(M ). For example, for n =2 and m = 2,

a0, = (EEO0,1) @ (B0, 1) & (1,1),
Bow, "™ = ((EO,0) 0 (@0), etc. (2.18)

Note that, for each reduction which is achieved by using a
Kronecker delta §,° (or §,7), we get to eliminate one dotted
and one undotted box from the picture of an SU(N ) [or an
SU(M )] tableau. Just as the ¢ in Eq. (2.15), we must be aware
that the tracelessness of the original tensor ¢ , . AnB‘"'B” im-
poses that some of the pieces in the various traces are identi-
cal and should not be counted more than once. To insure this
property we count only the traces calculated by contracting
with the SU(M )87 and ignore those obtained with 8, %, since
they are the same ones. With these conditions, we arrive at
the SU(N + M) branching rule

(2.17)

m n
n m min(k,?) m-¢ n-k £-i k-i
=2 2 z EEEETO, (2.19a)
k=0 £=0 =0

The sum over i takes care of the traces and produces the
pieces similar to the ¢ ~(1,1) of Eq. (2.15). The U(1) charge,
whic depends only on the number of boxes, is given as
m—k—m+1)/N—(k—1)/M.

For SU(N /M ) the reasoning is identical; however, the
a,’s and 8,’s should now be antisymmetrized as opposed to
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being symmetrized in the previous case. Therefore, the
SU{M ) tableaux should be changed relative to the previous
case by substituting columns instead of rows. Otherwise, ev-
ery step can be repeated to obtain

AR
nm min(k,4 m-? n-k
= 2 2 GEGREITID, €-i %k-i (2.19b)
k=0 ¢=0 =0

We see that in going from SU(N + M) to SU(N /M), the
SU(M ) tableaux get reflected independently for the dotted
and undotted boxes along their respective diagonals. The
diagonals are shown in Fig. 1.

Our method should be quite clear to the reader by now.
Without giving any more details, we list our results for a few
tableaux containing dotted boxes in Table I1. We emphasize
that these correspond to arbitrarily large representations of
arbitrarily large groups. Together with Table I we expect
that these concrete results should be quite sufficient for a
variety of physical applications that we can now foresee.
More complicated cases can be worked out, if necessary,
with the same methods.

11l. BRANCHING RULE FOR
SUWN, + Na/My + M2) DSU(N/My) @ SU(N2/M,) @ U(1)
This branching is again obtained from that of
SUN + M )DSU(N )X SU(M ) xU(1) by a reinterpreta-
tion of the boxes in the tableaux. Let us first identify the
fundamental representation ¢, = ¢, @ @, as follows: ¢,
contains N, bosons and M, fermions and belongs to the fun-
damental representation ¢, ~[2 of SU(N,/M,); similarly, ¢,
contains N, bosons and M, fermions and belongs to the fun-
damental representation ¢, ~ A of SU(N,/M,).
The U(1) generator, whichisa N, + M| + N, + M, di-
mensional diagonal matrix in the fundamental representa-
tion, is identified as

(1/(N, - M) 0 ) N, + M,

. 3.1
0 —1/(N, — M,)) N, + M, 34

Thus, for each index a or @ we obtain the U(1) charges
1/(N, — M,)or — 1/(N, — M,), respectively. Similarly, the
U(1) is computed by replacing every 1/N¥ or — 1/M in the
old expressions by 1/(N, — M,) or — 1/(N, — M,), respec-
tively. Therefore, ¢, = ¢, @ ¢, may be written in terms of
tableaux as

2 =(3,1)/n, - m,®(1,) _ VN, — My)* (3.2)

Note the formal similarity to Eq. (2.3)for SU(N + M ), except
that every box is replaced by a slashed box, and the values of
the U(1) charges are computed by different assignments to a
and a, as explained above.

The completely supersymmetric tensor @, 4,..,, can be
decomposed by specializing each index 4, = a; ® a,, just as
in Eq. (2.4). However, the meaning of ¢, ,,..., ), €tc., now
differs from the SU(NV + M) case in that the indices (@,,a,,)
or (a,a,, ) are supersymmetrized rather than simply sym-
metrized. Therefore, Eq. (2.5) now gets replaced by
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TABLE 1. Same as Table 1, except for mixed covariant—contravariant representations.

' TOTAL_NUMBER OF
SUIN+M jppep SUN) B SU(M)  IRREP U(1) CHARGE LINITS ON 17 ars TaBfBaux are
SUCN/M) NUMBERS OF BOXES LEGAL [SEE EQ. {1.2)]
m n m-{ n- £-i k-1 1
[ . GEHITD ] nckemtl - kel 0 cken £ (mt) (m+2) (Gn-mt3)
N M if n>m
m-£ n-k 0<lgm
Lot B et ) £(n+1) (n42) (3n-n+3)
0 < i ¢ min(k,{) ifngm
m-efH e, EH F(meL) (m2) (B3n-m+3)
El , n—k-m+€;£{ 0cksn fnsm
N " Ol sm
0 ¢ i ¢ min(k,?) 1 _
os Cikei £(n+D) (n¥2) (Bm-n+3)
m n m- g. n-k fncm
a s
: lllr:lT]l [ -k k-1
: T E
g ’ “k-m+{ - k-
g [ e i=0,1
i i<cksgn 2mn +m 4+ n + 1
A { nl - } £
i< < m
n g | m-t Ek-i]
A | ] ’ ;
Z i |
m
laoboooo : et v-i ]
joono oot
j n jn—k ;k—i, i- 0.1
H ' ’ / nokomid o k-d
= N isksa 2mn + m o+ + 1
m
C m=f k-i s lsm
1-xn~1m- E:Djlj]
n-k
b - |
0y-i,-1
N T g JUI R 0t smy
o ay EE’EEEb
n nz-k; | ko-j-i, ] n4n,-m; 0 ¢ ko g mo $np + 1)
W 05 s ko X {3mn, + 2)in, — nyl
. kr-j € k1 € ny-ny+ks—j +2m\2n, + 1)+ 2,
( Gi-i-i katj-ig ) . L . m»1
m-¢, n;-k, OII _H * %l{kl*k?—ﬁ] 05 Lz s mintkr=j,4y)
" PR . cazsss) - O<i1s min(ky—kz+2§,4ris)
e ny-k;
n-k; ky+j-iy i, =0,1 : i, = 0.1
= 3 0 8| 1 s Lo i
: {}%L;” 2‘ {m;%’éﬂgng—k? g {{[ L. nytny-m, - iy + iy ¢ 8y 2 my
n, B . B ke-i-io P
1 8 l RESE I E J N i, € ko € 0o
] { &y~i,~1: ) \ . _
ni-k, kgt _HT + :1] ki+ko—€ 05 s k-1
ni ."__'Bj [DDDo U pihi-irtko-jskysny-ny+ko -
n2 ‘“1‘(1& ny-k; 3 ko=j~1s
ny l
n n n—k k The analysis is the same for any other supertableau and
D227 = 3 (D222, 22D), (3:3)  the result for the new branching rule is obtained from the
k=0

with the U(1) charges given by
[(n —k)/(N,— M) — k/(N, — M,)].
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known cases of SU(N + M ) by simply replacing every SU(N )
or SU(M ) box (I by slashed boxes [2 belonging to SU(N, /M)
or SU(N,/M,), respectively. Therefore, all the results listed
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in Tables I and II are directly generalized to the new
branching.

IV. DISCUSSION AND CONCLUSIONS

We have established a one-to-one correspondence

between the branching rules SU(N + M)DSU(N)

®SUM ) e U(l)and SUN /M )DSU(N )@ SUM ) @ U(1) as
well as SUN, + N,/M, + M,)DSU(N,/M,) ® SU(N,/M,)
® U(1). Some concrete examples, which we expect to be suf-
ficient for most physical applications, have been explicitly
worked out and listed in Tables I and II. More complicated
cases can be analyzed with the methods given here.

For SU(N + M) branching rules, there are useful lists
available in the literature."* Our SU(N + M) results are in
complete agreement with these known cases. One virtue of
our approach is that we are not limited by large dimensions
of representations or groups. Thus, in our Tables I and II one
finds large dimensions not covered in the extensive lists of
Ref. 13.

In making comparisons with these lists one must be
aware that some Young tableaux for SU(N ) or SU(M ) be-
come illegal [see Eq. (1.2)] and vanish if either NV or M are too
small. One may use the available SU(N + M) lists to derive
additional practical SU(N /M ) results not covered in this pa-
per explicitly, provided N and M are large enough to insure
no tableau vanishes. Useful branching rules can be obtained
from Ref. 13 or similar lists by noting the following general
observations which follow from our analysis above.

Consider an arbitrary Young tableau T for SU(N + M)
and the SU(NV ) ® SU(M ) ® U(1) branching rule

T=Se(XyY) (4.1)

where Xand Y denote Youngtableaux for SU(N Jand SU(M ),
respectively. In general, T,X,Y contain both dotted and un-
dotted boxes. In tables such as Ref. 13, Dynkin indices are
used to label a representation. They must be converted to
Young tableau notation in order to apply our method below.
For every SU(N + M} Young tableau 7, as in Fig. 1, we
can define an SU(V /M ) supertableau T, with identical
numbers n;, m, for its rows, except that every box [J or [ is
replaced by a slashed box [ or Y. We may then consider the
branching rule for SU(N /M }—SU(N ) @ SUM )& U(1) as

T=7YeX7Y), (4.2)

where ¥ is the reflection of ¥ along its diagonals. The dia-
gonals are shown in Fig. 1. Similarly, the branching rule for
SUN, + N,/M, + M,}DSU(N,/M ) & SU(N,/M,) & U(1)
can be written as

T="S &(XY) (4.3)

where X and Y are the supertableaux analogous to X and Y.
Equations (4.2) and (4.3) follow from (4.1) if one uses tensor
language ¢, 5. ">~ and specializes eachindex 4, = a, & a,,
etc. It is necessary to consider the meaning of supersymme-
trization® in relation to ordinary symmetrization, and then
extracting irreducible SU(V ) and SU(M ) components. These
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statements can be understood by following the examples in
Tables I and II.

Equation (4.1) contains the terms (1,7°) and (7, 1), where
Tis the SU(N ) or SU(M ) representation with the most boxes
that could appear in the branching rule. The pictures that
represent the decomposition 7= £ & (X, Y ) are independent
of N or M. Therefore, we will assume that N and M are large
enough so that the Young tableau T or the reflection from its
diagonals 7 doesnot vanish for SU(V) orSU(M ). Thisinsures
that every (X,Y) or (X, ,¥) that could appear in the sum does
not vanish for SU{N + M )or SU(N /M ). After obtaining the
branching rules for such large N,M we can apply the result to
smaller N, M, as it may be necessary in some practical appli-
cation. Then, we only need to eliminate the illegal SU(V ) or
SU(M ) tableaux according to Eq. (1.2)

The following statements hold for any decomposition
noted in Egs. (4.1), (4.2), and (4.3), and can be used as a check
in any calculation.

(1) The total number of undotted minus dotted boxes is
identical in every term of the sum and equal to the same
quantity for Tor T.

(2) For a term (X,Y) that appears in Eq. (4.1), there
should be another term (Y,X ) provided it does not vanish
according to Eq. (1.2). For Eq. (4.2) this implies that for every
term (X,Y ) there should bea (Y, X ), whilein Eq. (4.3)for every
(X,Y) there should exist a (Y,X).

(3) The maximum number of rows and columns that can
appear in any (X,Y) or (X,?) or (X,Y), as well as the general
shape of these Young tableaux, are predetermined by the
numbe of rows and columns and general shape of Tor T. See
the examples in Tables I and II.

(4) The dimension of T or T on the left-hand side of
these equations should match with the sum of the dimen-
sions on the right-hand side. For this purpose one can use the
practical dimension formulas for the numbers of bosons and
fermions developed in Ref. 8. On the right-hand side of Eq.
(4.2) a fermion is obtained when the SU(M ) representation Y
contains an odd total number of dotted p/us undotted boxes
(independent of X ). (This is a fermion in a Class I representa-
tion. For Class II we demand an odd number of boxes in X
rather than in Y. While in mixed Class I-II representations
the roles of bosons and fermions may be interchanged.® The
representation of the group element is independent of the
class.)

We have not discussed branching rules for Osp( /2M )
and P(N ). However, from the remarks in the Introduction
and Ref. 8, and the methods of this paper, it is clear that Eqgs.
(4.1), (4.2), and (4.3) must also apply to these groups and that
detailed branching rules can be obtained with the same ap-
proach as the present paper.

The results of this paper are used in Ref. 10 to establish
the relation between Kac—Dynkin diagrams,’ which give a
unique labeling of representations of supergroups, and
Young supertableaux, which are practical for obtaining con-
crete results, as illustrated here.
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Spectral theory for the periodic sine-Gordon equation: A concrete viewpoint
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A summary of the spectral theory for quasiperiodic sine- and sinh-Gordon equations is given.
Analogies with whole-line solitons and scattering theory motivates the discussion. The relation
between the ingredients in the inverse spectral solution of the periodic sine-Gordon equation and
physical characteristics of sine-Gordon waves is emphasized. The explicit topics covered are
summarized in the table of contents in the Introduction.

PACS numbers: 02.30. +- g

. INTRODUCTION

The inverse scattering transform has been an extremely
useful tool in the study of solitons. Its utility results, to a
large extent, from (i) the practical importance of these isolat-
ed, localized nonlinear pulses and, at the same time, (ii) the
precise yet simple description of these isolated pulses by the
scattering transform. As a result, sparse configurations of
solitons in isolation from each other are now very well
understood.

Frequently, however, physical situations arise which
involve a high density of solitons. For example, finite-length
nonlinear oscillators such as Josephson oscillators' or oscil-
lators in condensed matter physics® often contain many
densely packed solitons. Another example is the dispersive
smoothing of shock waves. Molecular dynamics simulations
of shocks in conservative lattices® show the shock is
smoothed by a high frequency nonlinear wave train which
can be interpreted as a dense configuration of many solitons.
When the density of solitons is high, their tails interact; they
are certainly not in isolation.

For systems with a high density of solitons, one desires
to compute either their deterministic or statistical behavior.
The only mathematical transform for such calculations
which currently exists is the “inverse spectral transform un-
der periodic boundary conditions.” Although it is just as
precise as the scattering transform, the periodic spectral
transform has not been used in many applications, primarily
because of its complicated description. In this series of pa-
pers, we use the inverse spectral solutions of the periodic
sine-Gordon equation to study several concrete problems.
Our intent in this series is to describe and use the spectral
transform in a style which should make it easier for scientists
to apply the transform to their own studies of dense collec-
tions of solitons.
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This first paper describes the present status of the par-
ticular periodic spectral transform which is appropriate for
the sine-Gordon equation. In subsequent papers, we use this
background to develop a Hamiltonian description of slowly
modulating N-phase wave trains, verify the validity of this
Hamiltonian description of wave trains using a formulation
of the transform in terms of differentials on a Riemann sur-
face (see Ref. 4), and use the spectral transform to investigate
finite-length nonlinear oscillators.

This first paper summarizes the present status of the
spectral solution of the periodic sine-Gordon equation. Al-
though we do present some new material [in particular, evi-
dence of spines in the spectrum (Sec. I11I), a representation of
single phase radiation as a sequential translation of kink-
antikink components (Sec. V), an explicit numerical calcula-
tion of the paths of the i coordinates in a degenerate situa-
tion (Sec. VI), and a spectral characterization of “‘separable
solutions” (Sec. VIIj] our main goal is to present a concrete
description of the periodic spectral transform for the sine-
Gordon equation. In each section we summarize those theo-
retical facts which we use throughout the series; and, in con-
siderable detail, we illustrate these facts and their conse-
quences with concrete examples. We emphasize the physical
information which is carried by the spectral data such as the
manner in which this data classifies the elementary excita-
tions {kink trains, breather trains, radiation) which are pre-
sent in the wave and the manner in which it specifies their
physical characteristics (frequencies, wave numbers, etc.).
Sections II, II1, and IV provide general information about
waves which contain arbitrary numbers of basic excitations,
while the last sections describe specific, detailed information
about waves which contain one and two basic excitations.

We emphasize that our viewpoint in this paper is con-
siderably different from the viewpoints presented in the
theoretical papers on the periodic spectral transform. We
argue formally, using scattering theory and solitons in isola-
tion to motivate and interpret the periodic theory. We as-
sume the reader is familiar with sine-Gordon solitons and
their scattering descriptions, as developed by Takhatajian
and Faddeev,” at least to the extent summarized in the Intro-
duction and Appendix of Ref. 6. Some knowledge of the
band-gap structure of the spectrum of the Schrodinger equa-
tion with periodic potential {(Floquet theory of Hill’s equa-
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tion) will also be helpful.
A detailed outline is provided by the section headings.
I. Introduction
II. Preliminaries

I1.1 Sine-Gordon spectral theory: Analogies be-
tween periodic and whole-line problems

I1.2 Transfer matrix, Floquet discriminant, and
Floquet solutions

I1.3 Generic properties of the spectrum o

I11. Qualitative insight into the spectrum o
IV. Finite degrees of freedom

IV.1 2N invariant simple spectra { E; }; deter-
mination of a Riemann surface

IV.2 p-representation of N-phase wave train

IV.3 O-function representation of N-phase wave

train

V. Traveling-wave solutions (single-phase waves)

V.1 Reductionto N =1

V.2 Direct ansatz method to display traveling
waves

V.3 u-representation for N = 1; catalog and phys-
ical characteristics of the traveling waves in
terms of 2% = {E,E,}

V.4 Infinite-product representation of O-functions
and summation representation of the traveling
waves

VI. The degenerate case of pure solitons
VII. Separable solutions (N = 2)
VII.1 Definitions and motivations

VII.2 “Open circuit” ¢ spatial symmetry
VII.3 Spatial symmetry < spectral symmetry
VII.4 Consequences of the spectral symmetry
(N = 2): separability, standing waves, and el-
liptic functions
Appendix A. Scattering motivation
A.1 Infinite-line scattering properties
A.2 Proof of Theorem 1.II1.1
Appendix B. Derivation of the decomposition formulas
Appendix C. Proof: spatial symmetry <> spectral sym-
metry
Appendix D. Elliptic integral formulas

Il. PRELIMINARIES
1. Sine-Gordon spectral theory: analogies between
periodic and whole-line problems

Consider the sine-Gordon equation in Laboratory
coordinates,

(IL1)

To integrate all soliton equations, one adjoins to the nonlin-
ear partial differential equation a linear eigenvalue problem
whose “‘potential” is given by a solution of the soliton equa-
tion. [The most familiar example is the use of the linear
Schrodinger equation ( — ¢,, + u(x)¥ = Ey) to integrate
the nonlinear Korteweg-deVries equation’

(u, — 6uu, + u,,, = 0).] The integration of the sine-Gor-
don equation is accomplished through the following linear
eigenvalue problem: ‘

U, — U, +sinu=0, — o0<X<w.

1
'0—1) d i (0 1) 1 (e"" 0 ) \/E] 0
el = . ) — =0, 1.2
_(1 o/azx T a1 o) T TevEND e ¥ (IL.2)
where w=u,_, + u,, b = (¢,,¥,)". Indeed, the linear system
10 o)+ 5ol o)+ ma(y o) - ve]e=o
4[(1 o)z T3\t o/ T evE\0 e v=0 (I1.3a)
0 —1>d i (O 1) 1 (e”‘ 0) \/]
L4 L - N vE|v=0,
L[(l o/a " &\ o 16VE\O e~ ™ b (I1.3b)

which consists of the linear problem (II.2) augmented by a
time flow for 1, is compatible (¢,, = ¢, ) if and only if the
potentials 4 and w satisfy a sine-Gordon system,

u, +u, =w,
w, —w, = — sinu.

In this manner, the linear system (I1.3) implicitly carries the
content of the sine-Gordon field as a compatibility condi-
tion. This method for the integration of the sine-Gordon
equation is due to Lamb® and has been clarified and devel-
oped by Ablowitz, Kaup, and Newell® and Takhatajian and
Faddeev.” Since we use the exposition of the latter authors,
we refer to Eq. (I1.2) as the “Takhatajian-Faddeev eigenval-
ue problem.”

Notice that if the potentials (u,w) are purely imaginary,

u=iv, w=iy,
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r
this sine-Gordon system becomes the sinh-Gordon system

U, o+ U, =,

W,— ¥ ,= —sinh%.

Linear problem (I1.3), with u = i% ,w = i %", will integrate
this sinh-Gordon system. As we will describe in the text, the
mathematical properties of the sinh-Gordon problem are far
simpler and better understood than those of the sine-Gordon
problem.

The origin of the sine-Gordon equation (II.1) as a com-
patibility condition for the system (I1.3) is a fact which is
local in (x,¢ ), independent of boundary conditions. Once
boundary conditions are imposed upon the sine-Gordon
equation, the potentials u and w of the Takhatajian-Faddeev
eigenvalue problem (II.2) inherit the same boundary condi-
tions. This boundary behavior of the potentials fixes the type
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of spectrum which the eigenvalue problem (I1.2) possesses.
The nature of this spectrum, in turn, is related to the classes
of fundamental excitations of the sine-Gordon field under
the particular boundary conditions.

For example, consider the sine-Gordon equation for
real fields which vanish at x| = «:

Uy ~ Uy +5INUE=0, — 00<X< o0, (IL.4a)
u(x,t }—»0(mod27) as |x|— oo, (11.4b)
u,(x,t)—>0 as [x|— . (IL4c)

It is well known that the fundamental excitations in this case
consist of solitons (kinks), antisolitons {antikinks), breathers,
and radiation. (See Fig. 12 and Ref. 6 for a detailed discus-
sion.) When the potentials #(x) and w(x) of the Takhatajian—
Faddeev eigenvalue problem satisfy these vanishing boun-
dary conditions, this eigenvalue problem, viewed over the
entire x axis, has continuous spectrum filling the positive E
axis, and discrete bound states (eigenvalues) which occur ei-
ther at points on the negative real E axis or in complex conju-
gate pairs [see Fig. 2(b)]. The continuous spectrum for £> 0
is related to radiation degrees of freedom for the sine-Gor-
don field, the negative eigenvalues E; <0 label kink or anti-
kink solutions, and the conjugate bound state pairs E ,,E ¥
label breather excitations. As the potentials u,w flow in time
according to the sine-Gordon equation, the locations of the
bound state eigenvalues remain fixed and determine the
speeds and widths of the solitons and the frequencies of the
breathers. This temporal invariance of the spectrum is cen-
tral to the integration of the sine-Gordon equation, which is
said to “generate an isospectral flow” for the Takhatajian—
Faddeev eigenvalue problem.

In this paper, we are concerned with the sine-Gordon
equation under periodic boundary conditions, with period
L l():

Uy — U, +sinu =0, — o0 <X< o, (II.5a)
eiu(x+ L.t) — eiu(x.ll’ (IISb)
ux+ Lit)y=u,xt). (IL.5c)

When the potentials # and w are real and satisfy these period-
ic boundary conditions, the spectrum of (I1.2), still defined
over the whole x axis, is continuous spectrum. This spectrum
consists of curves (or bands) which we will interpret as
follows.

(i) The discrete bound states for potentials with vanish-
ing boundary conditions have spread into narrow bands of
continuous spectrum, and {ii} short “spines” of spectrum
have grown off the positive E axis [see Fig. 4(b)].

The basic excitations of the real periodic sine-Gordon
field turn out to consist of periodic trains of kinks or anti-
kinks (associated with the narrow bands of spectrum on the
negative E axis), trains of breathers {associated with the nar-
row bands in conjugate pairs), and radiation which behaves
much as Fourier modes for the linear Klein—-Gordon field
(and is presumably associated with the spines off the positive
real axis). The isospectrality is now manifested by the invari-
ance of these bands of spectrum under the periodic sine-
Gordon flow. This spectral classification of the fundamental
excitations in the periodic sine-Gordon field will be estab-
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lished in the following sections. We emphasize that, to be
useful in applications, the correspondence between the loca-
tion of the spectrum and physical characteristics of the po-
tentials must be concretely understood; the manner by
which some of these detailed facts can be obtained is de-
scribed in the body of the paper and in paper III.

With these remarks in mind, we view the Takhatajian—
Faddeev eigenvalue problem (II.2) as a family of eigenvalue
problems, defined over the entire x axis. This family, indexed
by a time parameter ¢, is generated by the periodic sine-Gor-
don equation (I1.5). Since the spectrum o is invariantin ¢, o is
determined for all time by the periodic initial data #,0,

ulx,t =0)=a, u,lx,t="0)=bx),
eiu(x + L) — ezu(x)’

Uix + L) = d(x),

via

(6 o)+ rera )

1 e™ 0 ) ] _
16\/E(O e -VE|¥=0

We begin with a discussion of the general properties of the
spectrum o, and later consider several important special
cases of «,0.

(IL6)

2. Transfer matrix, Floquet discriminant, and Floquet
solutions

First, we define the tools which are used to display the
spectrum o, namely, the transfer matrix, Floguet discrimi-
nant, and Floquet solutions. Fix a point x,,, and a basis of
solutions of (I1.6), { & , {x,x,,E ),& _(x,x,,E )}, by thefollowing
initial conditions at x = x,;:

b (x =x0,Xx0,F) = (é), b_(x =x4,x0,E) = ((1))

Notice that ¢ __ (x + L,x,,E ) are also solutions of {11.6); this
follows quickly from the periodicity of i, exp{ + /). There-
fore, we can expand these *‘new’’ solutions on the basis

o, (xx,E ):

O, (x + Lx,E)=t(E)d (x,x0,E) + toE)d_(x,x0,E},
d_(x + Lxo,E)=1,(E)b (X, x0,E ) + 1o E Vb _{x,x0,E ),

or more concisely,

(¢+(x + Lxo,E )) — T(E) <¢+(x,x(,,E ))
¢ _(x + Lxy,E) é_(x.x0,E)

The (2 X 2) “transfer matrix” T (E ), defined by (I1.7), transfers
the basis ¢ . (x,x,,E ) across one period L of the potentials
4,10 Tterating this formula (I1.7) across N periods yields

(bt NEXOED _ ) (o)) g
b_(x + NLx,E) & _(x,x,E)

By definition, a complex number E belongs to the spectrum
o of the Takhatajian—Faddeev eigenvalue problem (I1.6) if
and only if the solutions ¢ , {x,x,,E ) are bounded for all x,"'
orequivalently,ifand onlyif$ , (x + NL,x,,E )arebounded
for all integers . From (I1.8), we see that such bounded
behavior for large & is possible if and only if both eigenval-

(IL7)
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ues, p , (E), of the transfer matrix T'(E') have unit modulus.
Thus we obtain

Fact 1: Eeoifandonlyif | p, (E)| =1, wherep , (E)
are the eigenvalues of the transfer matrix defined as the two
roots of

det[T(E)— p(E)]=0.
Computing this determinant yields

pE) —A(E)plE) +1=0, (IL.9)
where A (E )=trace of T (E ). The roots are given explicitly by

p.E)={AE)£[4*E) -4 2 (IL.10)
The function A(E ) is known as the Floquet discriminant, and

is central to the entire theory. From (I1.9) and {I1.10) it fol-
lows that

p-E)p E)=1,
AE)=p_(E)+ p.(E),

sothat | p(F'})| = lifand onlyif A (E)isreal, with |4 (E)|<2.
We therefore have

Fact 2: Eco iff A (E) is real, with |4 (E)|<2.

Remark. Note that the eigenvalue problem (I1.6) with purely
imaginary u = i, w = i/ is self-adjoint; hence, its spec-
trum o is real. On the other hand, when the potentials ¥ and
w are real, the eigenvalue problem is not self-adjoint. In this
case, the spectrum o need not be real; nevertheless, o does lie
on curves of real 4 (E).

Next, we change basis from {¢ , (x,x,,E)} to one in
which the transfer matrix T(E ) becomes diagonal. This new
basis is called the Floguet basis and consists of the Floguet
solutions, {¥ , (x,x,,E)} defined by

\l) + (X + L,X(),E) =Py (E N’ + (x,x(,,E ) (IIll)

Theeigenvaluesp , (E)arecalled the Floguet multipliers; the
representation (II.11) clearly indicates that Floquet theory is
a natural generalization of strictly periodic eigenfunctions
(p = 1) and can be used to develop generic properties of the
spectrum o.

3. Generic properties of the spectrum o

Using these ingredients [transfer matrix T (E ); Floquet
discriminant 4 (£ ); Floquet multipliers p , (E); the basis
¢ , ; Floquet basis ¥ , ], we can summarize the generic
properties of the spectrum o in

Theorem IL1: Useful properties of the spectrum o

(i) Eeo iff | p(E)| = 1

iff A (E}is real and |4 (E)|<2.

(ii) The spectrum o is continuous spectrum. It consists
of a countable number of smooth curves, called
bands of spectrum; the endpoints of these curves (ex-
cept E = Oand E = « ) are simple periodic and anti-

periodic[¢/(x + L) = — y(x)] eigenvalues, and com-
prise the simple spectrum.

(iii) E is a periodic (antiperiodic) eigenvalue
iffA(E)= +2(—2)

(iv) For real potentials # and b, the following sym-
metries hold: (a) If Eco, then E *e¢.'?

1251 J. Math. Phys., Vol. 23, No. 7, July 1982

(b) If E is a periodic (antiperiodic) eigenvalue, then
E * is a periodic (antiperiodic) eigenvalue.
(v) For purely imaginary potentials, Ecoc —E = E* > 0.
Proof: Part (i} is clear from Sec. I1.2. However, it is in-
structive to iterate formula (I1.11) N periods to the left and
right:

¥ + (x + NL,x,E) = [,0 + (E)]N‘bi (x,x0,E ),
¥, (x— NLx,E) = [pi (E)]~ N‘bi (XX, E ).

It then becomes obvious that for | p , | # 1, the correspond-
ing eigenfunctions must blow up either at x = + o or
x= — . For|p, | =1,(T1) shows that the eigenfunc-
tions remain bounded for all x. Since

AE)=p. (E)+ p_(E)=pE)+[p EN7
it immediately follows from | p | = 1 that 4 is real and
|4 (E)|<2. Part (i) is thereby proved.

To prove Part (iii), we use (T1) with ¥V = 1. Clearly
p = + I{ — 1) yields periodic (antiperiodic) Floquet solu-
tions; since p = {4 (E) + [A YE) —4]''*}/2,
A (E)= 4+ 2( — 2} determines these periodic (antiperiodic)
eigenvalues.

For Part (i), since o is characterized by | p| = 1, from
(T1) we see that |, | repeats the same values over each
period L. It follows that while bounded for all x,{ . cannot
vanish as |x|—o0; thus ¥ , are generalized eigenfunctions
and o is continuous spectrum. To see that o lies in bands, we
use the basic fact, without proof, that 4 (E'} is an analytic
function of E except for essential sigularities at £ =0, 0.
[See the Remark at the end of this section.] By Part (i), o is
characterized by 4 (E ) real, |4 (E)|<2; 4 (E) analytic then
yields that o lies on smooth curves of Im(4 (F')) = 0, termi-
nating only at those points where 4 (£') 4 2,
A4 '(E) =0, that is, the simple spectrum. Thus Part (ii) is
established.

To verify Part (iv), let

_ ¥, (x,x0,E )
W k) = (wz(x,xo»E ))

denote a Floquet solution of the eigenvalue problem (II.6) at
Eeo. Simply inserting into (I1.6) shows that (¥ (x,x,,E ),

— Y¥(x,x0,E )7 is a Floquet solution at E * if we assume the
reality of #(x) and w(x). From the hypothesis Eco,y,,1/, and
likewise ¢¥, — ¥ are bounded: E *eo. The periodicity (anti)
follows immediately upon inspection. Part (v) was noted
earlier.

We close this section with a technical representation of
thediscriminant 4 (E ), which is extremely useful for display-
ing qualitative features of the spectrum . In the basis
{d, (x,x0,E)}, we have the following

(T1)

Theorem I1.2: Eigenfunction representation of A (E):
The Floquet discriminant 4 (£') can be represented as

AE)=¢ +1 (xo + Lxo,E}Y+ ¢ _ ,2(x0 + Lxy,E).
(I1.12)

Proof: In this basis {¢ , (x,x,,F )}, we have

Gt = (3 ).
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Setting x = x, and using the initial conditions for ¢ , at
x = x,, yields

dutro+ LxoE) =18 () + 108 (),

1 0
b-xo+ Lot ) = 1 E) () + 221 (),
from which we find
wabxe+ Lxo,E)

&, axo+ Lxo,E )]
—alxo +LxoE) ’

T(E)= [¢
¢ & _ 2(xo + LXp,E)

Since 4 (E') = trace of T (E), we have (I1.12).

Remark: Since ¢ , (x,x,,E ) satisfies an initial-value
problem with (1,07, (0,1) 7 initial data, it can be established
by a Picard iteration scheme that ¢ , | (x,x,,E ) and
¢ _2xx,E)(and E'?¢  ,, E''?¢ ) are analytic func-
tions of E except for essential singularities at £ = 0, 0
(check, for example, the special cases # = 1w==0). Hence Eq.
(I1.12) shows that the Floquet discriminant 4 (£} enjoys the
same analyticity properties.

1Il. QUALITATIVE INSIGHT INTO THE SPECTRUM o

The purpose of Secs. II and III of this paper is to con-
nect properties of the spectrum o with the solution of the
periodic initial-value problem for the sine-Gordon equation.
Thus far, in Sec. II we have discussed the general nature of
the spectrum o; here we seek more detailed, qualitative in-
formation about the structure of the bands of g. To obtain
this information, we imbed a whole-line scattering problem
into each period. Thereby, we provide simple derivations of
properties of the Floquet spectrum o based upon better-
known properties from whole-line scattering theory; we then
interpret the relation of this information about the band
structure of ¢ to solutions of the sine-Gordon equation.

With these remarks in mind, we specialize to potentials
ti(x),u?(x) = u, (x) + v(x) such that u(x) has compact support
{mod2wif u is real) within each period, and w(x) has compact
support within each period. We call such potentials fruncat-
ed potentials. (See Fig. 1.) Although our derivations are re-
stricted to this class of truncated potentials, the specific

properties which we obtain are in fact more general. We
emphasize that this class contains potentials which are far
from the vacuum (z; = uD)EO); thus, our representation gives

FIG. 1. Truncated potentials.
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exact spectral information about sine-Gordon field configu-
rations which contain arbitrary numbers of the basic excita-
tions (periodic trains of kinks and antikinks, breathers and
radiation). For convenience, we summarize useful whole-
line scattering properties in Appendix A.

The ordering for the remainder of Sec. II1 is to first use
infinite-line scattering theory to arrive at a “‘scattering repre-
sentation” of the discriminant 4 (E ), from which we deduce
the general qualitative structure of the spectrum; we relate
this structure to the fundamental excitations of the sine-Gor-
don field; finally, we summarize the spectrum appropriate to
the sinh-Gordon field.

Theorem IIL.1: Scattering representation of the Floguet
discriminant A (E ):

Let u(x) and w(x} denote truncated potentials (Fig. 1). In
terms of the scattering parameter'* 1,1 *=E,

Ad)y=ald)e O 4l Imix0. (IIL1)

Here a(d }=A4 — 1/164 and [a({A )]~ denotes the transmis-
sion coefficient across the basic period of the potentials, with
the potentials continued beyond this basic period by

e =1, w(x)=0 outside [xy%,+L].
For A real, representation (III.1) reduces to

A(A)=2|a(d)| cos{ald )L — phlaid )]}, A real,

(I11.2)

where ph[a( )] denotes the phase of a(4 ).

We present the proof of Theorem III.1 in Appendix A
so as not to delay the exposition. Here, we merely summarize
those properties of a(4 ) which are needed to use the scatter-
ing representation of 4 {4 ).

Theorem XI1.2: Facts from whole-line scattering theory:
(i) [@(4 )]~ '=transmission coefficient.
{ii)

1 as A—o0,ImA>0
" lexpl(i/2)(@( + w) — 4(— )] as A—0.
(iii) |a(4 }{* + |6 (4 )| = 1,A real. Here + is for real u,w
and — is for purely imaginary u,w.

(iv)a(4;) = Oif and onlyif4; is a bound state eigenvalue,

j=1,2,...,N. For purely imaginary potentials u = i %,
w = i %", no bound states exist. For real potentials, these
bound states occur either on the positive imaginary 4 axis (in
which case they are associated with kinks), or in pairs
(4,, — A ¥) {in which case they are associated with breathers).

(v) With real potentials, a(4 ) can possess multiple zeros.
In this case, small perturbations of the potentials will remove
this degeneracy.

We summarize these properties in Fig. 2 in both the 4 and E
planes.

We now deduce from the scattering representation of A
(Theorem I11.1) a series of facts about the spectrum o. These
facts will be phrased in the E plane. We begin with

Fact 1: For real potentials the positive real E axis (£ > 0)
is continuous spectrum, with no gaps in o on the positive real
E axis. (This part of the spectrum is associated with radiation
in the sine-Gordon field.)

ald)
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A, Agrhysh, = Kinks or antikinks
*
Ayt * )‘3 (A,,-\,) = breather
3773
>‘1 real A = radiation
[ I
(a) A-plane
E,B,,E, = Kinks (Antikinks)
*
E,,E, ® Breather
3’73
.E3 E > 0 = Radiation
E E E
2 An
2 PR
E*
'
(b) E-plane

FIG. 2. Spectrum o for whole-line problem with vanishing boundary
conditions.

This fact is obvious from the scattering representation
of A. For E > 0, or equivalently for real 4,

la(d)]* + [b(A)]* = 1=]ald )|<1=]4 |<2.

Since 4 is real and always bounded in magnitude by 2, Theo-
rem III.1 establishes Fact 1.

Next, consider the special case u(x) = w(x)=0. In this
case of zero potentials, the scattering representation of 4,
together with the total transmission [a(4 ) = a{A )=1] proper-
ty of zero potentials, gives

a (/{ ) =e ia(A )L + eia(,{ )L,
where ImA >0, a(d )J=A4 — 1/164. Whend = — 1%,

1
AAd)=2 h[(ﬂ. -—————)L];
A) cosh|{| I+16|'{|
when A is real,

AAd)=2cos[afd)L].

From these formulas we deduce (see Fig. 3)
Fact 2: For u(x) = w(x)=0,
(a) |4 (E)]— o exponentially as |E |— o0 ,E(0, o0 ).
(b)ForE < 0,4 (E )isrealwith4 (E }— o0 exponentiallyas
E—0,00.
(c}For E > 0, the oscillations of A (E ) always reach + 2;
all periodic and antiperiodic eigenvalues are double;
A(E) ~2cos(E'’L)as E— + o, and its graph
appears very regular near £ = + .
A4 (E)~2cos(L /16y E)as E—0*,
and its graph appears very dense near E = 0,E> 0.
For arbitrary real potentials (z:,zzz;éO),A (E') asymptotes to
these formulas as E—0, «, with the following exception near
E = 0. First, there is a possible phase shift of 7 as
E—0,E > 0. With the “charge” M defined u(x, + L )
= u(x) + 2Mr, the phase shift is zero for M even and 7 for
M odd. That is, for general potentials l;,u;,

A(E)~(— 12 cos(L /16V/E) near E=0,E>0,
A(E)~2cos(E"?L) near E= + «,E real
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A= _D

(b)

FIG. 3.Graphof 4 (E ) vs Ereal. u(x, + L) = u(x,) + 2M, (a) Meven; () M
odd.

Second is the effect of the ““charge” of &(x) on the graph near

E=0,E<O0:

M even

M odd’

With these remarks, we can sketch 4 (E ) vs E real (Fig. 3).
From the scattering representation for real potentials,

we have found the entire positive real E axis is continuous

spectrum. There is an interesting ramification of this fact.
Fact 3: For real potentials, the spectrum ¢ has spines

coming off the positive real E axis (see Fig. 4).

+ oo,

— 0,

sa-|

.u_('Li.l Lasadgas b LLJ A

(a) A-plane
B OA | (_ PPN
DA B i B | N
(b’ E-plane

FIG. 4. Spines in the Floquet spectrum o.
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The proof of Fact 3, a rather surprising result in sine-
Gordon spectral theory, is an elementary exercise in com-
plex function theory.'*'> The gist of the argument is as fol-
lows. Refer to the graph of 4 (E ) vs E real, E > 0 (Fig. 3), and
consider alocal maximum (E,,4 (E,)), where |4 (E;)| <2 and
4 '(E,) = 0. [Remember A (E ) is real for E real and the spec-
trum o lies on curves of Im4 (£ )=0, with |4 | <2.] From a
more general perspective, though, 4 (E)=A4, + i4, isan
analytic function of the complex variable E = E, + iE,.
Thus, 4, (Eg,E,) is harmonic and E, must be a saddle point
on the surfacez=A4, (E ,E;). Thus, leaving E along the real
E axis one descends the saddle along a curve of steepest de-
scent. But since E,, is a saddle point, there is another direc-
tion off the real axis into the complex E plane which is a
steepest ascent path. (In fact, the curve is determined by
4,=0.) Then by continuity (since |4 (E,)| < 2), this curve
gives a short band of spectrum, a spine. Clearly the same
holds true at a local minimum E,, where |4 (E,)| <2.'®

AsE—0, + «o,thebehaviorofd (E )showsthelengthof
these spines must asymptote to zero. They tend to be very
short anyway; this seems intuitively clear from the above
arguments since a spine is a steepest descent (ascent) path of
A, and so should exceed 2 in magnitude very quickly (for
moderate period L ). In fact, Eq. (III.1) for 4 (4 ),ImA >0,
shows |4 (4 )| grows exponentially as a function of 4, >0:

AA)=a(d)e ™ 4 (A JePIE,
from which we have

|A (/{)|~|a(/1)|e/{1L{l+l/16|/1|:)’ /{1>0' (III.3)

This completes our discussion of the part of the spectrum o
which is connected to the positive real E axis.

For real potentials, there also exists parts of the spec-
trum which are not connected to the positive real E axis.
These are the periodic generalizations of kinks (antikinks)
and breathers. From the exponential growth of 4 (1) for
A, >0, (IIL.3), we realize any such bands of spectrum in the
upper-half A plane, or off the positive real E axis, are very
short and sparse. They originate from a different type of
oscillation in 4 (4 ), coming from zeros of a(4 ), rather than
from sinusoidal oscillations of exp{ia(d )L ].

Assume we have some curve 4,=0 in the upper-half A
plane. If there is to be any spectrum along such a curve, we
must have — 2<4, <2. However, from the exponential be-
haviorofA (4 )forA; > 0,Eq.(II.3), |4 | = |4 | will usually
exceed 2 unless a(A ) has a zero very near the curve. The zeros
of a(A )are finite in number and occur only at the bound states
of the truncated potentials #(x),w(x). Usually zeros of a(4 ) are
isolated and, |4 (4 }| will exceed 2 very quickly. Thus, there
will be a short band of spectrum near the zeros of a(4 ).

These facts, together with the symmetries of Theorem
(IL.1), yield the rather generic spectral profile of Figs. 5.
(Compare Figs. 2.)

As the period L becomes infinite, the spines go away
and the entire positive real E axis remains continuous spec-
trum (radiation in the sine-Gordon field), the conjugate pair
of bands in the E plane shrinks to conjugate poles (a breath-
er), and the three bands on the negative real E axis shrink to
poles and describe three kinks (or antikinks). [Refer to Theo-
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(a) A-plane
(b) E-plane

FIG. 5. Generic profile of the Floquet spectrum o.

rem III.2, Part (iv).] Thus, Figs. 5 collapse to Figs. 2 in the
infinite-period limit. Based on these whole-line analogies for
the limiting configurations, we see the conjugate pair of
bands must be related to trains of breathers while the bands
on the negative real E axis correspond to trains of kinks or
antikinks.

Fact 4: For real potentials, the eigenvalue problem (I1.2)
is not self-adjoint. This can lead to rather eccentric spectral
properties; for example, a(4 ) can have multiple zeros. How-
ever, such properties do not appear to be generic; arbitrarily
small changes in the potentials remove them.

This completes our use of the ‘“‘scattering representa-
tion” to obtain properties of the spectrum o for real poten-
tials. We now turn to purely imaginary potentials, which are
appropriate for the sinh-Gordon field. In this case, the spec-
trum ¢ is much simpler because the eigenvalue problem
(IL.2) is self-adjoint. We summarize its properties in

Fact S: For purely imaginary potentials, the spectrum o
consists of bands on the positive E axis, separated by gaps.
These gaps on the real axis become very narrow as
(VE—1/16 VVE)—>w; that is, as E—>0" and as E— + 0.

These properties of the spectrum for purely imaginary
potentials are established from the scattering representation
of 4 (E ), with arguments which exactly parallel the case of
real potentials. The only difference is the sign in
l@*| = 1 F |6 7| (Theorem IIL.2). The lower sign results in
gaps on the positive real axis; the upper sign leads to spines in
the spectrum.

Notice that the spectrum for purely imaginary poten-
tials is directly analogous to the well-known spectrum of
Hill’s equation. This simplicity of the spectrum for self-ad-
joint linear problems should be contrasted with the compli-
cated spectral structure of the non-self-adjoint linear prob-
lem for the real sine-Gordon equation.
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IV. FINITE DEGREES OF FREEDOM
1. 2N invariant simple spectra {£, }; determination of a
Riemann surface

Material in previous sections indicates that the elemen-
tary excitations of the periodic sine-Gordon field consist of
trains of kinks, trains of breathers, and trains of radiation.
(Of course, the distinctions may not be as well defined as in
the whole-line case.) For the remainder of the paper, we seek
detailed qualitative and quantitative connections between
the spectrum o and the physical characteristics of these basic
excitations, such as frequencies, dispersion relations, and
amplitudes. First, we use the invariant spectrum o to fix a
Riemann surface; then we use this Riemann surface to con-
struct special solutions which consist of a finite number of
elementary excitations. These special finite degree of free-
dom solutions admit several equivalent representations,
each of which has its own utility. In this section we construct
two of these [the “p-representation” of Egs. (IV.3) and (IV.4)
and the “theta function representation” of Eq. (IV.20)] and
discuss their properties. The Riemann surface enters these
constructions as follows.

We begin by seeking ali solutions of the sine-Gordon
equation with a prescribed spectrum o. Formulas such as

PIE)=HA(E)+[4*E)— 4]
for the Floquet multiplier p(E ) indicate that such potentials

will be fundamentally related to the analyticity structure of
the function

[4%E)—4]"?=[(4(E)—2)4 (E)+2)]'>

This function has branch points at E = 0,0, and at the
simple periodic and antiperiodic eigenvalues { E ; }. Since the
spectrum o consists of bands that terminate precisely at the
branch points of (4 2 — 4)'/2, the branch cut structure of
(4 2 — 4)"/2 can be chosen to coincide with the spectrum o."°
Thus, the appropriate function theory of the sine-Gordon
equation stems from the two-sheeted Riemann surface of
[4 {E) — 4]'"% two copies of the E plane connected along
cuts between branch points { £ } (including 0, « ) consistent
with the constraints of Theorem II.1. For example, for real
potentials,

E.

1

a branch point =E* a branch point. (IV.1)

Since there are, in general, infinitely many simple periodic
and antiperiodic eigenvalues, [4 (E) — 4]'/? will have infi-
nitely many branch points, leading to a Riemann surface of
infinite genus.

However, the special case of exactly 2NV simple zeros of
A }(E) — 4 provides sine-Gordon fields which contain a finite
number (V) of basic excitations. In that case an infinite prod-
uct expansion yields (a derivation in Paper II)

[4 2(E)—4]”2=Cj>21;1+1 (1 - EE)JHO(1 - %)

HEEL]

k=1
the number of branch points is finite, leading to a finite genus
Riemann surface. (This case of NV degrees of freedom is po-
tentially useful in applications. For example, consider a
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study of the sine-Gordon equation with arbitrary periodic
initial data. First, spectral analyze the data to determine the
structure and location of the spectrum o. Next, retain only
the “most dominant” bands'’ to obtain a finite-band ap-
proximation of ¢. This finite-band spectrum then yields an
approximation to the full wave in terms of a finite number of
basic sine-Gordon excitations.)

With this motivation, we pose the finite band inverse
problem: the strategy is to prescribe (2N + 1) branch points,
{E, .k =1,.,2N + 1}, consistent with the symmetries, and
then construct the most general solution of the sine-Gordon
equation which yields this simple spectrum. For conve-
nience, we summarize these symmetries:

E2N+ 1 =0,
Real potentials= (i) E,£[0,00]} and
it E, =E¥<0or
E, occur in conjugate pairs

Imaginary potentials=E, = E ¥> 0. (IV.2)

With the simple spectrum { E, | fixed, consider

T &-E

k=1

RYE)=

and its two sheeted Riemann surface.

{(For the case NV = 3, this Riemann surface may be real-
ized from the cut structure depicted in Fig. 6. Notice the
branch cuts need not, in fact often do not,*” coincide with the
spectrum o; however, they could be so chosen.) In the next
sections we show that the general sine-Gordon solution with
this prescribed N band spectrum is an *‘N-phase wave train”’;
these wave trains can be represented in terms of N variables,
{155t n }» €ach of which moves on the Riemann surface
just specified.

2. u-representation of the NV-phase wave train

We now construct a representation of the N-phase wave
train. We follow an approach of Daté,?' which is very
straighforward and far easier than alternatives in the litera-
ture. First, we state the representation and then detail its
construction.

Theorem 1V.1: p-representation of the N-phase wave
train:

With the simple spectrum fixed as
39 = {E, .k =1.2,..,2N }, the general N-phase sine-Gor-
don wave train admits the representation

wnt) = iln[ H (%) /P”Z] (IV.3)
B g
[ aonae.® ]
B Ey © - °
(S
B, Eg
E-plane
FIG. 6. Sample cut structures for genus ¥ = 3.
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where {u,(x,)} satisfy the ordinary differential equations

o~ 25<1 $.1-6~}}'le—[¢,#})[2§11 ke — Ej)]l/z v
t H(ﬂl — ;)

J#1
Here P=11E, and E,,, ,=0.

We will refer to this representation as the “p-represen-
tation of u{x,z ).” It constructs the general N-phase sine-Gor-
don wave from the following data: (i) the simple spectrum
2¥ = {E, } [which, along with 0, «0, are the branch points of
R*E)=(II(E — E,))], (ii) N degrees of freedom {y, (x,?)]
[which reside on the Riemann surface of R (E )], (iii) N branch
determinations {R (u,) = [[l{x, — E;)]"*for I =1,2,..,N }
[which fix the Riemann sheet on which g, initially resides],
and (iv) the branch determination of P '/? = (I1E, )'/?. We

0 iVE Fe“/16 VE)
F.= |2VE Fe “/16VE) —iw/2
‘ 2(VE Fe"/16 VE) 0

or, in component form,
f=1 VE Fe*/16 VE)g+ i VE Fe “/16 VE)h,

g = —iw/2)g+2{(VE Fe “/I6VE\f, (IV.6)
h =iw/2)h +2(VE Fe“/16 VE)f,
The verification of this lemma follows by direct calculation.
We emphasize that system (IV.6) is compatible if and only if
the potentials ¥ and w satisfy the sine-Gordon system

u, +u, =uw,
w, —w, = sinu.

This squared eigenfunction system is fundamental to
the theory of the sine-Gordon equation (see Paper III in this
series). As a system of ordinary differential equations, it pos-
sesses a “first integral.”

Lemma (Basic constant of motion): Let ( f,g,h ) solve the
squared eigenfunction system (IV.6). Then

P(E\=fx,LE) — gix,6 EVh {x,,E )

is independent of both x and ¢.

The proof that P is a constant of motion is immediate
from the component form of the system, (IV.6’). Recall that
we are working on an inverse problem, the construction of an
N-phase wave from spectral data. The simple spectrum
39 = {E,,k = 1,...,2N | enters into the construction proce-
dure through the basic constant of motion P (E ). Fix 2N com-
plex constants { £, } consistent with the constraints (IV.2),
and consider a polynomial form of the constant P (E),

2N

PE)=fxtE)—gixtE (x,t,E) = [] (E— Ey).
k=1

{IV.7)

To achieve this polynomial P (E) one seeks squared eigen-
function solutions { £,g,4 ) of (IV.6) which themselves are
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remark here, and will discuss at the end of this section, that
problems exist in imposing the reality constraints on this
representation. The constraint of purely imaginary poten-
tials (sinh-Gordon) is easy; that of real potentials (sine-Gor-
don) is difficult.

Next, we derive this representation through a collection
of lemmas, which serves to outline the construction. Instead
of using the Takhatajian-Faddeev linear system to construct
the sine-Gordon wave train, we employ an equivalent linear
system for quadratic eigenfunctions { f,g,4 |,

f=—illb:+b42)/2, g=0ib, h=—1tb, (V5

where both ¥ and ¢ denote solutions of the Takhatajian—
Faddeev linear system (I1.3). We have

Lemma (Squared eigenfunction system): The vector
function F=( f,g,h ) " satisfies the linear system

{VE Te “/16 VE)
0 F
w/2

(IV.6)

polynomial in the eigenvalue parameter V' E,

1 N ) N N )
f=—=3 fE, g=Y gE\ h= 3 hE’.
V' E /= j=0 j=0
(IV.8)

We emphasize the existence of a solution ( f,g,% ) to the
squared eigenfunction system forces the potentials (u,w) to
satisfy the sine-Gordon equation. The additional require-
ment (beyond existence) that £,g,# are polynomial in v/ E
further constrains the sine-Gordon solution. It turns out
that this polynomial constraint selects wave train solutions.

Lemma (Existence of squared eigenfunctions which are
polynomial in v/ E ): Polynomial solutions of linear system
(IV.6) which have the form (IV.8) exist if and only if the
potentials » and w satisfy

e M= — 8o/ hy,
w=4f/gn-
In this case, the coefficients satisfy

(IV.9a)
{IV.9b)

. -—_ I iu . —_ ’ — fu
(fi) :’gffﬁ——lge g,-+1hj_1+¥€ h;,

{

P R I
(gj);(:z’f}‘f— ?e j+l_'2—ng9
(IV.10a)
P I
(), =21, F g it —2—whj,
(j = 0,1,...,N) together with the constraints
ﬁ)E N+ IEO’
(IV.10b)
gn + hy=0.

To establish this existence lemma, we insert the polyno-
mial ansatz (IV.8) into linear system (IV.6}. System {IV.10)
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for the coefficients { f;,g;,h ;] results, from which the neces-
sity of formulas (IV.9) follows by minor manipulations. As
for the sufficiency, one replaces ¥ and w in (IV.10) by formu-
las (IV.9). In this manner, (IV.10) becomes a closed system of
nonlinear ordinary differential equations. The existence of a
solution for this nonlinear system is elementary.

Several remarks are appropriate at this stage. First,
Egs. (IV.10) yield

gy = — h, = const, {IV.11a)

(IV.11b)

Without loss of generality, we choose g, = + 1. Then the
polynomial constant P (E') takes the form

goh, = const.

P(E) = fz—gh =(_gNhN)E2N+'"+(“‘g()h0)E0
2N
H (E_Ek)’
K=1
from which we obtain
gn=1 hy=—1 goho= HEk (IV.12)

These formulas are useful to keep in mind during the con-
struction process.

Constraint (IV.9) is crucial. It gives a formula for the
potentials  and w in terms of the coefficients g /6,8y /-
Next we show these potentials have N degrees of freedom,
where N is the degree of the polynomials g and 4.

Lemma (u has N degress of freedom).

If ( £,g,4 ) admit polynomial representations (IV.8), then

ulx,t)=1iln H,uj(xt)/ 2,

j-l

(IV.13)

where the N degrees of freedom [u,(x,? ),...,,uN (x,¢)} are the
zeros of the squared eigenfunction g (x,t;E ),

H [E —u,lxt)],

j=1
and the { E, ] are the zeros of the constant
PE)= f*—gh=1lE—-E,).
To prove this lemma, one uses (IV.9a), (IV.12), and
(IV.14):

e M= — g0/ ho

g (x.LE) (IV.14)

“— Iy, /(HEA.)W.
hogo = — []Ex

Next, we derive a system of differential equations for the
variables (& ,...,k 5 ).
Lemma (Dynamical system for the p variables):
Let( f,g,# Jadmit polynomial representation (IV.8), with
g (x,,E) = II[E — u;(x,t)]. Then
I -

1
21'(147 _——Hﬂ-)
161)1/2 1] J L]
= - Aol . (IV.15)

! H(.Ul—

j#l

AN + 1

To verify that the ¥ zeros of g,{x, }, satisfy dynamical
system (IV.15), one begins with Eq. (IV.6b’) for g,
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16 v E) /
Inserting the product representation g = II(E — u,) into this
equation yields

hu &-n).

om0y afve s

t E=py,
=2i ()" ? F e~ "/16u;) ] flx.tipss).
The potential e ~ * is known in terms of {x, } by (IV.13). To
find f(x,t;1,), one uses
2N
)= H w —E)=f—ghlp_, = fx, ).
k=1

These expressions yield (IV.15).

This completes the proof of the “p-representation of
u.” We emphasize that the wave train u is constructed from
the following data: (i) the simple spectrum {E, }, (ii) N
branch determinations {R (¢,) = [[I{u, — E,)]"3
! =1,..,N }, (iii) the branch determination of
P'? =(I1E,)"?, and (iv) the N dynamical variables {u, }
which satisfy dynamical system (IV.15). Actually, this same
data fixes the potentials » and w, as well as the polynomial
squared eigenfunction ( £,g,% ). For example, the coefficients
f; in the polynomial squared eigenfunction f are easily
shown to satisfy the system

1, A T fi

O 7 S g

Uopy py - - ouy! Sn
Sfla)/ )’
Sl ()

= , (IV.16)

Slun)/y)'?

where

Fo= [ T e, = E] = 1P )

By inverting this linear system, the data fixes the squared
eigenfunction /.

The preceding verification of the p-representation of
the N-phase wave consists entirely of easy manipplations.
There remains a very difficult question concerning the global
nature of the coordinates {u,,......5 |. As it stands, the p-
representation generates complex potentials ¥ and w; how-
ever, we are only interested in potentials which are either
real or purely imaginary. Under such reality constraints,
what is the topological nature of the manifold of N-phase
waves? Is this manifold coordinatized globally by the {x; |
variables?

For the case of purely imaginary potentials (sinh-Gor-
don), the answers are known. In this case, constraints (IV.2)
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force the constants { E, ,k = 1,...,2N } to be real and positive.
We order themas 0 < E, < E, < - < E, 5 < . Then choose
u; real, positive, and

pElEy, LE, ) J=12...N. {IV.17)

Under the flow (IV.4), each u ; travels on one sheet of the
Riemann surface from E,; | to E,;, changes sheets, then
travels back to E,; , again. Topologically, this path is a
circle. If we let .# , denote the manifold of purely imaginary
N-phase waves with fixed simple spectrum,

i {u:R—-»C
N wR—C

then .# y is an N-torus parametrized by {g,,...,..y } which
lie in the “gaps” (IV.17). This case is exactly analogous to
that of Hill’s equation. (See the preliminary section of Ref. 4
and recall that for purely imaginary potentials, the Takhata-
jian—-Faddeev linear eigenvalue problem is self-adjoint.)

For real potentials {(sine-Gordon), the situation is not
well understood. Consider the manifold of real N-phase
waves with fixed simple spectrum,

(s)
ut= —u, wr= —w; Yy ]

A y=luRRwR-R|T" = [E,,‘..,EZN}].

Here, the constants E ; must satisfy the reality constraints of
(IV.2); that is, either £ ; are real and negative or they occurin
conjugate pairs. Locally the {x ;} {now complex) coordina-
tize the manifold .# ; however, except in the single-phase
case (N = 1), their global properties are unknown. For exam-
ple u,, although complex valued, has only one real dimen-
sion, yet it does not live on a fixed complex curve which is
independent of (u,,...,.ty ). Moreover, the y ; variables need
not be distinct, but can collide in pairs. In summary, in the
case of real potentials, it is not certain that the manifold .# ,
is globally a torus; nor is it clear that the manifold .# , can
be globally coordinatized by {u ;... } - Inlater sections, we
investigate the p coordinates for N = 1 and N = 2 in some

detail.
3. 6-function representation of the N-phase wave train

In the last section, we developed the *‘p-representation
of the N-phase wave train.” This representation clearly
shows that the wave train has ¥ degrees of freedom
{15t n }, but the p variables satisfy a complicated dyna-
mical system (IV.4). Fortunately, this flow can be trans-
formed to straight-line motion by exploiting the fact that

each variable u ; resides on the Riemann surface of
, IN 41

RYE)= jH‘ (E - E,).
In this section we use calculus on this Riemann surface to
replace the variables {u,,...,..y } by N “phases,” each of
which is linear in space (x) and time {¢ ). The explicit formula
for the wave train « in terms of these N phases involves theta
functions of N variables. Since this “O-function representa-
tion of u”’ is not central to our discussion, we refer the reader
to Ref. 20 for most details. To state the results, we first de-
scribe the appropriate cycles and differentials on the under-
lying Riemann surface which are used to both integrate the pu
equations (IV.15) and define the O-functions of N variables.
(The integration of the p equations introduces the phase var-

(IV.18)
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iables, and the @ functions are used to express the p varia-
bles, hence the potentials, in terms of these phases.)
On the Riemann surface of R (£ ) = THE — E,),
E,y =0, we introduce two families of closed curves
(which form a basis for contour integration and are typically
referred to as “canonical cycles”), {a,,a,,....ay } and
{b1,by,....,by }. We illustrate these a—b cycles for the special
case V = 3; for the cut structure of Fig. 6, the precise paths
are depicted below in Fig. 7. (See Ref. 22 for such matters.)
Next, introduce N differentials (abelian differentials of
the first kind)

C.EN-1 ..
de — vl + + CVN dE,
R(E)

v=1,2,..,N,

(IV.19a)

where the matrix of constants C = (C,,.) is fixed in terms of
{£;} by normalization conditions

§ av, = 61';;‘ (IV.19b)
From these differentials, define the “period matrix”
B=(B,,)by
B, = 5) du,. (IV.19c)
by,

First we use the differentials dU, to linearize the p

equations. Introduce the change of variables
T,=l+X,

(IV.20a)
in terms of which Egs. {IV.15) simplify to

f 2N 41 1/2
Ou  |* (I - 5)
J#] K=

(lul)r = 2’ 12
16([[&) M~
E
(IV.20b)

#1
{ on awvancy ) Anaa
A 4

a3 upper sheet

@ = = — lower sheet

,

v /’

\ [T ,
-

N g

-~ -

-

-
s

rd

b-cycles for N = 3

FIG. 7. Cycles for Genus N = 3.
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Then, in terms of the differentials de, (IV.19a), define abe-
lian integrals of the first kind, /;=/,(u,,....4 ), by

== 5 -2 8 [

k=1 {=1 k=1
(IV.21a)

Next, compute derivatives of /; (1) with respect to 7,
make use of (IV.20b):

dE.

, and

w _ ic yopr ! du
3Ti =1 J[k=1R(/l.k) 87'i
I & @ B!

m;ék

16P|/2 nl;Ik(lu’k '—Pn)

= - S@ic) 3

=1 k=1

The right-hand side is independent of p; thus, /(1) flows lin-

early with 7 . This observation is immediate for ¥ = 1. We
illustrate the N = 2 case:
Al (s 2 '
,gtlﬂ_) — —xuc, [ 3 Hx
T+ k=t H (:u/\ lun
n#k
. 2
— 2’C:j2 Z -
h H (/‘t/\ #n
n#k
= — 2C; (1) — 2iC;,(0)
= —2iC,.
Similarly,
alj(l”‘l!/“Z) _ 2inz
ar 16P "%

These two expressions are trivially integrated to yield
s = =20 [ Cy7y — (Co/16P ' 2)r ]+,

f
or, in terms of x and ¢,

, Cs c, ,.
h=-u [(C" 161””)er (C B 161;"2)t]+1"

Thus, we have explicitly reduced the x,¢ dependence to two
phases /, and /,; the space and time flows have been linear-
ized. The above computation carries through in the same
manner for general N with the use of Lagrange interpolation.
The result of that analysis is

. (-1
Ly py) = —2i [(le + -1_6}TZIN‘ x

(__ 1)N+1C‘N
+(C" T ep —)*

There are N phases in the potentials u,w. Mathematically,
Egs. (IV.21) forj = 1,...,N represent the “Jacobi inversion
problem”: given the phases /;, find the unknowns p1,,...,1 -
This classical problem is solved in terms of the zeros of the
Riemann theta function. This explains the role of © func-
tions in the exact, closed-form, periodic solutions of sine-
Gordon and other nonlinear evolution equations integrated
by the inverse spectral transform. (We suggest the reader

+1. (1v.21b)

1259 J. Math. Phys., Vol. 23, No. 7, July 1982

consider the inversion problem for N = 1.} We turn next to
display these exact N-phase solutions in terms of &
functions.

From the ingredients in (IV.19), the N¥-dimensional &
function is constructed:

6 (P;B) =Y exp{mi(Bkk) + 2mi(P k)i,

P =(P,P,,...Py).

(We remark that as defined, ImB is positive definite, which
yields very rapid convergence for these series—an advantage
of the representation to follow.) The solution of the Jacobi
inversion problem in terms of @ (P;B ) then yields

diod) = 2i IH[M] (1v.22)
O (lix,1);B)
where
1x,t) = ({15 sdn)s
[j(x,t )= — 21'{ [(le + T6_[1;|—/—2' CjN) X

1
+ (C,1 - Wcjw)t ” + £(0,0),

2N
Eni1=0, P= AHI E,,
=(/, + 4L+ 4,00y + 1)
We refer to Eq. (IV.22) as the *“©O-function representation of
u(x,t )”; notice that it explicitly displays the sine-Gordon so-
lution u(x,t ) as a multiphase wave train. That is, it has N
phases, {/,(x,t),v = 1,....N }, each of which depends linearly
on x and t. The wave form is parametrized by the fixed sim-
ple spectrum £%) = {E|,...,E,, ] and the N constants
1,(0,0),...,/5(0,0).

Any choice of these parameters will yield potentials u
and w which (i} solve the complex sine-Gordon equation, (ii)
contain N degrees of freedom, and (iii) possess a Takhata-
jian-Faddeev spectrum which liesin N + 1bands and termi-
nates at { E,E,,...,.E,y,0,c0 }. If, in addition, the points {E; }
satisfy the constraints specified in Eqs. (IV.2), and the real
part of the constant 1{0,0) is chosen properly, then the poten-
tials will either be real or pure imaginary. In general, these
potentials will be quasiperiodic in space and time with NV
spatial periods and NV temporal periods. To obtain periodic
potentials, the 2V points { E; } must satisfy (¥ — 1) con-
straints, which ensure the N spatial periods are commensur-
ate. An additional constraint is needed to ensure fixed period
L. The inverse problem as posed (given the simple spectrum
{ E; ], construct the potentials) naturally yields quasiperiodic
potentials. In some applications, such as modulating wave
trains, this quasiperiodic class of waves is most natural; in
other instances, such as finite-length Josephson transmis-
sion lines, the periodic constraints must be imposed.

These representations of the wave u{x,t ) will be of little
use until the connection between the input parameters
{E|,....E,5 | and the physical characteristics (such as wave-
numbers, frequencies, amplitudes, and periods) is clearly un-
derstood. In the next section, we discuss this connection for
sine-Gordon waves in great detail for the V = 1 case; in the
final section, we consider a special class of N = 2-phase sine-
Gordon waves.
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V. TRAVELING WAVES (SINGLE-PHASE WAVES)

In this section we consider single-phase traveling waves
which may be constructed by elementary means. The goal of
this section is to relate these well known families of traveling
waves to the less familiar single-phase (¥ = 1)z and Grepre-
sentations. We restrict ourselves to real (sine-Gordon)
waves. The sinh-Gordon case follows similarly.

1. Reductionto N =1
The single-phase wave takes the form

ulx t)=2i]n[ O lix.t) + 3:8) (V.1a)
’ O(lxzt)B) [ ‘

where the single phase / (x,? ) is given, with P = E | E,, by

Ioe,t)= —2iC[(1+ 1/16P"%)x + (1 — 1/16P ")t |
+1(0,0). (V.1b)

From this representation we see that the single-phase sine-
Gordon solution is a traveling wave; that is, a function of x
and ¢ through only the one linear combination (kx + wt ),
with “phase velocity” U given by

w _16P'2_1

U= =Tt el
v <1e (gE) 250
'yef'f Q{T
E>1
, ' lom
ACTALIA wr A
U _]V ur : Xg XgtlL X
1o2m
Kink ;rain
7/ef‘f ul‘
E=1
JACWANWA o
VARV ya
—l ol
b
Kink (Soliton)
Veff 7"1:
AT %
ig Yl
TT(' m xO-L xP xo+L
Eg Y —k—'—% i i-TTJi o Up
o <a)” /L_/'j:“i‘o_ _ o

Pure Oscillatory State

FIG. 8. Potential energy diagrams and corresponding solutions (N = 1).
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2. Direct ansatz method to display traveling waves

Once we realize the N = 1 solution u({x,? ) is a traveling
wave, there is a direct and elementary approach which cata-
logues all single-phase traveling wave solutions of the sine-
Gordon equation. One merely seeks a solution in the form of
a traveling wave:

ux,t) = urlkx + wt).

Inserting this ansatz into the sine-Gordon equation yields an
equation for u, as a function of the “phase” = kx + wr,

(@ — Py = — sinug,

where ' denotes d /d6. This “effective oscillator” equation
may be integrated once to obtain the energy equation

W —oupf + Ve =E, if U?=0"/k <],
(V.2a)

Y —&Nupf +vg =€= —E, if U?=0"/k">1,
(V.2b)

where V_; and v are the effective potentials given by
V.glu) = cosu,
V() = — cosu.

The potential energy diagrams are sketched in Fig. 8.
Aswe catalog all traveling waves, we first classify waves
as having phasespeed |U | = |w/k|, which (i) exceeds, or (ii) is

2 1/2
U >1=(E1E2)/ <0

v
eff

18] <1

/\ 8 =1 ->TV/-——‘
RV

Veff

Pure Oscillatory State
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exceeded by, the characteristic speed ¢ = 1. For phase ve-
locities satisfying U ? < 1, there are three classes of solutions
which are depicted in Figs. 8(a), 8(b), and 8(c). Notice when
the energy parameter E = 1, the traveling wave is a single
kink which rises from — 27 to O [this corresponds to picking
the positive square root when solving for u ;- from (V.2a); the
negative determination yields a single antikink which falls
steadily from 0 to — 27]. For E > 1,u is a monotonic se-
quence of kinks (antikinks), and should be thought of as a
“kink train.” (We amplify this interpretation in Sec. V.4.)
This kink train is periodic in 8 (mod2), with period & as
computed directly from the energy equation (V.2a):

2_ 2 9 (2T
(K @ )l/f __du = Zk0,E),
2 o (E — cosu)'/?

E>1. (V.3)

When — 1 <E <1, the traveling wave becomes oscillatory
about u,; = — 7. The solutions are strictly periodic for this
range of £ with 8-period 2,

2 _ ,32\1/2 U,
2( Ko ) f 2 PkwE),
2 v (E — cosu)'’?

—1<E<l. (V.4

In this formula, the “turning points,” u . = — 7 Fuy(E),
denote consecutive zeros of E — V,,(u) = E — cosu, as de-
picted in Fig. 8(c); these turning points fix the amplitude of
oscillation by

Amplitude of Oscillation = u,,. (V.5)

[Notice that the spatial period L and temporal period T can
also be computed from the energy equation (V.2a) simply by
changing variables from 8 to x and ¢, respectively. From
these, the wavenumber « = 27/L and frequency @ = 2#/T
immediately follow.]

When U?> 1, the Figs. 8(d), 8(e), and 8(f) apply with
similar conclusions.

The main point of this subsection is that, using this “‘ef-
fective oscillator” approach, one can quickly catalog all trav-
eling waves as belonging to one of six distinct classes. Once
the phase velocity Uis fixed by either |[U| < 1lor |[U|> 1, the
traveling wave is either a train of kinks (E > 1), a single kink
(E = 1), or an oscillatory state (| E | < 1). Moreover, the input
parameters (U = w/k,E ) admit clear physical interpretation;
they characterize the wavenumber, frequency, and ampli-
tude of the wave; the phase velocity is given by w/« and the 6-

Case (i) Case (ii) Case (iii)

FIG. 9. Various locations of E,,E, with appropriate branch cuts (N = 1).

1261 J. Math. Phys., Vol. 23, No. 7, July 1982

period, x-period, and t-period are all defined by loop
integrals.

The p-representation of u(x,t ) for single-phase waves
has input parameters E,,E,. The location of E,E, in the
complex plane (subject to the constraints E;eZ")
=E *2") and E,#(0,  )) must yield an equivalent catalog
for the traveling-wave solutions. We discuss these topics
next.

3. u-representation for N = 7; catalog and physical
characteristics of the traveling waves in terms of >

For the N = 1 case, the simple spectrum 2% = { E ,E, }
can be located in the complex E plane in only two distinct
ways:

Case 1. E| < E, <0, so both lie on the negative real £
axis.

Case 2. E, = E},E| #E,, so they occur as a conjugate
pair.

These possible locations E|,E, lead to the three configu-
rations depicted in Fig. 9, which also displays the canonical
branch cuts. We now use the analogy with whole-line sine-
Gordon scattering theory (refer to Theorem II1.2 and Figs. 2
and 5) to guess the excitation classification based on the loca-
tion of £, and E,.

Case 1, E, < E, <0, appears to arise from an isolated
pole E; <0, which spreads along the negative real axis into a
band of spectrum; this should be the periodic analog of one
kink, namely, a train of kinks.

Case 2, E, = E},E|#E,, can be viewed (with E ,E ¥
located near the positive real axis) as related to radiation
degrees of freedom. It then seems that E|,E ¥ should give a
pure oscillatory radiation excitation.

We will verify these guesses next using the single-phase
p-representation of #(x,t ), which we now recall:

ulx,t)=iIn[ — pix,t)/(E,E,)"?],
where u(x,t ) satisfies
(), = 2i(1 + 1/16(E\Ey)'*) [ulu — E\)u — Ey)].'?

!

(V.6a)

(V.6b)

We aim to deduce many facts directly from (V.6a) and
(V.6b), without need of the exact integration of these i equa-
tions in terms of O functions. First, the relation between
u(x,t)and u(x,t ), (V.6a), together with the u equations, quick-
ly yields

U K 16(EEy)' P —1

U Hox 16(E\E,)'? + 1

Thus, the g-representation confirms the N = 1 sine-Gordon
solution is a traveling wave; that is,

(V.7)

ulx,t)=u,lkx + wt),
with the phase velocity U = w/«, from (V.7), given by

Y _ 16(E\E;)"? — 1
u, 16(E\E,)' 2+ 1

U= (V.8)
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We therefore find that the phase velocity is a function of
E, and E, only through the product (E,E,)!/?. We sketch U
as a function of (E,E,)"/? in Fig. 10; note the following facts
(=1 is the characteristic speed):

(i) (EE,)"/*20<5|U |s1; the sign determination of
(E,E,)!"* fixes the phase speed relative to the characteristic
speed.

(ii) |(E,E,)'?|s44>UsO0; the wave is at rest when
I(E,E,)""?| lies on the circle of radius {; and travels to the
right (left) when |(E,E,)'/?| lies inside (outside) that circle.

Moreover, now that the p-representation has implied
traveling waves, we can make contact between the u-repre-
sentation and the “effective oscillator” approach. The first
step is provided by formula (V.8) for Uin terms of E ,E,; we
now need to relate the energy parameter E of the effective
oscillator to £, and E,. To do so, recall the energy equation
{V.2a), which can be written in terms of x(3/dx = x d /d8 } as

YU? ~ 1)(uy): —cosuy = —E. (V.9a)
This equation (V.9a) can also be obtained from the u-repre-
sentation. First,
2 _ THi _ A1+ 16EE) ] (u—E\)u—E)
T [16(E,E,)'/*]? u
which, upon using (V.8), may be reduced to

%(Ul - l)ui = cosu + %El/(ElEz)”z + Ez/(ElEz)Hz'

(V.9b)

Fixing U? < 1, and comparing {V.9a) and (V.9b), we find the
energy E is given in terms of £, and E,:

Case . E,<E, <0

u

E=(E\/E)'"? + (E./E\)'?)> 1. (V.10a)
Case2: E,=E%E,#E,
E = — cos[ph(E|)]e( — 1,1). (V.10b)

For the choice U? > 1, the same formulas hold with the total
energy E replaced with — E.

We now see directly from the u-representation that the
location of E,E, catalogs the traveling-wave solutions in an
equivalent way to that of the effective oscillator parameters

~ /¢
(2,50

FIG. 10. Graph of U vs (E,E.)'"%.
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(U,E). In summary,

Case 1. E, < E, <0= kink trains, Figs. 8(a) and 8(d).

Case 2. E| = E%E,# E,= oscillatory solutions, Figs.
8(c) and 8(f). Moreover, in the limiting case E, = E, <0 (the
transition state between Case 1 and Case 2), the total energy
E =1 and the resulting wave form is a single-kink—the sine-
Gordon soliton. Thus,

Case 3. E| = E, < 0= “soliton limit”"—a single kink,
Figs. 8(b) and 8(e).

We now turn to the physical interpretations of the pa-
rameters £, and E,. This information is contained in formu-
las (V.8) for the phase velocity U and {V.10) for the energy E.
We elaborate by showing how the amplitude of the oscilla-
tory states is fixed by the phase of E|, and is independent of
the amplitude | E,|.

Fix U? < 1 (the other case follows in the same manner),
and consider the y-representation for this cut structure.
From

ulx,t) = iIn{ — puix,t)/(E E)'"),

reality of the solution implies [u(x,t )| = (E,E,)'/* = |E,|:
(x,t) resides on the circle of radius |E,| (see Fig. 11) with
phiu) = — (7 + ulx,1)),

mix,t)=|E e 7 ruxn

Since u{x,t ) oscillates between |u(x,t) + 7| <u,, we find the
path of u(x,r) as shown in Fig. 11; thus,

(V.11)

At this stage in the presentation, we have used the

N = 1 p-representation to show the sine-Gordon solutions

are traveling waves; the input parameters (E,,E,) catalog all
the traveling waves and describe their physical characteris-
tics (phase velocity and amplitude). Next, we usethe N =1
O-function representation to arrive at an exact decomposi-
tion formula for each class of solutions (kink trains and oscil-
latory states). This decomposition formula firmly establishes
that kinks and antikinks comprise the fundamental building
blocks for each N = 1 solution.

up,=amplitude of oscillation=phFE,.

FIG. 11. y-cycle;N = 1,E, = EY,E\#E,.
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the traveling waves and describe their physical characteris-
tics (phase velocity and amplitude). Next, we use the NV = 1
O-function representation to arrive at an exact decomposi-
tion formula for each class of solutions (kink trains and oscil-
latory states). This decomposition formula firmly establishes
that kinks and antikinks comprise the fundamental building
blocks for each N = 1 solution.

4. Infinite-product representation of @ functions and
summation representation of the traveling waves

Toda®* used an infinite-product representation of the
theta function to interpret the periodic traveling-wave solu-
tions of the Korteweg—deVries equation and the Toda lattice
as a sum of soliton shapes successively shifted by one period.
Generically, if we let u,(§ ) denote the periodic traveling
wave with period L, and u4(£ ) denote a soliton shape cen-
tered at £ = 0, Toda’s formula is of the form

uplf)= Z
This formula allows the beautiful interpretation of the trav-
eling wave as a soliton on a ring. It seems one of the remark-
able properties of these completely integrable nonlinear
equations that such a formula is exact. In this section, we
adapt Toda’s arguments to the sine-Gordon equation; we
show the “helical wave” (Fig. 14) literally is a kink train,
while the oscillatory state admits a very interesting
interpretation.

We begin by recalling the well-known single-soliton so-
lutions of the whole-line sine-Gordon equation. They are
classified as “‘kinks” or “‘antikinks,” and are depicted in Fig.
12. The familiar formulas for these solitons, centered at x,
are

us(g +nlL).

U [(x —x,t)=4arctan(e * %), (V.12)
AK
where
¢ =(x—x,—uvt)/(1 —v})% (V.13)

a little manipulation places these in the equivalent form

— ¢
X — Xg,t)=2i ln(: T l.eé),
+ ie

u (V.14)

K(
AK
where the choice of branch for In is taken to correspond with
Fig. 12.

Now, the O-function representation for single-phase

traveling waves is [Eq. (V.1)]

—

upi)= § 2i1n(1‘iea" ) + fziln((— L= te

1 4 ie"™

n=1 1+ ie™ n=0

where

a, = k(x — x,) + ot + 2nmiB.

L2

% LY’

! X=X

Kink Antikink

FIG. 12. Kink, antikink shapes.

e

uix,t) = 2 ln( (Hx,t) + 1B) ) (V.15a)
O/ (x,t);B)
where the phase / (x,? ) takes the explicit form*
. 1
I(X,[) = —2iC [(1 -+ W) (.x —x(,)

+<1_ W)t] _ B FL (V.I5b)

With this representation, the wavenumber « and frequency
o are given by

oo —47C (1+ 1 )
F 16(E ,E,)""* /’

—47C ( 1 )
w = 1 - s
F 16(E,E,)'"?

where the factor F = Im B for the kink train and

F = Im (2B )for the oscillatory state. The normalization con-
stant (C,,)=C and period “matrix” (B,,)=B {see Eq.
(IV.19)] are functions only of the eigenvalues E|,E,; explicit
formulas for C and B in terms of elliptic integrals are given in
an appendix, but for now we note only their general form:

(V.16)

ForE,<E,<0, B=iIm(B),
For E, = E*E,#E,,

C<0.

B= —i+iIm(B), C<O0.

(V.17
Although the one-dimensional © function is defined by

the infinite series

O(.B)= 3 explinBn® + i2win),

n= — e

it also admits an infinite-product representation.?’ In Ap-
pendix B, we use infinite products to show the &-function
representation (V.15) of the single-phase sine-Gordon wave
has the series representation®®

), (V.18a)

(V.18b)

Now, by specializing to the two possible locations of E\,E,, using formulas (V.14) for the kink, antikink wave forms, and

noting the facts (V.17), we find

Theorem V.1. (Decomposition formulas for single-phase sine-Gordon waves)

Fix |U| <1 and the choice — }in/(x,t). Then
(i) for E, < E, <0,

ux —xpt)= S {uxlx —xo— nLt) + m{sgnin) — 1)}

= i {21’ ln(1 — ie:" ) + m(sgn(n) — 1)}

1+ ie™
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n= — oo

(V.19)

(V.19)
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(ii) fot E, = E¥.E,#E,,

ulx — xot) = Z {uglx —xo—2nLt) + Ui (X — Xo —
S . G, . 9b
= 3 {2:‘ ln(———l — e ) +2in (—_—1 rie
n= o w 1+ je™ 1 —ie™™
where

6,=«{x — x, — nL )+ ot,

k,w,L = 27/k are given by Eq. (V.16}, and

+1 for n>0,
—1 for n<0.
We display these decomposition formulas in Figs. 13 and 14.

We now interpret these results: For E, < E, <0 (the
“helical wave™ solution), we find the wave is literally a kink
train: a sum of translated kink shapes successfully shifted by
one period L. [We note the choice of { + 1) in/ (x,?) yields an
antikink train.] Moreover, the wave train is explicitly period-
ic (mod27), with spatial period

_ Im(B)
2|CI(1 + 1/16(E,E,)'?)’

As E, and E, coalesce, the period L becomes infinite (use the
explicit formulas for B,C in Appendix D), the kinks in the
sum move infinitely far apart, and only the n = 0 term (a
single kink centered at x,) remains; in this manner, the wave

train reduces to a single kink as E,E, coalesce along the
negative real axis:

sgn(n) = {

(v.21)

lim L = + o,

E —E,;

Jim w{x —x,) +wt=¢.—=—f(—1%;’)—2)—”£25,
1 16|E|
1+ 16|E,\

— Xq— Ut

lim u(x,t) = 4 arctan
E, ~E,

(V.22)

[e"p( i )]

02)1/2

U(x-xo,t)

Full Wave
- Bullding Blocks

FIG. 13. Graphic representation of the decomposition formula for the kink
train, E, < E; <0.
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(2n — 1)L,t) + 27(sgn(n) — 1)} (V.20)

' (V.20')

T

) + 2m{sgn(n) — 1)],

{

In this soliton limit, the analyticity structure is depicted in
Fig. 15. Thus, the collapse of the kink train to a single kink as
E | ,E, coalesce is consistent with our intuition from scatter-
ing theory. Before this limit is taken, the series representa-
tion (V.19)shows, for F| < E, <0, that the sine-Gordon solu-
tion is a train of distorted kinks, or kink *‘shapes;” the speed
and width of each kink in the train is not that of the soliton
except in the lone survivor of the infinite-period limit. This
distortion in the speed and width of each kink from that of a
kink in isolation is the only effect of the interaction of the
“tails” of the individual soliton components as they form a
kink train.

For E, = E *,E,#E,, the oscillatory wave solution, the
series decomposition (V.20) is even more interesting. It
shows that the fundamental building block of the oscillatory
state is a kink-antikink pair, bound together to form the
“bumps” in the wave. The full wave is then shown by this
formula to be a train of kink—antikink pairs, successively
shifted over each period 2L. The building blocks and full
oscillatory state are depicted in Fig. 14. Moreover, this re-
presentation shows the solution is truly periodic, with spatial
period 2L given by (V.21). Once again, as E,,E ¥ collide on
the negative real axis, E, = E ¥ <0, the branch cut collapses
to a single pole on the negative real axis (Fig. 15); the period L
becomes infinite, and only the single kink centered at x = x,,
survives. Before this limit is taken, the individual kink, anti-
kink components are distorted kinks and antikinks. The in-
teraction of the tails alters the speeds and widths from that of
the solitons in isolation to that of the wave train; the soliton
speed-width relationship is recovered only for the single soli-
ton that survives the infinite-period limit.

FIG. 14. Graphic representation of the decomposition formula for the oscil-
latory state, £, = E$,E,+E,.
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Thus, these decomposition formulas provide insight
into the nature of the single-phase periodic wave trains. We
emphasize that these representations are exact, and suggest a
fundamental role for the whole-line soliton components in
the periodic theory. Appendix D completes this section with
detailed formulas for the constants C and B in the ©-func-
tion representation, in terms of E, and E,. The wavenumber
k, frequency w, and other physical characteristics are then
expressed in terms of C(E ,E,),B (E | ,E,).

Vi. THE DEGENERATE CASE OF PURE SOLITONS:
N=1,2

In this section, we analyze the p-representation of one
and two phase sine-Gordon waves in the degenerate case of
pure solitons. From this analysis, we gain: (i) very explicit
information about the p paths for the specialized soliton
configurations, which in turn suggests the nature of the p
paths for the periodic configurations, (ii) an understanding of
the “Jacobi inversion problem” on the sphere (genus zero
Riemann surface), an instructive exercise since in this case
the inversion problem is solved explicitly in terms of elemen-
tary functions (rather than @ functions), (iii) the recovery of
the well-known N = 1 (kink) and ¥ = 2 (kink—kink pair,
breather) soliton formulas, with the physical characteristics
explicitly labeled by the spectral parameters E;. Incidental-
ly, this analysis also illustrates how whole-line soliton con-
structions are imbedded in the periodic framework at the
level of the p equations. More importantly, it displays con-
cretely the type and origin of the difficulty with the p
variables.

For N = 1, the degeneracy takes the form E, = E,
= — K, and we denote u=u,, P'/* = (E,E,)"/*=K, and
R ()= [ — E)u — E)]'*=@)'*( + K). Thus, the p-
representation for this degenerate N = 1 case becomes

ulx,t)=iln{ —pu/K), (VL.1)
(), = 2i(1 + 1/16K ) + K V. (VL.2)
This pai’r (VI.2) is easily integrated to yield
Ind (x,t) =6+ 1nd°, (VL.3a)
where
0 (x,0)=2[(VK + 1/16 VK ){x — x;)
+ (VK = 1/16 VK[t — 1)), (V1.3b)
A o) U it VE)) (VL3¢)

[1 + i(ulx,e /K )2
and 4 °=4A (x,,t,).

In general, u(x,t) as calculated from (VI.3) leads to a
complex potential u(x,t ) through (VI.1). One must choose the
initial condition g(x,,t,), or equivalently the integration con-
stant 4 °, to ensure reality of u. The correct choice, as seen

FIG. 15. Spectrum in E-plane for single soliton.
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from (VI.1), is that u(x,t,) [and therefore u(x,? )] is con-
strained to a circle of radius X,

lutxt)| =K = —E,. (VL4)

This reality constraint yields
1— ie9+ln|A"\ 2

#(x,t)= (—1 _+_l'e9+l“(""‘ ) ’
which leads to the familiar N = 1 soliton formula:

u(x,t) = 4 arctan(e ®), (VIL.5a)

p=ox) o=t o BVK g

s 1+16 VK

Thus, the solution is the single soliton—a kink. More impor-
tantly, though, u(x,t )isseen to live on the circle of radius K in
the cut E plane, and takes an infinite amount of “time” to
travel from the poleat — K around the circle back to — K. If
we spread the poleat — K into either periodic configuration,
this soliton x path indicates the periodic u paths
shown in Fig. 16. The point is that the degenerate case of a
single soliton suggests the correct i path for the N = 1 peri-
odic configurations, (as computed by the techniques of Sec.
V).

) We now turn to the degenerate case of two solitons,
with bound state eigenvalues at

E=E,=—K, Ei=E,= —Ky
there are two possible cases:

(i) kink—kink pair K,>K,>0,

(i1) breather K, =K1%.

For now we label the spectrum with K, X, via Eq. (VL.7),
which yields

(VL7)

4
P= [l E =Kk},

i=1

R i) = [u T 0 = £)| =) 0 + Koo + Ko
” (V1.8a)

FIG. 16. Single phase p-paths.
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and we fix /2 = + K,K,. With these ingredients, the elementary. [In the general nondegenerate case of Sec. (IV),

N = 2 p-representation of u(x,t ) becomes their integration requires hyperelliptic integrals). After this
, elementary integration and algebraic simplification, Eq.
u(x,t) =infupu,/K K,), (VL.8b) (VL) become g p
h

where Aj(x,t) =", (IV.10a)

(r), =20 [( 15 Foer ) K] ] (VL.8c) with A4, defined in terms of u; by
. 16K\ K, /(e — ) 0) / . 2 J ' 2

The same algebraic manipulations which were used to lin- 4= ( 1 —iu/k)) ) ( 1 — duo/K)) ), (IV.10b)

earize the general i equations in Sec. IV will place these ! 1+ iw,/K)'"? 1+ iu/K))'"?

equations (VI.8¢) in the form and with the phases 6; given by

du, 4 du, _ 2 (dx>, 0,=2(VK, +1/16 VK, )lx — x,)

R() Riu,) 16Kk, \dt +(VK, — 1/16 VK )t — 1,). (VL11)
Hadp, + Hadp =2 (dx) (VL9) Alternatively, consideration of combinations of V¢,V i,
R () R (u,y) dr {rather than u,,u, individually) leads to the equivalent

In this degenerate case, the integration of these equations is representation:

(#M )1/2 VA% —1)43e” + 1) — VK, (A% + 1)4%¢7 — 1) (VL12a)
= X .12a
KK, VEfA%" —1)4%e” + 1) — VK (4% + 1)4%e” — 1)
K, — K,)40e" — 1)d5e” — 1
Vit + Vit = 0 il ;f‘_ ~ Mz — . (VL12b)
VK (A% +1)49e” — 1) — VK, (49" — 1)4 %" + 1)
where
expliu/2) = p /K K. (VI.12c)

Asin the N = 1 case, these representations will in general yield complex » and w. We must select the integration
constants AJ‘-’ toensure reality of # and w. First, we make this selection for the kink—kink case, then for the breather.

Case i (Kink-kink pair: K, > K, > 0.) In this case, Eqgs. (V1.11) show the phases &, and 6, are real. The constraint A | purely
imaginary will ensure real u and w. To verify this constraint, allow 8,— co in (V1.12). This forces u,— — K. If 49 is chosen
purely imaginary, u, will lie on a circle of radius K, and the potentials # and w will be real. Similarly, allowing 8,— « in (V1.12)
forces u,— — K,. The choice A4  purely imaginary then places u, on a circle of radius K, and yields real  and w. Since the 4 {
are integration constants, they are independent of 8, and 8,; these choices are valid for all , and 6,.

Finally, consider the 1 paths for this kink—kink pair. When z, isheld at — K, the i, pathis a circle of radius K, centered
at the origin. When p, is held at — K,, the u, path is a circle of radius K. These configurations place one soliton at «; the
second soliton does not interact at all with the one at co. Asp, moves away from — K, (and the first soliton moves in from o),
the i, path is no longer a perfect circle. This distortion accounts for the effect of the first soliton on the second. Indeed, its path
depends upon the value g, through (VI.12a) and (VI.12b). Consideration of these p paths leads one to guess that in the periodic
generalization, a kink-kink-train, the i, paths will qualitatively appear as shown below in Fig. 17.

Case ii (Breather: K, = K ¥). Since K |,K, are complex, two real phases must be deduced from the complex phases 6,,6, of
Eq. (VI.11). These real phases will label physically the two degrees of freedom in the breather waveform: (1) the translation of
the breather envelope at a fixed speed, and (2) the beating or “‘breathing” of the envelope at a fixed frequency. K, = K ¥ shows
6, = 8 * and two real phases, 7, and 7,, are identified simply as the real and imaginary parts of 6,,6,. We therefore define

1
= — 2 sin /2[(\/K+ )x—x +(\/K— )t—t ], VI.13
T (¢ /2) 16 VK ( o) 16\/[( ( o) ( )
1
= 2cos /2[(\/1(— )x—x +(\/K+ ) —1t ] VI1.14
72 (& 72) 16 vK ( o) 16 VK o) { )
1

where kink—kink pair is not available for the breather—the two
6, =7, +iny, By=1n,—inm (VL15) degrees of freedom do not separate. Instead, a tedious exer-

cise is required to determine the constraints. We sketch the

and details next.
E,=E*=Ke"* From Eq. (VI.12¢), reality of u(x,t) clearly implies the
(VK, = l.(K)l/Zeizb/Z, VK, = — (K )%, constraint 7 i
Jlualx ) =K K, =K~ .
Next we pick the integration constants AJQ to ensure st Jualxt ) 2 ( )
reality. The asymptotic trick which we employed for the This gives one piece of information in determining the
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E-plane

-

- —
- -] -
-~ —

FIG. 17. u-paths for kink-kink train.

constraints:

Woul| =K (VL17)
Next we work with Eq. (VI.12a) for (u,u,)'/?/K, which by
{V1.16) must have modulus one. This condition implies

=(43)*. (VI.18a)
Moreover, using the particular form of 4,4 9, Eq. (VI.10b),

together with the constraint [u{u9| = K 2, the condition
Red 9 = Red Y actually forces both quantities to vanish:

Red 9 = Red §=0. (VI.18b)
Thus, reality of u(x,t) leads to
A%=il49|, A= —ilA%|=(49)*. (VI.18¢)

Equation (VI.12a) then simplifies to

[1+itani( sinf, — P) )]
— (n)'"? _ 2 \cosh(n, + Inj4 9])

LS PR e W |
2 \ cosh(n, + In|47|)

(VL19)
0 if Im49 >0,
— 7 if Im49 <0.

Since u(x,t) = 2i In((u u,)'/*/K ), Eq. (V1.12c), we arrive at
the usual breather formula

tan(¢ /2) sin 7, )
cosh(n, + In|4 %)) /

where P = % —ph(49) = {

u(x,t) = 4 arctan ( (VI.20)
The physical characteristics of the breather are clearly la-
beled in terms of the simple spectrum { E,,E, = E ¥}; in par-
ticular, (i) the phase 7,(x,? ) labels the translation of the enve-
lope, while 7,(x,t ) labels the “breathing” of the envelope, (ii)
from 7,(x,t ), we find the envelope velocity (U') depends only
on K = |E,|, given by (for P}/*>0)

16K — 1

16K + 1
(iii) from 77,(x,¢ ), the beating frequency (v) of the envelope in
its own frame depends only on ¢ = phase (E)),

v = cos(¢ /2).

These formulas clearly show how the two breather degrees
of freedom vary with the location of E,E, = E *.
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We return now to the determination of the paths of
103, )ieo(x,2 ). Notice (uu,)'/? lives on a circle [see (VI.17)].
Using this constraint, together with (V1.8¢c), we deduce from
(VL.12b) that ( v/, + V') is purely imaginary. To obtain
more detailed information about these z paths, weuse a
computer to evaluate and plot £, and x, from (VI.12a) and
(VI.12b) for a variety of input parameters
(E,E, = E ¥,u},u3). The results of these computer plots can
be summarized as follows.

(1) As expected, for fixed values of E, and E, = E ¥, the
paths of g {x,? ),i5(x,t ) do not lie on any fixed curve in the
complex plane. Indeed, the path of 1, depends continuously
on the value of u,. However, one might expect that, for fixed
E,and E, = E ¥, allcyclesofu (x,t ) [respectively u,(x, )} will
be equivalent as paths of integration on the Riemann surface
of R (). (This means all paths of 1, respectively u2,, are in the
same homology class on the Riemann surface.) Even this is
not the case.

(2) Fix E|,E, = E*, and choose {15 consistent with
reality of u(x,t ). To observe closed cycles of i, (i.e., period-
ic orbits) one must fix a value of the translation phase 7, (x,t)
and then flow according to the breathing phase 7,{x, }. Phys-
ically, this amounts to riding with the breather along the
straight line motion in x,¢ space determined by
7.x,t |J=Cconst, thereby experiencing only the periodic beat-
ing of the envelope. The following surprising result appears
generic for every fixed location of £ ,E, = E'¥.

(3) There is a critical value %, © of the translation phase
1,(x,t ) corresponding to a critical line [7,{x,t )=, ] in x,¢
space. In the “half-space” 7,(x,t) < 7, %, all paths of 1, (x,t)
[respectively u,(x,t )] under the flow of 77, are equivalent, as
paths of integration, to a closed loop I, {respectively I},
such that: E.€Intl";;0,E *eExt[;. (See Fig. 18.) In the other’
half-space 7,(x,t ) > 7, ¢, the w cycles have interchanged
roles, that is, g, (x,t) cycle = I'; and p(x,t) cycle =1I",.

By considering a sequence of plots of u (x,? ),,uz(x,t )
along n,(x,t )=C, with C ranging through values centered at
7, ¢, we observe the smooth evolution of Fig. 18(a) into Fig.
18(b). The critical value 7, € can only be determined approxi-
mately. Along the lines 77, (x,t )=a,a=7%, ‘,a < 7, , Fig. 19(a)
depicts the z, path. Then along the neighboring line
nx,t)=bb=n,b>7,°, Fig. 19(b) depicts the u, path.
{The paths are switched for u,.)

(5) There are two unusual events occuring here: (a) the
44;(x,t) appear to pass right through the stationary points
E,|,E,ofthe ODE’s(VI.8c),and (b)x,(x,¢ ) and u,(x,t ) evident-
ly collide, corresponding to a singularity of the ODE’s
(VI.8c). Both events violate the smooth evolution of these p
paths described above in (4), unless they occur simultaneous-

T

) .
; T C=|,L2-cu,rcle

I‘ © By ~cycle

!
1 | T wu -cycle
|

@ ‘" e u -cycle
(b}

FIG. 18. (a) Half-space 7,(s,t) <, , (b) half-space 5,(x,)> 7, .
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(a) (b)

FIG. 19. {a) u, path for ,(x,t )}=a S 7.5y path for 7,(x,t )=b2 7, “. (b) &,
path for 77,(x,t }=bZ %, °, i, path for mixil=asny,“

ly. That is, for example, it ,—u, in such a way that the limit of
iy — E/u, — u, is finite and nonzero {refer to (V1.8c)]. This
behavior occurs along 77,(x,t )==7, ¢, and only at one instant
in (x,t).

Remarks: (1) We have therefore shown that even for this
simplified case of pure solitons, the spectral variables u, (x,?)
do not lie in any fixed homology class (class of equivalent
paths of integration). This is consistent with the findings of
McKean?” and Trubowitz.?® This is somewhat dishearten-
ing; the p variables are clearly the natural variables for all
the manipulations displayed thus far, yet appear to be un-
natural topologically. One hopes (at least we do) that these
apparent pathologies can be overcome, perhaps by a suitable
change of coordinates.

{2) The inferences about the periodic problem based on
this breather analysis are that in a certain confined region of
x,t space, the u; cycle contains the canonical g; cycle,j = 1,2
(Fig. 20). In the complement of that region, the ¢ ,,u, cycles
are interchanged. Apparently 1, can collide with g, in
which case the coordinates break down.

Vii. SEPARABLE SOLUTIONS (N = 2)
1. Definitions and motivation

Separable solutions of the sine-Gordon equation
(VIL1)

are defined by the ansatz that the x,# dependence separates,
for example,

u(x,t) = 4 arctan( f(x)g{t)).

U, — U, +sinu =0,

(VIL2)

This ansatz was initially suggested by Lamb”” in the context
of optical pulse propagation. Since then, Costabile et al.' and
Fulton®® have applied separable solutions to study the oscil-
latory behavior of finite one-dimensional Josephson trans-
mission lines, and Trullinger®' has used such solutions to
analyze boundary effects on charge density waves. The most
detailed mathematical study of the “separability” of the

|

ul ,._W

u/)_cyc I
r

FIG. 20. Canonical a cycles. Genus 2.
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sine-Gordon equation is given by Osborne and Stuart.** The
salient feature of the above references is the fact that the
separable ansatz, (VI1.2), leads to elliptic function solutions
for f(x) and g(f ); moreover, from Refs. 1 and 30t is clear on
physical grounds that these oscillatory sine-Gordon solu-
tions have at least two degrees of freedom, and therefore
represent the nonlinear interaction of two or more periodic
traveling waves.

We know (refer to Sec. IV) that the general representa-
tion of periodic N = 2-phase waves leads to hyperelliptic
functions on the genus 2 Riemann surface of

4

Rz(E):EAH (E —E,), 2

=l

(s

{E,...E},

not to elliptic functions on a genus 1 Riemann surface. The
question naturally arises as to the source of this degeneracy
in the function theory. In this section, we identify and de-
scribe this degeneracy. We will analyze the special case stud-
ied in Ref. 1, the “open circuit” boundary conditions,

u,(0,0)=u,(L,t)=0. (VIL3)

The authors give explicit 2 degrees of freedom separable so-
lutions satisfying these boundary conditions. There are
many other types (as discussed in Ref. 32) of separable solu-
tions, which can be analyzed similarly. OQur approach is out-
lined below.

We first show that the “open circuit” boundary condi-
tions, (VII.3), result from spatial symmetry and periodicity
of the initial data ﬁ(x),z;(x); therefore, N-phase solutions with
one additional constraint (initial data symmetric about
x, = 0) will satisfy open circuit boundary conditions. We
then show how this spatial symmetry implies a spectral sym-
metry E;—1/16”E,. With this symmetry in the simple spec-
trum 2, the u-representation and @-function representa-
tion are used to show these special solutions are standing
waves whose x,t flows separate and can be explicitly integrat-
ed in terms of elliptic functions.

2. Open circuit < spatial symmetry

We first show the open circuit boundary conditions
(VIL.3) result from periodic initial data which are even func-
tions about x, = 0. The converse is much easier and does not
require proof. We state the result in

Theorem VIL1: Let u(x,t ) be a solution of the sine-Gor-
don equation, (VL.1), with smooth, periodic initial data
u(x,t = O)=u(x),u, (x,t = 0)=v(x), even about x = 0:
u(x + L) = u(x)(mod2w),

9

u( —x)= d(x)’
(VIL4)
oix + L) = v{x),
o — x) = v{x).
Then: u(x,t ) is even and periodic in x for all time ¢, and satis-

fies the open circuit boundary conditions at x = 0, + 2L,....
That is, u(x,? ) satisfies

(i) ulx + L,t) = u(x,t (mod2m),
(1) w{ — x,t) = uix,t),
(i) u (0,¢) = u, (nL,t)=0.
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Proof of Theorem: Part (i) is established by McKean.*’
To prove Part (ii), we begin with u(x,t ) satisfying the hypoth-
eses (u{ — x), v( x)) = (u x), v(x)) Now define u , (x,t) by
= Yulx,t) + u( —x,2)).
We aim to show u _(x,# )=0. It follows from the sine-Gordon
equation that u | {x,?) satisfy the system

u, (xt

(3, — 3, +sinu, cosu_ =0,
(3, —d,,)Ju_ +sinu_ cosu, =0,
u, (x0)=u, (x)
u, (x0)=v, (x).
But {u( —x)= ém implies {z}_(x) =0
(— x) =v(x) —(x)=0,

so that u _(x,t )==0, proving Part (ii). Part (iii) follows rather
easily, since (u( — x), o — x)) = (u( ),u{x)) together with
smoothness implies d, u(x,t )|, _, = 0. Periodicity then gives
u.(x,t)|, _ .. =0 forany integer n.

3. Spatial symmetry < spectral symmetry

We now use the Floquet theory of Sec. II to character-
ize even potentials by a symmetry in the spectrum. We begin
with

Theorem VIL2: Consider the Takhatajian—Faddeev ei-
genvalue problem (I1.6), with periodic, even initial data

(14 — x),0( — x)) = (u(x),0(x)),
u(x + L) = u(x) + 2M,M ="charge” of u(x),
vix + L) = v(x).

Then the Floquet discriminant 4 (£') satisfies the sym-
metry relation

A(1/16°E) = — 1)"A (E).

The proof is given in Appendix C. (We also note the
converse is true). It is now an easy exercise to deduce symme-
tries in the simple spectrum 3*). In particular, we find

Corollary VII.2. Under spatial symmetry as in Theorem
VIL.2,

8] 5 5]

Eey SUI6CEeY (VILS)

Consider the implications of this corollary for the sin-
gle-phase case. From Sec. V, we know the N = 1 simple spec-
trum E5' | occurs in only two forms
5., ={E <E,<0} or {E,=E*E #E,)}. For the
kink train case, E| < E, <0, the symmetry (VIIL5) implies

= 1/16°E,. But the phase velocity U satisfies (Sec. V)

_ 16(E\E)' " —1
16(E\E,)' 2 + 1"

since U cannot be infinite,** we find that the only open cir-
cuit kink trains are at rest (U = 0). The oscillatory case,

E, = E% E #E,, yields the same result. Physically, this
time-independent nature of open circuit single-phase solu-
tions is quite obvious. For example, in the Josephson trans-
mission line, u represents the magnetic flux. A single-phase
traveling wave u will either transfer flux through the left
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(U <0) or right (U > 0) boundary, violating the open circuit
boundary conditions; thus, stationary waves.

The physical considerations of Refs. 1 and 30 imply
nonstationary separable solutions must be standing waves.
This forces N>2; next, we investigate NV = 2-phase solutions
(Sec. IV) in the light of this spectral symmetry.

4. Consequences of the spectral symmetry (V= 2):
separability, standing waves, and elliptic functions

We now use the spectral symmetry, which character-
izes the sine-Gordon solutions satisfying open circuit bound-
ary conditions, to show first that these solutions are, in fact,
separable, and second, to describe the degeneracy in the
function theory. Qur analysis uses both O function and p-
representations of u(x,t ) (Sec. IV). The p-representation is
summarized by

ux,t) = i Infe (8 Yo (x,t )/P '13),
where P =11 E;,2"'=(E,,...E,}, and u,,, satisfy
(),

=2i(1$ 1;6‘;’;&'1’2)#1;[:11 (e — E)] / H(ﬂ: Hj)-

(VIL6a)

(VIL6b)
ulx,t) = 2i In ( O (lix,t) + 1:B) ) (VIL7a)
O (lix,t );B)
where 1(x,7} = ({,{x,2 ), ,{x,t)),
. 1
l(xt)= — 21[(Cv1 + Tep C, )x
1
+ (CVl BRTTIE Cﬂ)t] +1,(0,0), (VIL.7b)
4
E=0, P= H E..
k=1
First note that the spectral symmetry
E,e3%'=1/16°E;€2"’ forces
S =(E,E,1/16%E,,1/16%E, }, (VIL8a)
4
RE)=E [[ (E - E)E — 1/16’E)), (VIL8b)
j=1
4 1
P= [ E=— (VIL8c)
AL 16

With £’ given by (II1.8a), we consider two configurations of
the spectrum; for convenience, we list and graph these be-
low, together with the branch cut structure and canonical a;
cycles. We note that 4 %E ) (and therefore %) is invariant
under the map E—1/16E, and moreover the circle [E | = &
is mapped onto itself by this transformation. This fact is
manifested in Figs. 21(a) and 21(b); in each case, there is a
clear symmetry about thecircle | E'| = L. (Theentire analysis
which follows rests on this observation.)

This spectral symmetry leads to analogous relations
among the holomorphic differentials on the Riemann sur-
face of R (E ), Eq. (VIL.8b). We describe these facts in

Case 1. Two trains of kinks, antikinks:

E,<E,<1/16*E, < 1/16°E,.
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al-cycle 185 2

(a)

cycle

FIG. 21. Branch cut structures for two-phase solutions with open circuit
boundary conditions. (a) Branch cuts and a, cycles for 2-phase kink—kink
trains under open circuit B.C. (b) Branch cuts and g, cycles for 2-phase
breather or plasma oscillations satisfying open circuit B.C.

Case 2. Breather trains, plasma oscillations:

E.EY1/16°E,1/16°E*, with |E,|> &
Lemma VII.1. Define a basis {dI,dJ | of holomorphic
differentials on the Riemann surface of

RYE)=EI’_ (E—E,)E — 1/16%E,) by
dE EdE
di=-22_ | gj=2°2 VIL.
R(E) R(E) i)

In terms of these differentials, denote the @, periods (with the
a; cycles depicted in Figs. 21) by

Ei dl, Jia E§ dJ. (VIL.10)
Then: | |
() dI(E) = — 164/ (e),
— 16dJ(E)=dI(¢), where €= 1/16%E,
(i) 7 {a,) = 16J (a,),
I{a,)=16J(a,).

The proof is an immediate consequence of the change of
variables € = 1/16°E.

With this lemma, we can immediately deduce

Fact | (Standing waves): N = 2-phase solutions with the
spectral symmetry E;€2°'=1/16’E,€Z") are standing
waves. The proof of this fact comes by analyzing the two
phases /| , (x,t ) in the f-function representation (VIL.7). The
normalization constants C, , , as defined by (IV.19b), are giv-
enintermsof’ (a,),/ (a;)by[with W =J (a )] (a,) — 1 (a,W (a,)]

Ch= I—.—(aZ) , Cp= _‘—_J(aZ) ’
w
—1I(a Ja
G = @) , 2= —(VVI) :

Now using Lemma VIL.1, Part (ii), the phases /, , (x,t ) be-

1270 J. Math. Phys., Vol. 23, No. 7, July 1982

come [with the choice P /% = (1/16%)'/2 = + 1/167]
Lx,t) = — 32
[£(a;)]* — (@)
X [(I{ay) — Iay)x + {I(ay) + T{a,))t ] +1,(0,0),
Lix,t) = — 32i
(I(a2)]* - [7(a))]?
X [ay) — IHa))x — (I {ay) + (@)}t ] + 5,(0,0).

Thus, the phase velocities are equal but opposite: standing
waves.
The next result we state as

Fact 2 (Separability). The (})-flows explicitly separate.
That is, there exists one combination of the variables u, and
4, which depends on time ¢ and is independent of x, and a
second combination which depends on x and is independent
of t.

We use the p equations (VII.6b):

(), = 2i(1 + 1602)R (u)/ (e, — pa),
(VIL11)
(o), = 2i(1 + 16u )R (u,)/ (1, —

4

which can be written in the equivalent differential form:

du, _ — 1T dx

Ry & o) = 2i(1 F 16#2)((11), (VIL.12a)
du, P dx

Riu) Wy —p)=2i(—1+ l6,u,)<dt). {VIL.12b})

Algebraic manipulation then yields quite simple expressions
for the (7)-flows:

f%'j n Rda =3 (‘;’[‘) (VIL13a)
164 dps 16p,du, _ o, (3%
R+ e = (dt). (VIL13b)

Then, simply adding the dx equations and subtracting the d¢
equations in (VII.13a) and (VII.13b), we find the (})-flows
explicitly separate. The x dependence is given by

(14 16, 1+ 164, oy
o ]w.)x [—sz) ]cuz)x 64i,
(VIL 14a)

L o oo

while the ¢ dependence is given by

(1 — 164, ]V‘l)x n [ 1 —16u, ]‘#2 = _ 64,

R () R (u,)
{VIL 14b)
[ 1—16u, ](ﬂ) 1—16,1;2](#7) —o.
R{uy) R (1) )
This means the integral
“ 11416 11416
J ol e I e
R (u) Ru)
M. G. Forest and D. W. MclLaughlin 1270



is independent of ¢ and linear in x, while the integral

J e [l [
R {u) R {u)
is independent of x and linear in ¢.
We can also conclude from these relations
Fact 3 (Elliptic functions): The (7)-flow of the 2-phase
solutions with the spectral symmetry E,=1/16’E; in 2

depends on elliptic functions which live on one of two genus
1 Riemann surfaces:

wiz) = [ (2 £ fz — 2))z — 2, 2 (VIL.15a)
where
z,=\(E; + 1/16’E;), =12, (VIL.15b)

(S)
S = (ELI/16%E, E,,1/16%E,).

To see this fact, we first note from Fact 2 and Eq.
(VIL.14) that the x flow is characterized in terms of one par-
ticular differential,(1 4+ 16E )dE /R (E ), as opposed to the
usual case which requires both differentials in the holomor-
phic basis (see the 8-function representation). Similarly, the
flow depends only on the one differential
[(1 — 16E)/R (E)JdE. The symmetry in R (E ) suggests a
transformation which reduces the (})-differentials to elliptic.
The map that accomplishes this reduction is

= Y(E + 1/16°E ); (VIL16)

the resulting differentials for the (7)-flows are

oy, L 16EME — 16dz ’
RE)  [2e—de—zle—z)| "

fow: (L= 16EME — 16dz ’
WS TTRE) 2+ e -z —z) '

with z, defined in Fact 3. This proves Fact 3.

We emphasize these differentials involve square roots
of cubics in z; they are elliptic. In general, they yield elliptic
functions with distinct moduli.

We remark that themapz = J(E + 1/167E ) isinvariant
to the spectral symmetry E,—1/ 162Ej (which, of course,
motivated its use) and therefore does not distinguish between
the points E;,1/16%E;. The branch points become one in the
image space, effecting the reduction to elliptic functions. The
appearance of +  as branch points for the (7)-flow is related
to two facts. First, + X are the fixed points of the mapping
z(E). Second, the c1rc1e of symmetry in the E plane |[E | = &,
gets mapped onto the slit — £<z< + &.

In this section, we have described a class of “open-cir-
cuit separable solutions” in terms of inverse spectral theory.
The generality of these separable solutions, as well as the
origin of their elliptic nature, becomes clear from this inverse
spectral analysis. Other classes of separable solutions could
certainly be analyzed by similar symmetries in the spectral
transform. These two-phase separable solutions could be
used (i) to clarify theoretical studies, since they are the most
concrete examples of 2-phase periodic waves, and (ii) to
study, by the methods of inverse spectral theory, the effects
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of boundary conditions on the sine-Gordon equation.

Note added in proof: Since this work was completed,
some progress has been made in the understanding of real,
N-phase sine-Gordon waves by E. Date of Kyote University
and by N. Ercolani and G. Forest, Ohio State University.
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APPENDIX A: SCATTERING MOTIVATION
1. Infinite-line scattering properties

Consider the eigenvalue problem (II1.2) under vanishing
boundary conditions at |x| = oo, (IL.4b) and (I1.4c). Here u
and w are taken real.>****

The “Jost” solutions are defined in terms of their as-
ymptotic behavior at x = + oo: the vanishing boundary
conditions on u(x), w(x) reduce (IL.2) to (A = V'E)

[(01 _01)%+(W -4 ]‘p 0 (Al)

A basis of solutions for (A1) is

1 . IR
l'r'| — ( ; e~ {4 — 1/164 )x’ 1’»’2 — ; elt/l — 1/164 )x.

The Jost solutions f,,g,,i = 1,2 are then defined as solutions
of the full problem (I1.2) satisfying the following boundary
conditions:

AN
fl~ ( e:M — 1/164 |x as x— + oo,
I

1 )
f2~ ( ) e—l(/l—l/lﬁ/l)x as x__)_‘_ 0,
1

1N .
g1~(. QA= VI Ay s o,
]

g ~( 1 )e—i(/l—l/lﬁi)x
2 .
—1

If we now define fundamental matrices for (I1.2) in
terms of these Jost solutions,

as XxX-——-» — oo.

FxA)=(ff,), GxA)=(gg); (A2)
then the transfer matrix T'(4 ) maps the basis elements g,,g,,
which behave like the “free” eigenfunctions at x = — o,

across the influence of the potentials, into the solutions f,f,,
which behave like the “free” eigenfunctions at x = + .
That is,

FlxA)=GxA)TA), (A3)
_ [(tuld) 1ald)
T! )‘(tz,w rzzw)'
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It follows that for A real, T(A ) can be expressed in terms of
two complex-valued functions:

ad) —b*A)
Ta)= (bm a*(d)
The realization of @(4 ),b (1) in terms of reflection and
transmission coefficients is illustrated by the following ex-
ample. Consider an incoming plane wave from x = + «
with unit amplitude, which will impinge upon the potential,
resulting in transmission through to — o of some parts of
the wave while the remainder is reflected back to + co.
From (A3), we have the following [after dividing by
a(lA)):
Lgxa)= 24y
a(d) ald)
Referring to the asymptotic nature of f,,g;, we write this
equation in the asymptotic form:

1 1 v
. o — itk 17164 )x X — o

>, A real. (A4)

flxA) + flxd ).

ald)
b*(/{)( )ea_mm) + ( 1 )eam_l/lu)x’ (AS)
ad) —1
X— + o0
Since e ~ "~ 1714 refers to a left-running plane wave, while

't ~ 1716417 s right-running, we interpret (A5) as the free

plane-wave solution of unit amplitude, (! Je =14~ 1/164)x)
launched fromx = + o and traveling toward the potential;
the term

b *(’{ ) (1) oild = 17164 )x
ald) \i

as x— + oo is the reflected part of the wave, traveling to the
right, back to x = + 0, while the left-hand side,

1 ( 1 )egi(/{—l/l()/l}x
a(ﬂ,) ._l. ’

is the transmitted part of the wave which has made it
through the potential and is traveling to the left out to
X= — 0.

Due to these interpretations, 1/a(d )=T4 (4 ) is referred
to as the right transmission coefficient, and
b*A)/a(A =R (1) is the right reflection coefficient. In the,

Using scattering theory of Sec. A1, we have the following “asymptotic” behavior near x,x, + L [with a{d }=4

1 . 1
¢+(x,x0,i )~ —( ) e~ faldix = xi) + __2_

o (xxo,ﬂ)~—— 3

¢, (x.xpA )~

—1

same manner, we can launch the free plane-wave eigenfunc-
tion from — oo,

1\ .
A — 1/164
(l. et )X,

which is right-running, and find the left transmission coeffi-
cient T, (1 )=1/a(A ) and the left reflection coefficient
R, {A)=bA}/ald).{Useg, + [b(A)/a{d )lg, = [1/a{A )]f,.) The
following facts then follow about whole-line scattering
theory.

(i) Tpld) =
cient,

{i1) f,,g, and thereby a(4 ) can be analytically continued

into the upper-half A plane, where {ImA >0)
(iii)

T, (A)=1/a{4) is the transmission coeffi-

FIIR 1 as. A= 00,
expl(i/2)(u(oc) — u( — )] as A—0,
(iv) [ad)]* + |6 (A)]* = 1, A real,

{v)the real A axis is continuous spectrum and is associat-
ed with radiation in the sine-Gordon field,

(vijald;)=0 iff A, isabound state eigenvalue; these
occur on the positive imaginary axis or in pairs (4;, — 4 *).

In the general case of vanishing boundary conditions at
|x| = o0, (IL.4b) and (I1.4c), the transfer matrix T'(4 ), as de-
fined by Eq. (A3), does not extend to the upper-half A plane.
Rather, T (4 ) is represented by four complex functions:

T(/I):(a(“ b_(f_)) AeC,
b(A) ald)

where a(A ) is analytic in the upper-half A plane, ImA >0, and

a(A ) is analytic in the lower-half A plane, ImA <0. In the
overlapping region, ImA = 0, [see (A4)]

(A6)

o) =a*A), bid) = —b*A), A real (A7)

However, for the restricted class of compact support
potentials, all of these functions (a,b,a,b ) can be analytically
continued into the whole A plane.

2. Proof of Theorem Ill.1
From Theorem 11.2,
AA)=¢ (xo+Lxpd)+¢_ (xo+ LxoAd).

—1/164}:

N .
( et —x pear x = x,,
i

—iax—x) D it e — 5y -
+ e near x =x,,
{

__1_< ) za(l)x—xu)__ i( 1 )b(/i, )e—ia(/l)(x—e—x(,)
2 2 ]

—1

I

—i ed 1 )
b_twrod )~ =L () ey (1) paemenn
1

2

i

—_i {1
+ 21 () b(/i) xal)x+xo)_+_ _2_( 1 )a(/l) — da(d Yx — xp) near x=x0+L,
i
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— 7 _ 1 1 )
b_(x XA )~ 2’ (1) alA )e@ArE—x) _;_(_i)b(/{)e—!a(/l)(thxui

i

— i _— 1 1 .
+ 2! <1> b (/{ ) emz(/l }x + xo) + _12_ ( l) a(& )e— ia(d )ix — x,)
i _

from which we find

near X =Xx,+ L,

AR)=¢, 1+ Lxod)+ ¢ _ 20X+ Lxd) =ald)e™ " 4 a(d)e=* ", (A8)
Now, for A real, Eq. (A7) yields a_(/l—) = a*(1 ). Thus we write a(4 ) = |a(4 }|e™** ) .a*(1) = |a(d )|e ~ ****), and (A8) becomes

4 (A)=2la(l)| cos[a(A )L — pha{i)], A real.

APPENDIX B: DERIVATION OF THE DECOMPOSITION
FORMULAS

In Ref. 25 the © function we have defined in the paper is
denoted 6,, and there are similarly defined @ functions
6,,6,,6,. In fact, in terms of ,, the N = 1 sine-Gordon 6-
function representation becomes

ulx,t) = 2iln (M)
O (l(x,t),B)
(B1)
~ai1n ( BALx1B) )
G5l (x,t);B)
We then show the ratio 6,(/;B)/8,{[;B ) is given by
OJ4LB) _ i6)(l+B/2+4B)
0,B)  6,/+B/2B) ’
then we use the infinite-product representation of &, in the
form

92(1;3) =(Constant)ef”‘ ﬁ (1 +ezm(,,g,,,)

n=1
9 — 27ilnB — 1)
X I (1+e ).

Combining these facts with formula (V.15b) for / (x,t ) yields,
after some manipulation,

0,l,B) 1 —ie™ (—1) 1 —ie™
6:(1;B) A=t 14 ie™ ns - w 14+ z'e"‘"’
where

a, = k(x — xu) + wt + 2niB.

Using this infinite product in the formula (B1) for u(x,?)
yields Eq. (V.18) in the paper. 0

APPENDIX C: PROOF: SPATIAL SYMMETRY <
SPECTRAL SYMMETRY

The following proof is based on a whole-line argument
by E. Overman. Consider any solution

o= ()

of the Takhatajian-Faddeev eigenvalue problem, (V1.4);
then define the function ¥(x,E ) by
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(A9)

e(i/4iu(x)¢l(x’E )
Y(x,E)= (e< ~ i/4utxig (v E) :
With ( ) =d /dx{ ), it easily follows that 1 satisfies the
associated eigenvalue problem

— i+ i
(=0 o)

(C1)

+ ( = LE e(r’/ZIu(x] S l/2e( — 1'/2)u(x))¢l — 0’ (Cz)

i 1 , A
+ —ux + e( — i/ 2ulx) __ E 1/2 [1/2)u(x))
(v + T + (5507 20 g,
=0.
Looking ahead to the spatial symmetry, we also define
O(x,E =Y — x,E). {(C3)

With this foundation, we now assume, as in Theorem
V1.2, symmetry of the potentials:

(s — xhof — x) = (lx)(x)).
Inserting into (C2), we find

Lemma C 1: The following statements are equivalent.

(1)  W(x,E)solves (C2)at E.

) (;//2( —x,1/16’°E )) _ (¢2(x,1/162E ))

O —x,1/16E)) — \¢,(x,1/16’E)
solves (C2} at E.

The symmetries in the spectrum are displayed with the
Floquetdiscriminant 4 (E ); recall the “Eigenfunction Repre-
sentation of 4 (E'),” Eq. (I1.12) (with x,=0),

AE)=¢_ (LE)+¢_,ILE), (c4)

where ¢ , (x,E) are the basis for the Takhatajian-Faddeev
eigenvalue problem (VI.4) normalized by

o.x=08= () s-e=05)=(%) (3

Thus, & . (x,E) are two particular cases of the function ¢
above, and following the relations (C1) and (C3) we define

E . ( eli/4)u(x} ¢i,1(x,E) )
Vv, (xE)= e g (nE)) (C6)
6, (E)=v, (—xE). (o)

We also note the initial conditions, which follow from (C5),
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li/4) dx) 0
v, (0E)= ( 0 ), V_(0.E)= (e‘””‘” 2o )

and the boundary condition (C8a)
dva il g 1<L,E))

LE)= S ) 3

v, (LE) (e(_‘/‘”"(’“) 4, (LE) {C8b)

We aim to relate 4 (E) with 4 (1/162E ), where
AE)=¢  (LE)+¢_,(LFE)
=¢,  (~LE)+¢_,(—LE)
ANGE)=¢, (LI/IGE)+¢ _,(L1/16E).

The approach is to map from ¢, toy, using (C6), and
then connect ¢, at E and 1/167E using Lemma C1.
From Lemma CI, we know

( t_z(—x,l/162E))
(= x1/162E)

are solutions of the same Eq. (C2}; using the initial conditions

{C8jatx =0,
£li74ulo) (0)
1

ol — i/4u(0) (1)
0

we find that the eigenfunctions are proportional:

1 2l = X, 1/16%E) o
b, (—xineE)) ST s wEL ()

( , 2(0,1/162E)
¢i,1(o,1/162E)) =

Uy i

Thus, we compute

x,E
b, E)= ('“’( ))
- ¢¢,Z(X’E)
and
J
A(/16°E)=¢ , \(L1/16°E) + ¢ _ ,(L,1/16E)
=ty (L/16E) + e My _ L (L,1/16%E)
— e( — i/ 4)u(L )e(i/l)u(O)l/, 2( " L E) _+_ e(i/Mu(L]e( —i/Z)u(O)w ]( _ L E)
-, y + ’
— eti/Z)[u(O)—u(L)]¢_ N ——L,E) +e(i/2'[“(l“)"“(0"¢+ A —L,E).

case (i)
El < EE <0

Case (i1)

E, = E¥, ; < phEL < s

Useful Contours of Integration

Canonical a,b cycles
case (iii)

1
1 0 < phEl <3

E = E¥

FIG. 22. Canonical a,6 cycles and useful contours of integration for all
N =1 cut structures.
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—

From the periodicity of ti(x),

(L) — u(0) = 27M, M ="charge of u(x),”
we find

A(1/162E)=(— WA (E).

The argument can be reversed in the following way.
Note that Lemma C1 holds if and only if (u( — x),
o — x}) = (u(x),v(x}). Equating 4 (E) and ( — 1)"4 (1/16°E)
implies (u (—L), u( L)) = (u(L), v(L ). The result then fol-
lows using periodicity of u(x),v{x). 0

APPENDIX D: ELLIPTIC INTEGRAL FORMULAS

The normalization constant C and period “matrix” B
are both expressed in terms of two fundamental loop inte-
grals, which wedenote [ (a),/ (b ). With thebranch cuts of Fig.
9, we denote canonical paths by “a” and ‘b~ cycles as shown
in Fig. 22, where we also depict useful contours of integra-

FIG. 23. Graphic limit as phE :7—0, |E,| constant.
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tion for each structure. In terms of the holomorphic differen-

tial d/ =dE /R (E

Ia)= idl,

JR*E)=E|(E — E)E — E,), we define

Ib)= 38de.

Then the constants C and B are explicitly given by

C=1/Ia),

B=1I(b)/Ia).

We now display the detailed information in Tables I-IV.

TABLE I. General structure of the loop integrals 7 (a),f (b ), normalization constant C, and period matrix B.

In the notation of Fig. 22, I (a},] (b ) have the following representations in terms of the contours a,,5;; the explicit facts then follow by routine complex
integration, with C = 1/I(a),B = I (b)/I (a).

Case (i): 1(a)=2f dl ; Ib)= | dI

B,

=I{a)<0, Rel(b)=0,ImI(b)}<0.
=C«0, B=iImB, ImB>0.

Case (ii):

=I(a)<0, Rel(b)= —iJ(a) ImI(b)<O0.
=C«<0, B= —}+iImB,ImB>0.

Case (iii):

=I(a)<0, Rel(b)= —}I(a),ImI(b)<0.
=C<0, B= —}+ilmB, ImB>0.

1(a)=4nef dr ; I(b)= —51(a)+2f dl + 2i Im
a, B,

B

dl

1(a)=4f dI+4ReI dI ; I{p)= —51(a)+2iImJ- dI
s a, 8,

TABLE II. Elliptic integral formulas for the normalization constant C and period matrix B.

Theloopintegrals / (a), I (b ), and thus the normalization constant Cand period matrix B, can be expressed in terms of familiar ellipticintegrals.* In detail {refer

to Fig. 22 and Table I).

Case (i):

Case (ii):

Case (iii):

E| <E2 <0,
C= —(—E\)'¥4K (s,
B =iK'(syK(s),

where the modulus s> = (E, — E,)/ — E,.

E =E%E #E,n/2< phE, <7,

C= —|E\'"* /4K s),

B= —{ +[i/2K 5)I[F(8,5') + F (5],

where s = }(1 + cos(phE,)},s'> = §(1 — cos(phE,}),
& = arccos(s*/s'%),¥ = arcsin{s/s").

E, = E%,E, #E,0 < phE,<m/2,

C= — |E\|'*/4[F (¢.5) + F(¥.s)],

B= — | +K(SV2F(d,5) + Flihs))},

where s5,5",¢,1 are as defined in Case (ii).

TABLE IIL Soliton limit (E, = E, <0) formulas.

From the explicit elliptic integral formulas in Table II, the “soliton limit” as E "
each cut structure, £, < E, <0 and E,

E, collide on the negative real axis is computed. The results are the same for
= E3,E,#E,. (Refer to Figs. 15 and 22.)

lim 1(b)=zf__£__ - —iw,

s E-E)VE

, dE i , — 27
tim /()= | __9E ___ _, due at E,] =

E,«:E, 1E—El=eE—E)VE mi [residue a i V|E,|
lim L= + oo,
E,+E,

lim &{x — x;) + wt =
Eyo ok,

(for the choice |U| < 1).

1 1— 16E,|
._———[x_x ~vt],v= — =l
(1= )7 e T

s
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TABLE IV. Contrasts in physical characteristics of the oscillatory states in terms of E,E ¥*.

To display the difference in the (subcharacteristic speed, U? < 1) oscillatory states based on the relative location of E, = E *E, # E,, we consider two limits
that essentially “‘cover” the E-plane. First, we display the “‘angular dependence” of the physical characteristics, and second the *‘radial dependence.”

1. Fix | E,|=const, and consider phE: 7—0 (see Fig. 23)
E =Energy: + 1— — L.

u, = Amplitude of oscillation = phE,:7—0.

x = Wavenumber = 27|C | (1 + ! )( VIE| + 4 )_,().
Im(B) 16(EE)'/? 4 ara
@ = Frequency = i:}‘(;:(l — I6(EIIEZJ”3 )( “\11511 + \/I“EI] )_’0‘

ImB « separation distance between crests: + oo —0.

|C | « width of each kink (antikink) component:v/{E,| 0.
We note that each of the above limits is monotone decreasing.
2. Fix phE =constant, and consider |E,|: 0-»cc

E = Energy = ~ cos(phE,} remains constant, independent of |E,|.

u, = Amplitude of oscillation = phE, remains constant, independent of |E,|.

x = Wavenumber: + oo decreasing (0 K., |, - 1o = 1, increasing to + .
w = Frequency: + o« decreasing to — o0,0|,,, 1, =0.
ImB « Separation distance between crests remains constant.

|C | < Width of each kink (antikink) component: 0— + .
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.In our investigations of the linear theory of the stability of relativistic beam-plasma systems
immersed in a magnetic field we have been led to consider sum rules for an infinite series of
products of Bessel functions of the form =_ _ _ (n/J2)/(n + p). In this work we report on the
sum of this series treated as a special case of a more general infinite series. We also mention the
extension of the results beyond the range of the parameters for which formulae are explicitly given
and indicate how intermediate results obtained may be useful in their own right. Finally, an

additional application of our result is indicated.
PACS numbers: 02.30.Gp

I. INTRODUCTION

In considering the linear theory of the stability of a
charged particle beam penetrating a magnetized plasma, one
is confronted with an infinite series of products of Bessel
functions of the form

= niJie)

A R
or similar series which can be obtained from it by differenti-
ation with respect to z. In the context of the physical prob-
lem, u is essentially the ratio of the Doppler shifted wave
frequency as seen by an individual particle in its orbit to its
Larmor frequency. The variable z is essentially the product
of the wavenumber of the mode perpendicular to the mag-
netic field and the Larmor radius of an individual particle.
The dispersion relation is obtained by an integration over a
distribution of particles and, hence, a numerical investiga-
tion of the dispersion relation is complicated considerably by
the presence of the infinite sums. This is especially true when
one observes that the rates of convergence may vary widely
as the parameters vary over the physically interesting do-
main. Furthermore, one would like to obtain analytic results
in limiting cases, particularly those of large and small mag-
netic field. The latter case corresponds to the asymptotic
regime in z and progress can only be made if a sum rule can
be found. Results from the application of our sum rules to
the plasma physics problem have been presented.'

As will be seen in the work to follow, a sum rule can be
obtained for the more general case

i (_ 1)nn1Ja7rnJB+yn

o n+p ’

from which our required result follows as a special case

(@ =B =0, ¥ = 1). Here, as above, j is a nonnegative integer
and, in our specific application, runs from 0 to 2 but will not
be so restricted in the results to follow. A special case (@ = 3,
j = 0) of our result has been given.”

In the following section, we will sketch the derivation of
the desired sum rule. Our method is direct calculation. In
Sec. II1, we will discuss extension of the results to parameter
ranges beyond those for which formulae have been given.
Furthermore, given the result for j =0, it is easily shown
that it follows from a contour integration. This is also briefly
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discussed in this section. On the other hand, when j#0, the
contour integration method has difficulties in that one can-
not ensure that the integrand dies off sufficiently rapidly as
the contour is enlarged to . The direct method illustrates
the difficulty explicitly and shows how it can be circumvent-
ed. The applicability of the method to other series is also
discussed here and one example is given. In the last section,
applications will be briefly addressed. Included will be ex-
plicit results for our own special case, an infinite series which
has appeared in the solution of a particular differential equa-
tion arising in an electrical engineering problem, which has
come to be called “Turkin’s” function,? and a brief discus-
sion of the application of certain “intermediate” results.

Il. DERIVATION OF THE SUM RULE

In this section we present the derivation of the sum rule
for the infinite series of the form

g (=)' .2V, 1 (2)
S: E ,
n+p

where j is a nonnegative integer, u is nonintegral but other-
wise complex and unrestricted, and z is a complex parameter
as are a and 8. We restrict them, for the moment, to satisfy
Re(a + B)> — 1. The parameter ¥ is real and restricted to
the interval (0,1].
It is useful to rewrite S in the following way:

& (=1)[n'—(—p)]
S= Y S S

Z n+ P yaY B+ vy

i el ( - l)nJa—ynJB+yn
+ (=)’ .
)y ——

n= — oo

We will suppress the variable z throughout this section. We
now consider the two sums separately:

( - l)n‘] —rnJB+ yn

(2.1)

n= — o

(2.2)

S= S 2.3a
‘nggw n+p .
and
S.— i (_l)n[”j_(_/‘)j]‘, —‘rnJB+7n
SN2 n+u
o i—1 .
= 3 (=1 3 (=) N e
n=" K=o
(2.3b)
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We will consider S, first.

5= 5 (ZWeondein
n= ~ n+u
:%nim nﬂlf J, ., 42z cos 8)
xcos[(2yn — 7j6 1 d&,
where
n=a — B, and Rel@a +B)> —1. (2.4

The integral representation of the product of Bessel func-
tions is well known.*

Expanding cos[(2yn — 7)0 ] and separating the summa-
tion into a pair of sums over odd and even values of n, respec-
tively, gives

2 /2
S,=—~J- d0J, , 52z cos 8)
T Jo

% {cos 76 i [ _cos[(4n +2)yf | cos 4n7/6]
2 L=l ntp2+172 " n+us?
4. sin 70 Z [ _sin[(4n +2)y0 ]
2 .= n+u/2+1/72
L, sin 4n7/6” 2.5)
n+u/2

there being no difficulty with the interchange of orders of
summation and integration.

Further expanding the trigonometric functions, we find
we must evaluate sums of the form

{cos 4ny6} {cos 4n}/9}
= sin 4ny6 an i sin 4nyf .
n e R+ /24172 ne e M4 /2
Using the formulae®
i cosng _  mcosalm—¢)
ne o N —a sin 7a
and
i sinng _ msinalm — d))’ O<<2m,

n= —o N—a sin 77a

where a is nonintegral but otherwise unrestricted, we have
for §,

S, =J déJ, , s2zcos @)
0

_cos{m/2 + p/2m — 4y6 )]
X [°°S ”9[ sinf(u/2 + 1/2)7)
L coslu/2(m ~ 4y8)] }
sin um/2
\ sinn6 [ _ sin{n/2 +p/2m — 4y))
sin[{g£/2 4+ 1/2)7]
+ sin[u/2(r — 4y60)] ” (2.6a)

sin unw/2
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or

1
sin (um/2jcos(um/2
X (cos 6 {sinjum/2)sin[pu/2(m — 4y0)]
+ cos{um/2)cos[u/2(m — 4v6)]}
+ sin 96 { — sin(ur/2)cos[u/2(r — 4y6)]
+ cos(um/2)sin[u/2(m — 4y0)1}).
Simplifying the trigonometric functions reduces S, to
- L f doJ, , z(2zcos )
sin(umwr/2)cos{um/2) Jo
X cos[ (17 + 2yu)6 ), (2.7)

or, upon employing the integral representation for the pro-
duct of Bessel functions once again,

/2
) J d6J, . 5(2z cos )

(2.6b

Sy == pleM (2 (2.8)
sin ®i
which is the desired result.
We now proceed to consider S,, Eq. (2.3b). Interchang-
ing orders of summation, it is sufficient to consider a sum of
the form

§2=: i (= 1)'n*Jy_ g4y P iNteger,

n= - o

i (—lf déJ, , 2z cos 6)n”

:\lw

Xcos[(2yn — )01 . (2.9aj

Again expanding cos[(2yn — 7)8 ] and observing that we can
absorb the factor n” by differentiation with respect to 2y6
p times, we have

5, == s (- 1)”[ 4617, . ,(22 cos )
T n= — oo (6]
4 2
. [cos 06 d {cos ny@}
d(2y@y lsin 2ny6
in g % _ dr {sm 2n;/0” (2.10)
d(2v0p \cos 2nyd
where we define
p*=p/2, peven

=({p—1)/2, podd,

and the upper term in braces pertains if p is even and conver-
sely if p is odd.

One is now tempted to interchange orders of summa-
tion and integration but is then confronted with infinite se-
ries which do not converge in the ordinary sense. Progress
can be made by appealing to the theory of generalized func-
tions.*” This allows us to proceed formally.

Interchanging orders of summation, integration, and
differentiation, we first observe that the sine series vanishes.
Thus in Eq. (2.10), the first term in square brackets pertains if
p is even and the second pertains if p is odd. We will denote
this in what follows by a subscript e or o as appropriate in the
pthorder derivative. Separating sums over even and odd val-
ues of n as before, we have
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A

- 7/
SZ=2—(_7TiJ doJ, , (22 cos 0)
(¢)

X[[ 0 d? in 70 d?
cos 7 + sin
aepeg " d(zyexz]

X[~ 5 cotnsipren+ 3

n= — oo n= - e

cos 40 ”
2.11

Expanding the trigonometric functions and again observing
that the sine series vanishes, we are left with

5 2” —1 X
( )p f dx J « +ﬂ(22 005(4—7/)>
X ”cos( "x) d’ + sin(———"x) il ]
4y Jdx? 4y / dxF

X [(1 — cos %)n ;; 3 cos nx”,

where x=4y6.

We now assume that Re(a + £)>p. This certainly en-
sures that the pth derivative of J,,  ; is integrable. We will
return to this assumption in the next section.

Since the integrand is an even function of x, we will
integrate over the full interval [ — 27y, 27y] and take half
the value obtained. Integrating by parts p times and observ-
ing that, under the assumption that Re(a + £ )>p, the inte-
grated terms vanish, we have

(2.12)

3 (

P Ve Vs
2= 4y

moge x [cos(nx/47)”
Xf oy dx? {J" +h (?J cos( 4y )) sin(nx/4y)
X (1 — cos(%)) i cos nx dx,

where the upper term in [ ] pertains if p is even and the lower
if p is odd. Now using a result in the theory of generalized
functions,®’ we put

(2.13)

z cos nx = 27r z 8(x — 2nm),

n= — oo

A
and §, becomes

./S\'z = _.ZP(._ l)P.( — 1y
2y

2y
LA ONES) i
2w dXP 4y sin(nx/4y)

X ( 1— cos(%)) i 8 (x — 2nm)dx.

n= - o

(2.14)

The resuit for §2 now follows immediately. If ¥ < 1, only
the n = 0 term in the sum contributes. If ¥ = 1, both the
n =0 and n = 1 terms contribute. Furthermore, in the case
y = 1, the 6-functions act at the end points of the integration
and, hence, only contribute one half the value they otherwise
would. We now define
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Hx)=0, x<0,
=], x=0,
=1, x>0. (2.15)

We also observe that by virtue of the [1 — cos(x/2)]
term, the contribution from # = 0 vanishes. The extension to
y on the interval (1,2) is also immediate. We will discuss this
again briefly in the following section. Thus we have, evaluat-
ing [1 — cos(x/2)] at x = 27,

S,=#y -y X=
Y

d? x [cos(nx/4y) ]
—_ 2z
X o [J"”“ ( cos( 4y )) sinmx/ay) 1] |,

=2mr

(2.16)

Substituting into (2.2), we arrive at our final expression for S:

S = 77'(—’“) +W(Z)JB w(z)
sin mu
Hy—1) it ) (_1)(/‘*171()/2
- Y (_2)],2:; (—2—) [(_1)1j——2k)/2
di—1-k X [cos(nx/4y) ]
de,*#l—k [Ja+ﬁ(2zco 47/)) Sln(m/“»')/) xzzﬂ"

(2.17)

where again the upper termin [ ] pertainsifj — 1 — kiseven
and the lower if j — 1 — k is odd. We have appended the
superscript € and subscript o to the summation symbol as a
reminder.

Ill. EXTENSION OF THE RESULTS

In this section we will discuss the validity of our results
for values of the parameters outside their domains of restric-
tion imposed in Sec. II. It is convenient to consider S, and .S,
separately.

We have shown that S, as defined in Eq. (2.3a) is, as in
Eq. (2.8), equal to

7w/,

L_”‘i‘iﬂ for 0<¥<1, Rel@ +B8)> — 1,
sin 7u

and u complex but nonintegral. Thus, .S, considered as a
function of &, 3, or y is analytic since the Bessel functions are
entire functions of their order. It follows by analytic continu-
ation that the restriction on the real part of @ and 3 is lifted
and that, as far as S is concerned, ¥ can be any complex
number. It also follows from Eq. (2.8) that S, is a meromor-
phic function of i, with poles at the integers. It is interesting
to observe that if we take Eq. (2.8) to be the definition of S,
then the infinite series Eq. (2.3a) follows immediately from
the expansion formula for meromorphic functions,®® pro-
vided Re(a + )> — 1, since there is a closed contour C,, on
which 1/sin 7y is bounded as the length of the contour
L— o, and one can easily show that |J, _,,Jz . .|
= O (|p| =" ") for fixed N such that Re(a + B)>N.

The situation with S, is slightly more complicated. Our
results have been derived under the assumption
Re(a + B )>p. We observe, however, that S, from its defini-
tion Eq. (2.9a) is an entire function of @ and £. This is also
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true of the expression (2.15). Thus, by analytic continuation
the result holds provided only that the required derivatives
of the Bessel functions exist at zero. Thus, the condition
Re(a + B)>p is sufficient but not necessary. An example is
a + 8 = 0. Our application to a problem in plasma physics is
a special case of this with @ = 8 = 0 and results are illustrat-
ed in the following section.

Toextend the range of ¥ beyond 1, care must be taken to
include the additional terms in the sum over §-functions.
That is, S, is discontinuous at the integers; for example on
the interval (1,2), the term in Eq. (2.16) which appears for
y = 1 is multiplied by 2 and the function H we introduced
earlier achieves this extension automatically. In principle
one could continue along the ¥ axis in this way and thereby
extend the results to arbitrary real y. We note too that since
appears symmetrically, our results embrace negative real
and we need not concern ourselves with such values of ¥
specifically.

Finally, we remark that the results we have derived can
be immediately taken over to the case where the infinite
sums involve the modified Bessel function of the first kind.

We wish to remark here that it was not our intent to be
exhaustive. We confined our attention to the specific series
arising in the physical problem of immediate interest. Never-
theless, the method appears to be easily applicable to other
similar series. Furthermore, since it is straightforward, we
would expect such generalizations to be immediately trans-
parent. As a case in point, consider a result of Kendall'®
which established the following:

o0

7 Z Ja—ny(z)‘IB+ny(Z)=

for0 < ¥ <2. Our method used to sum 32 immediately gener-
alizes this result to all finite y:

4 _i Ja—ny(z)‘lﬁ+ny(z)

Jorp(22) (3.1)

2 Hy—k), +B(22 cos adu )cos(nkﬂ), (3.2)
K=o Y Y

where 77 and H are as defined in Sec. II. Indeed, this result is
simpler to obtain than that for 52 in that the sum need not be
broken into summation over even and odd ».

IV. APPLICATIONS

The immediate application is to the physical problem
described in the introduction. It is a straightforward applica-
tion of Eq. (2.16), with @ = 8 = 0, ¥ = 1, and,j running from
0 to 3, to show

L Jf,(z) _ ”J“(Z)J—p(z) (4.1)
n ;; w N+ U sin Ty ’
2
i nJale) _ /,mJ,‘.(ZV—F(Z) 41, (4.2)
. n+pu sin i
- 272 2 J 7
3 I s e R (4.3)
e nt+u sin T
and
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S N B
P ) - sin mu
These sums are simple enough that they can be conﬁrmed
directly since explicit expressions for series of the form

. (44)

niJ?

n=1
are available for j small.? This, however, suggests a further
application of our results. The expression for S,, Eq. (2.15) is
essentially an “inversion” formula for Neumann’s expan-
sion of a polynomial in an infinite series of Bessel functions
and a generalization of Schiémilch’s expansion of the type
3n?J, to products of Bessel functions.*

Finally, we mention an application to an infinite series
of products of Bessel functions which appears as the Fourier
coefficients of the solution of a certain differential equation
arising in a problem in electric circuits. Numerical values of
this series, which has been called “Turkin’s” function, have
been given in a publication of the Ministry of Communica-
tions of the USSR.? Turkin’s function is defined by

& JaleV._nl@)

T,za) = Y ————, minteger (4.5a)
n= — w n—a
w oo (=)W, 02
=(=1 3 e . (4.5b)
This is clearly a special case of our result forj =0,y = —a,
¥y =1,a =m, f=0. Thus we have
Toza)= — =T @, (4.6)
smam

This result simplifies considerably the numerical evaluation
of Turkin’s function.
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Itis known that many of the Special Functions of mathematical physics appear as matrix elements
of Lie group representations. This paper is concerned with a beginning attack on the converse
problem, i.e., finding conditions that a given function be a matrix element. The methods used are
based on a combination of ideas from system theory, functional analysis, Lie theory, differential
algebra, and linear ordinary differential equation theory. A key idea is to attach a symbol as an
element of a commutative algebra. In favorable cases, this symbol defines a Riemann surface, and
a meromorphic differential form on that surface. The topological and analytical invariants
attached to this form play a key role in system theory. The Lie algebras of the groups appear as
linear differential operators on this Riemann surface. Finally, it is shown how the Picard-
Vessiot-Infeld-Hull theory of factorization of linear differential operators leads to realization of
many Special Functions as matrix representations of group representations.

PACS numbers: 02.30.Gp, 02.40. — k, 02.10.Sp, 02.30.Jr

1. INTRODUCTION

One classical way to study the Special Functions is to
describe them as solutions of linear ordinary differential
equations with analytic meromorphic coefficients. 2 More
recently, it has been recognized that they also arise as matrix
elements? of Lie group representations, and that many of
their properties are more naturally related to this genesis.
However, the relation between these two descriptions has
not been studied in detail. The purpose of this paper is to
present work aimed toward linking the two basic ap-
proaches, using hybrid methods coming from linear system
theory,*® classical analysis, the Picard—Vessiot theory’'° of
differential algebra, and Riemann surface theory."'

A topic in mathematical system theory** called the
realization problem deals with the relation between the two
approaches. There one asks how a continuous complex val-
ued function t—f(t ) of areal variable, 0<# < o0, may berepre-
sented in the form

fle)= (' /e™v), (1.1)
where v is an element of a topological vector space ¥, v an
element of its dual, and 7— e #'is a one parameter continuous

semigroup of operators on V. There is also a more general
question of realizing a matrix function of 7,

Fra(t ey f1a(2)
fey={: (1.2)
St (8 )seees Frnn ()
as follows:
Wisetv,)(vi/e*,)
fle) = , (1.3)

Wi fetp, Y (V2 fe )

3 A revision of “Infinite Dimensional Linear Systems, Riemann Surfaces,
and Lie Group Harmonic Analysis, Part I ” {unpublished).

b Supported by a grant from the Ames Research Center (NASA), #
NSG2402, from the Army Research Office, # ILIG1102RHN7-
05MATH, and from the National Science Foundation.
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where (v9,...,v% ) and (v,,...v,,) are elements of v and v, re-
spectively. The first is called the scalar, the second the muiti-
variable case. Similar realization questions also appear fre-
quently in probability and statistics.

In the system theory literature, this is presented in a
slightly different form, emphasizing the input-output pro-
perties, and utilizing the basis-free methods of modern /inear
algebra. Namely, one is given three vector spaces (V,U,Y )
called the state, input, and output spaces, respectively, a tri-
ple (4,B,C) of linear maps

A V=U,
B: UV, (1.4)
C: VY,
and a system of linear, time-invariant differential equations:
dv = Av + Bu, (1.5)
dt
y=Cu.
The solution of (1.5) with zero initial conditions
v(0) =0 (1.6)
is then
)= f Ce“"~"Bu(r)dr. (L.7)
(¢]
The map

input curves—output curves

is a Volterra integral operator whose kernel is the function
(which is a matrix-valued function when bases are chosen for
Uand Y)

t—~C expltA )B. (1.8)

In the system theory literature,*= there is a complete
answer to the question of existence and classification of such
state-space realizations under some sort of natural “‘equiv-
alence” only in case the elements of the matrix fare functions
of t of a special type, namely, they belong to the vector space
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(that we will call Z of functions which are a finite sum of
those of the form

) 1.9
t/eM, jinteger>0, AeC. 2

[These are the functions that are precisely the inverse La-
place transform of rational functions D (s): s—F (s) of the com-
plex variables, which vanish at s = «. In the harmonic anal-
ysis literature, these functions are called exponential
polynomials.] In fact, these results (proved in definitive form
only in the early 1960’s) have played an important role in the
algebrazation of system theory in the last 20 years. The key
fact here is that V can be taken to be a finite-dimensional
vector space, so that the methods of linear algebra and finite-
ly generated module theory suffice.

There have been many generalizations of these basic
results to wider classes of functions. These mainly are based
on various ideas of functional analysis. However, in certain
of these papers,'?™!* there are indications that the Special
Functions, and their genesis in Lie group harmonic analysis,
play a role.

The purpose of this paper is to build stronger links
between this dual genesis of the Special Functions. It will
also give us the opportunity to adapt certain aspects of the
general machinery of functional analysis, linear ordinary
differential equation theory,'® and differential algebra®'® to
this problem. The treatise by Yosida'® will be the standard
reference for the functional analysis material.

2. THE TITCHMARSH ALGEBRA

Let R, be the non-negative real numbers. We will also
denote it as [0, ). Let C (R, ) be the vector space of contin-
uous, complex-valued functions on R, . An element
JEC(R _}is a continuous map

S R, —C, (2.1)
t—f(t), 1>0.

Introduce the operation
(f1, =S 1% (2.2)
(fnfile) = [ Airfte = rydr 23)

It is called the causal convolution. It makes C (R )into a
commutative associative algebra. By a theory of Titch-
march'6'” this algebra has no divisors of zero. We will call
this the Titchmarsh algebra.

A unit element can be added to the Titchmarsh algebra
(in this case it is just the Dirac delta function) to make an
integral domain. The quotient field, denoted by .# is the
basic object in the Mikusinski theory of generalized
functions.’

C (R ) has another important algebraic structure,'®
namely, it is a differential algebra, i.c., there is a linear map
d: C(R_)}—C(R_)such that

d(fi%fo) = df\sfy + fi*dfy, (2.4)
for £}, /,C(R ),
d(f)e)=tf(e). (2.5)
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This differential algebra structure on C (R, ) (and on the quo-
tient field .# considered by Mikusinski) plays a basic role in
certain system-theoretic questions.

3.PICARD-VESSIOT INTEGRAL OPERATORS AND THE
GALOIS GROUP

We have just seen that associated with any linear inte-
gral operator of the form

ﬂﬂ=£ﬂh¢Mﬂw (3.1)

there is assigned an element f (which is its symbol ) in a com-
mutative differential algebra

(C(R,)*d).

We can now make use of ideas of differential algebra to study
the algebraic properties of such operators.
Consider linear operators

D: C[0,%0)—>C[0, )
of the form
D= r, *d" 4 o 4 ro* (3.2)

with rg,...,r, €% . Let us say that the operator (3.1) is of Pi-
card-Vessiot type if there is a D of the form (3.2) such that

D(f)=r, (3.3)

for some re%.
Given an feC (R ), which satisfies an equation of the
form (3.3), we assign to f a subfield 2( f) of 4 as follows:
A f)is the smallest differential subfield of .# contain-
ing Z, £, and all solutions of the homogeneous equation

D(h)=0,
he #.

Definition: The Galois group of the integral operator
(3.1) is the group of automorphisms of the differential field
Z( f) which leave fixed each element of #.

In this paper, we will not pursue in detail this purely
algebraic approach. Assuming Z( f) can be generated by
elements that are Laplace transformable,” 2( f) is isomor-
phic to a Picard—Vessiot field of analytic functions, in the
classical sense."® It is known? that, at least for certain types
of such fields, the Picard-Vessiot group is related to the alge-
braic closure of the monodromy group.” This gives us a way of
approaching the subject that is much closer to traditional
mathematical physics. We will now review some relevant
material.

4. LAPLACE TRANSFORM

It is well known”® that the Titchmarsh algebra structure
can be studied by the Laplace transform

o

f(f)(s):J; e “f(t)dr 4.1)

On the submanifold of C (R . ), where the Laplace transform
exists in some appropriate sense, it transforms the product
(2.3) into the ordinary product of functions

Lfisf) = L)L fo). (4.2)
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We also have
ZUdf) = g—f(f)- 4.3)
A

Thus, to the extent that the Laplace transform is defined, the
“differential algebra” { C (R __),*,d } is translated over to “dif-
ferential algebra” in the classical Picard—Vessiot sense, in-
volving linear, ordinary differential operators with analytic
coefficients.

Let us now be more precise about these ideas, and define
subspaces of C (R, ) in the following way: For seC, set

C(R,.s)={feC(R,)|flt)l<e®| forall £>0}, (4.4)

L'(R,,|e" |dt)=set of Lebesgue measurable maps:
R —C which are absolutely integra-
ble over 0<? < 0 with respect to the
measure |e ~* |dt. (4.5)
Then

C(R_s)CL'R_,s) (4.6)

if the real part of (s — 5)> 0.

Notice that these are precise classes of functions to
which the classical theory of Laplace transform theory® ap-
plies. One of the areas to be treated in this paper is the de-
scription of certain sufficient conditions, deriving from func-
tional analysis,'® which imply that elements of C (R, ),
defined as matrix elements of semigroups, belong to these
classes. We will also compare conditions of this nature aris-
ing from linear differential equation'® and Volterra path in-
tegral theory.” These growth conditions will also play a role
in the system-theoretic realization questions.

5. HILLE-YOSIDA THEORY AND THE GROWTH
CONDITIONS

Let us now suppose that ¥ is a topological vector space
(Ref. 16, p. 25) with the complex numbers C as field of sca-
lars. Let L (V,V') be the space of linear continuous maps:
V—V. Let ¥ ? be the dual vector space, i.e., the vector space
of continuous linear maps: V—C. (At least for the moment,
we do not impose any topological structure on <.

A semigroupin VismapR , —L (V,V),t—g(t ), such that
the following conditions are satisfied:

£(0) = identity, (5.1
glt, + t,) =glt)glt,), fore,neR . (5.2)

For each veV, the map r—g(? Jv of R . —Vis continuous.

Given veV, v“—V 9, we can form the function >3
£ R,—C

by the following formula:
flt)=(vigit). (5.4)

The function £, defined by formula (5.4), is then an element of
C(R ). We are looking for conditions that fbelongs to the
subsets C (R, ,s), L '(R , ,e ~*'dt), defined in Sec. 2, for some
se R . Conditions of this sort are proved in Yosida’s trea-
tise, '¢ resulting from now-classical work by Hille and
Yosida.
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Theorem 5.1: Suppose that the topology on V'is defined
by a Banach space norm. In addition, suppose that condi-
tions (5.1)~(5.4) are satisfied. Then,

feC(R . ,s), forsomeseR .

Proof: For the proof, see Sec. 1, Chap. 9 of Ref. 16.

Theorem 5.2: Suppose that Vis a sequentially complete,
locally convex topological vector space. Suppose again, that
conditions (5.1)—(5.4) are satisfied. Then,

feL' (R, ,e ¥dt), forsomeseR_.
+

Proof: See Sec. 3, Chap. 9 of Ref. 16.

6. EXISTENCE OF THE LAPLACE TRANSFORM FOR
FUNCTIONS DEFINED VIA LINEAR, TIME-DEPENDENT
SYSTEMS

In this section, we will use the theory of linear ordinary
differential equations'® to prove that the Laplace transform
of certain elements of C (R ) exists.

Again, lettbeareal variable, 0. Let M (n, C )bethe Lie
algebra (under commutator) of n X n complex matrices. Let
a: R —M (n, C)bea continuous curve in M (n, C). Consider
the linear, ordinary differential equation

dx

ar =alt)x +2(t) (6.1)

for the curve

x(t)
=] i |=x(z) (6.2)
x,(t)

in C". t—f'(¢) is a given continuous curve in C". Let t—f (¢ ) be
the element of C (R ) defined as follows:

fle)=9"x(t), (6.3)

x(0) = x,, (6.4)
with

yeC”, y" = matrix transpose.
Our concern is to find sufficient conditions (involving the
dataa, z, x,) that the Laplace transform fexist. The standard
asymptotic theory of linear ordinary differential equations
(Ref. 15, Chap. 4) provides one type of condition of this sort.
The Volterra product integral formalism® provides another
technique for deriving such estimates. The results from the
two techniques seem similar, hence we will only consider the
method of Ref. 15 here.

Let | | denote the standard quadratic norm on C" and
M (n, C).

x| = (Jx) )2 + - + |x, )7, (6.5)
la] = sup 1251 for ae M(n, ). (6.6)
xeG" xl

Then, using formula (6.2} of Chap. 4, p. 56 of Ref. 15, we
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have

|x<t)|<|xolexpL/l(a(r»dr

+ f lz(r)[exple((a(s))ds dr, (6.7)

where A () is the greatest eigenvalue of « 4+ a*. From (6.3),
we also have

| SN <]7l|x(e)]- (6.8)

Equations (6.7) and {6.8) give estimates that are useful
for finding sufficient conditions that t—/'(¢ ) have at most ex-
ponential growth, hence that its Laplace transform exists.

Example: f satisfies a Sturm-Liouville equation

372{ = —a’Af+ uf (A constant). (6.9)
Convert this into a system in the usual way.
f=x, (6.10)
xz(x‘), (6.11)
X
0, a 0, 0
% - [( — a, O) * (u/a, 0)]x. (6.12)
Hence,
0, A 0, 0
“= ( —, o) + (u(z)a—’, 0)’
a+a*__( 0, u*ail.)
u,a !, 0
Then,
Ala +a*) = |uft)a™|. (6.13)

Equation (6.13), substituted into (6.7), gives sufficient condi-
tions for exponential growth.

Of course, this is but the simplest of a whole series of
sufficient conditions that the Laplace transform exists for
solutions of linear, ordinary differential equations.

Another series of sufficient conditions for

J:e Ut )dr

to exist is derivable from the hypothesis that #—/ (¢ ) is a ma-
trix element of a Lie group representation in a Banach space.

7. LAPLACE TRANSFORM AND THE WEYL ALGEBRA
OF LINEAR DIFFERENTIAL OPERATORS

We now review another classical topic that is relevant
to the system-theoretic problem, namely, the linear differen-
tial equations with polynomial coefficients satisfied by a
function and its Laplace transform.

Let “z” denote a complex variable. Let C[z] denote the
polynomial in z with complex coefficients. A linear differen-
tial operator of the form

n

d
D=p,z
p()dzn

+ e+ po2),  Pore-s0,€C[2] (7.1)

1s called a Weyl operator. The operators form an associative
algebra under composition called the Weyl! algebra and de-
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noted by #".
Consider the Laplace tranform

(f)lw) = f e~ "f (z)dz. 12)

The integral in (7.2) is over a curve in the complex ¢ plane,
ranging from z = a to z = b. If D is a Weyl operator, then
£ (Df) is obtained by applying a differential operator in z,
which we call .Z (D), to .£{ /) plus some boundary terms.
Let us formulate this algebraically in the following way.

Z(Df)= L DNLS)

d
+ [ L 1owine, e 73

st

where e, is the function — ¢ ~ ¥ and

6 (D ):(f1, [0S0, 1)
is a bilinear differential operator in the functions f,, f5.

In particular, then, we have

L(Df)= L (DNLS) (7.4)
for all functions on ¥ which are C =, but vanish to the infinite
order at the boundaries. This shows that

LD, D))= Z(D\).L(D,). (7.5)

.2 is a homomorphism of the Weyl algebra. We will show
how to construct . in terms of Lie algebra theory.

Let 7% be the three-dimensional Lie algebra generated
by three elements ( p, g, 1) satisfying the following commuta-
tion relations:

[pgl=1
[l’p] =0= [1’ q]
5 is called the Heisenberg Lie algebra.
Let U (57 ) be the universal associative enveloping alge-

bra associated with 7. Let .7 be the associative algebra
ideal generated by elements of the form

4-—-4],
AeU (7).

We will now show that the associative algebra
Ux)s

is isomorphic to the Weyl algebra 7.
Define a Lie algebra homomorphism of #” into %" as
follows:
p— 4
dt’
g—multiplication by ¢,
1—multiplication by 1.

This representation, call it p:#"— %", extends as an associ-
ative algebra homomorphism to U (% ):

plhyh,) = plh)plh,), for hy..h,e7.

The ideal .# is mapped into zero, hence p passes to the quo-
tient to define an associative algebra homomorphism
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It is now readily seen that p is an isomorphism.
Now, for the Laplace transform, we have

fm=——%, (7.6)

Z ( 4 ) =s.
dt
Define a Lie algebra isomorphism
a7 —>H
as follows:
alg)= —p,
alp)=g, (7.7)
a(l)=1.
a extends to an associative algebra isomorphism
a:U(# )-U(FK).
a maps £ into #, hence defines an isomorphism

It is obvious that this is just the map . defined by relation
(7.4).

8. MONODROMY PROPERTIES OF LINEAR ORDINARY
DIFFERENTIAL EQUATIONS

Now, we review certain classical material about the
monodromy group of linear ordinary differential equa-
tions.>?! Consider an inhomogeneous linear ordinary differ-
ential equation

a,@d;(y)+ -+ ay=Fr (8.1)
Here,
_d
Sl

The coefficients ay,...,a, are polynomials in z. We can have
this make sense atz = oo also, by substitutingu =z~ ', in the
usual way. Let Z be the “Riemann sphere,” i.e., the complex
plane with variable z, with z = co added on (conformally) in
this way. We can solve (8.1) for y as an analytic function of z
in a neighborhood about any point in which a,{z)#0, and
analytically continue it throughout Z. Let Z ' be Z with the
singular points of (8.1), i.e., the points where @, (z) = 0 omit-

ted. Let Z’ be the simply connected covering spacetoZ . Let.

Y AR A
be the projection map.  is a principal fiber bundle with
structure group

m(Z’),

i.e., the fundamental group of Z'. Construct Z in the follow-
ing way. Pick z,e Z ' arbitrarily. Let us then say that two
curves which begin at z, are equivalent is they satisfy the
following relations:

they have the same endpoint,
they are homotopic, with endpoints fixed.

Z is then the quotient of the space of paths under this equiv-
alence relation. 7,{Z '} is the quotient of the space of loops
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based at z,. Path composition defines the action
m(Z ) XZ'>Z,
which defines the principal fiber bundle action of 7,(Z *).

Now, z, is a point chosen so that the homogeneous dif-
ferential equation

a,d}++a,=0 (8.2)
has n linearly independent solutions which are analytic in a
neighborhood of z,. Fix such a neighborhood and let ¥ be the
complex vector space of functions spanned by the solutions
of (8.1). Since the difference of two solutions of (8.1) is a

solution of (8.2), ¥ includes the space of solutions of (8.2). It is
equal to it if and only if £ #0. Hence, if £ #0,

dmV=n+1.

One can start with a solution at z, and analytically con-
tinue it along paths in Z'. The result is (by the monodromy
principle of function theory) independent of the homotopy
class of the path. In particular, analytic continuation along
closed loops defines a homomorphism

m(Z ) >GL(V ),

i.e., alinear representation of 77,(Z '), which is called the mon-
odromy group of the differential equation (8.1). It is the basic
object of study in the classical work on linear, ordinary dif-
ferential equations, e.g., by Fuchs, Schwarz, Poincaré,
Klein, Picard, and Vessiot. It also plays a basic role in the
theory of automorphic functions. The monodromy group can
also be defined as the holomony group of a connection on a
vector bundle.

Now, if f #0, Vs an (n + 1)-dimensional vector space.
Let ¥, be the n-dimensional linear subspace spanned by the
solutions (in a neighborhood of z,) of the solutions of the
homogeneous equation (8.2).

Theorem 8.1: The monodromy group leaves V,, invar-
iant and acts as the identity in V /¥,

Proof: That it leaves ¥, invariant just means that analy-
tical continuation of a solution of (8.2) along a closed loop
returns to a solution of {8.2), which is obvious. The trivial
action in ¥ /¥, follows since analytical continuation of a so-
lution y of (8.1) returns to another solution y, and y — y, lies
in V,. Q.E.D.

Let K be the kernel of the monodromy representation.
Itis aninvariant subgroup of 7,{Z ’). Let.S ' be the orbit space
of K acting on K'. The quotient group

m(Z)/K
actson S'. The map

¢Z'—Z'
passes to the quotient to define a covering map

O S’ —Z".

One can similarly define the hoomogeneous monodromy
group associated with the differential equation (8.2). It is an

action of 7,(Z ') on V. Let K, be its kernel. There is a
homomorphism

m(Z')/ K—m(Z')/ Ko,

which defines the inhomogeneous monodromy group as an
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extension of the homogeneous one. This extension is central,
i.e., its kernel is in the center. Thus, the inhomogeneous
monodromy group is determined by the second group coho-
mology of the homogeneous one.

9. MONODROMY CONDITIONS THAT A SOLUTIONOF A
WEYL EQUATION BE ALGEBRAIC

A function y defined in a region of the complex z plane is
said to be algebraic if it satisfies a relation of the form

pa2z) + - + pofz) =0, forallze Z, (9.1)
where the p,,...,p, are polynomials in z (in other words, if the
field of functions containing y and the rational functions is
an algebraic extension of the rationals). We will be concerned

with conditions that specified differential equations have al-
gebraic solutions. Suppose that

D(y)=f
is such an equation, where D is a Weyl operator.

As in Sec. 8, we can study this question by choosing a
nonsingular point z, letting ¥ be the vector space of analytic
functions in a neighborhood of z, generated by the solutions
to (9.2), and continuing along all loops in the Riemann
sphere minus the singular points of (9.2). Here is the classical
answer.” This work has recently been given a modern setting
by Baldassari and Dwork.?*

Theorem 9.1: An element pye¥ is an algebraic function if
and only if the orbit of y under the monodromy group is
finite. In particular, all elements of ¥ are algebraic functions
if and only if the monodromy group is finite.

Proof: Suppose first that y is algebraic over Cfz}, i.e.,
that it satisfies an algebraic relation of the form (9.1). Now,
analytically continue y over curves in Z'. The coefficients
Do»---P, Temain unchanged, but y transforms into the orbits
of; y under the monodromy group. Hence, the elements in
this orbit also satisfy such an algebraic relation. But, there
are only a finite number of such functions, i.e., the orbit is
finite.

Conversely, suppose

Y =DVpeosdy
are the orbits of y under the monodromy group. Let

pl""’pn

be the elementary symmetric function in y,,...,p, in the func-
tion of z such that

(36— A= 3 p0)4%

Jj=1
for all AeC.

As this relation is analytically contained under the mono-
dromy group (with A held fixed) the y,,...,y, are permuted,
i.e., the left-hand side remains invariant under the mono-
dromy group. Hence, they are meromorphic functions over
the whole Riemann sphere, i.e., are rational functions on z.
Now, substitute A = y,(z) to obtain a relation of the form
9.1).

Remark: A word about the relevance of this to the the-
ory of Special Functions might be useful. Most of them sa-

(9.2)

(9.3)
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tisfy an equation of type (9.2). Some of them (e.g., the Bessel
functions) have the property that their Laplace transform is
an algebraic function.” Similarly, certain of the solutions of
the hypergeometric equation are algebraic, and the Laplace
transform of a hypergeometric equation is another hyper-
geometric equation.

10. THE GALOIS GROUP OF A PICARD-VESSIOT
EXTENSION OF THE RATIONALS AND THE
MONODROMY GROUP

Let us return to the Titchmarsh differential algebra
C (R . )withtherationalsubfield 7. Let t—f (¢ )bean element
of C(R ) which is a Picard—Vessiot element relative to the
subalgebra %7. We can associate algebraic invariants with f
(and a fortiori the input—output systems associated with f) by
using the notion of the Galois group**'° of a differential
field.

Let .# be the quotient field of the integral domain ob-
tained from C (R | ) by adjoining a unit element. The differen-
tial extends to .#, to define it as a differential field."° Sup-
posefisanelementof C (R, ),i.e.,#—f (¢ )isacontinuous map,
satisfying the following conditions:

(a)f lies in a Picard—Vessiot differential field .# ( /) such

that
RCMf)C M, (10.1)
(b) fis Laplace transformable, i.e.,
J | flt)e *|dt < w0, forsome seC. (10.2)
0

This Laplace transform sends finto a function
s—Z(f)s),

which is analytic in a half-plane, and satisfies a linear ordi-
nary differential equation with polynomial coefficients. The
Galois group of this differential equation is clearly the “ab-
stract” Galois of .#( f).

The monodromy group of this differential equation is
clearly contained in the Galois group.? Since the Galois
group is algebraic, it contains the algebraic closure of the
monodromy. In certain cases (e.g., if the differential equa-
tion is Fuchsian) the algebraic closure of the monodromy
group is the Galois group.” It also follows on general alge-
braic principles that the finiteness of the Galois group of the
differential field .#( f) over the rationals £ implies that
A ( f)is an algebraic extension of .#( f).

In the 19th century considerable work {e.g., by
Schwarz, Klein, Fuchs, and Jordan) went into finding ex-
plicit conditions that the Galois group is finite. These results
and generalizations are most readily accessible in recent
work by Baldassarri and Dwork.??

11. REALIZATION THEORY FOR INFINITELY
DIFFERENTIABLE FUNCTIONS AND THE SPECIAL
FUNCTIONS

The Special Functions of mathematical physics have
many quasialgebraic properties (linked, say, to differential
algebra) that play an important role both in their applica-
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tions to applied problems and in the study of their general
properties. The recursion relations are particularly impor-
tant, linking algebraically each whole family. Finally, the
integral representations link the Special Functions to Lie
group theory. In Ref. 24, a realization method was presented
for functions t—f (¢ )on R, that were infinitely often differen-
tiable. I will review it here, then in several examples study its
relation to recursion relations for the Special Functions.

Let the state space X be the space of C *, complex-val-
ued functions on the half-line 0<7 < «. Denote a typical
element of X by

x:r—x(7).
Let

A:C~[0, 00)}—>C>=[0, )
be the following linear operator:
dx
et
Let the input and output vector space be C, i.e., “scalar in-
put—output”. Let B:C—X, C:X—C be defined as follows:

Alx)= (11.1)

B{u)=uf, forueC,
C(x)=x(0), forxeX=C [0, «).

(11.2)
(11.3)

The corresponding input—output system in state space form,

dx
— =Ax + Bu,
dt

y=Cx,

(11.4)

has the convolution solution (for zero initial condition)

)= j’C exp{t — 7)Bu(r}dt. (1L.5)
Now, with 4 given by (11.1),
exp(tA )(x)(r) = x(¢ + 7). (11.6)

Thus, using {11.2), (11.3), and {11.6), (11.5) takes the follow-
ing form:

ye)= J:C lexp(t — 7)Bu(7)]dr

- joc [explt — 7)(f u(r)dr

- f Cllexplt — 7)f)1(ulr)ldr

t

= Jf(t — Tu(r)dr. (11.7)
0
Let us sum up as follows.

Theorem 11,1; With the choice of data indicated above,
the zero initial condition input—output relations correspond-
ing to the scalar input—output system (11.4) take the form
{11.7), so that it is a causal convolution operator with the
function f as kernel (i.e., a multiplication in the Titchmarsh
algebra).

What seems to be done to make this a “realization” in
the sense of Sec. 5 is to impose topologies correctly. This can
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readily be done with the standard'® locally vector space to-
pologies for C = functions.

Of course, another state space realization is obtained by
taking X to be the closure of the elements £, 4f, 4 *f,...inC =
[0, ). This can be computed readily, and linked to many
areas of classical analysis and mathematical physics, by
choosing ‘/f”” to be one of the Special Functions.

Example:

S)=J,¢),
the mth order Bessel function, m an integer.
The basic recursion relation we need is the following:

d

ZEJm(t)sz_l(t)—JmH. (11.8)
Also,
J_ .t} ={(= 1)) (11.9)

Thus, relations (11.8) and (11.9) provide, for each n, 4 "( f)
=A"B1),

_d

==

a relation of the following form:

A

af="3 aJ,

j=m-—n
i=0

This realizes A as an infinite Jacobi matrix. How to use this
to embed A in a Lie algebra of operators isomorphic to the
group of rigid motion of R ? has been described in work by
Baras, Brockett, and Fuhrmann.'>**

However, a more geometrically natural way to embed it
in a Lie algebra of operators is to use the integral representa-
tions of the Bessel functions to construct integral intertwin-
ing operators between this representation on functions and
another. Let C =(S'') be the C *, complex-valued functions
on the unit circle S ' in R 2. These can be exhibited as the C =
functions 6—>h (0) of the real variables 6 such that

h(@+2m)=h(0)
Let
#:C=(SY—C=(R.)

be the following linear map:

g, R. (11.10)

é(h )(t)=fﬂef’°°seh(6)d9. (11.11)
Set

alh)@)=icos6. (11.12)
Then,

dlalh ))t) = fe" <26(; cos 0 ) (6 )d6

d f"‘ g
—_ — ellcOS h 9 9
dt Jo ( )

(differentiation under the integral sign justified by stan-
dard rules)

.
= (@ (R ),
= fa = A9, (11.13)
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i.e., ¢ intertwines a and 4.

h is now one element of a Lie algebra of first order linear
differential operators on C =(S '), which is isomorphic to the
Lie algebra of E(2), the group of rigid motions in R %.

a=isinf, B=icosb,

-4
Y= e
This Lie algebra and related ones acting on C ©(S Y [e.g-
that of SL (2, R )] has been extensively investigated in Ref. 25
from the point of view of “deformation” of Lie group repre-
sentations. It is instructive to see how the other operators in
the Lie algebra (11.14) behave relative to the intertwining

operator ¢. Note that

(11.14)

Bi=1—a% (11.15)
hence,
¢8 = (1 —a?)'?)
=(p—A%)"
={1—43'?, (11.16)
Brne) = [ e (hioas
o deo
= j et cos ah (0 )dO
0
= tf e"°%(h )(0)d6
0
= tdla(h ))(@)
=14¢ (h)(0). (11.17)
Thus, we have
¢y = BA®, (11.18)
where
B = multiplication by . (11.19)
B and A define the Lie algebra of the Heisenberg group
[4.B] =1L (11.20)

We can now sum up as follows.

Theorem 11.2: The scalar input—output realization of
the Bessel functions leads to an embedding of 4 in the Lie
algebra of the group of rigid motions of R %, and realization of
the Lie algebra in terms of an algebraic extension of the uni-
versal enveloping algebra of the Heisenberg Lie algebra,
namely,

A, (1 _AZ)I/Z,
B4

form the Lie algebra of E(2). B is just the differential of the
Titchmarsh algebra constructed and utilized in previous
sections.

Remark: Such realizations of one Lie algebra in terms
of an algebraic extension of another have appeared®>2¢ in
relation to the theory of deformations of Lie algebras and
their representations, particularly in terms of what one calls
the Gell-Mann formula.

(11.21)
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12. REALIZATION THEORY IN TERMS OF THE
LAPLACE TRANSFORM AND RIEMANN SURFACE
THEORY

In Sec. 11 we discussed various aspects of the realiza-
tion theory in case a given element fof the Titchmarsh alge-
bra satisfied a special condition, namely, it was infinitely
often differentiable. Now we discuss the realization theory
under another assumption, namely,

J- le=*f(¢)|dt < w0, forseR. (12.1)

0

Then, the Laplace transform

21 = [ e rrierar (122)
0

will exist as an analytic function of the complex s plane in
some region of the complex s plane. It will be convenient to
define the Laplace transform as a complex analytic one-dif-
ferential form

w(f)= 2L f)ds. (12.3)
Thus, we have
ol f) = Jme =561 \dt N ds. (12.4)

This can be interpreted in the following integral-geometric
way:

e~ *f (¢ )dt Ads (12.5)

is a two-differential form on the manifold R , X C. &( f)is the
form on C (or a region) that results from integrating this form
over the fiber of the Cartesian projection map

(t.5)—s of R, XC—C.

Once defined as an analytic one-differential form in
some region of the complex s plane, w( f) can be analytically
continued. We will make the following assumption about the
conditions w( f) should satisfy:

o{ f) can be analytically continued to be a meromorphic

form in a fixed neighborhood U about the point s = «

of the Riemann sphere. o( f} has at most a pole of order

oneats= . {12.6)

Now, set
z=5""
and let

X = vector space of one-forms which are meromorphic

in U with a pole only at s = o, i.e., those which are of

the form

w=(a_z7"'+a,+az+ )z (12.7)
Then,

a_,=res (@, 5= ), (12.8)

the residue of the meromorphic form w at the point at
infinity.
To construct the system, proceed as follows. Set
X' = vector space of one-forms w of type (12.7), i.e.,
that are meromorphic in U with a single pole of type
(12.7)ats = oo} (12.9)
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C (w) = residue of w at s = o, i.€., the left-hand side of
(12.7); (12.10)
Cis a linear map X '—C.

Define a linear map
B:C—-X’

as follows:

B(c)=cw(f), forceC, (12.11)
where w( f) is the one-form which results from Laplace

transforming f. Finally, define a linear map

A: X'-X'
as follows:
A (w) =50 — C(w)ds'. (12.12)

Set
X = vector subspace of X’ spanned by

o(f), Ao(f), A *o(f),... .

Now, form the scalar input-output system with state space
X:

dx
— = Ax + Bu,
dt

y=Cx. (12.13)

Now one can explain the relation between the input-
output system (12.2) and the one constructed in the “time
domain” in Sec. 11.

Theorem 12.1: With the notation explained above, sup-
pose that feC ~[0, « ) is a function such that the Laplace
transform of fand all its derivatives exists in the region U of
the complex s plane. Then, the input—output relations of the
system (12.13), with initial conditions x(0) = 0O, are of the
form

yit)= ff(t — Tu(r)dr. (12.14)
o is related to the system as follows:
o(f)=(C(s—A4) 'Bs. (12.15)

We can make this realization more explicit. With o of
form (12.7) and z = 5!, we have

wo=(a_;s+a,+as" )( — izds)
s

= —(a_ s "+ays T +a;s + )ds.
Hence
Aw)=sw+a_ds
= —(ays '+ a3+ s (12.16)

Notice that A is what functional analysts call the shift
operator:

(a_,, ap ap,...)—lag a,, ay...). (12.17)

It is also closely related to the “annihilation” operators of
gquantum mechanics, and thus to the Heisenberg group.
These formulas also appear in the functional analysis ap-
proach!'?-1* to the realization problem. However, the advan-
tage of this interpretation of the formula is that it suggests
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various “‘geometrizations.”

For example, one might postulate that the open set Ube
identified with an open set of another Riemann surface (not
necessarily the Riemann sphere constructed from the com-
plex variable s and the point at infinity) such that the differ-
ential forms o which lie in the state space of the realization
can be extended to be meromorphic one-forms on M. For
example, fof f(¢) is one of the Bessel functions; its Laplace
transform'® is a meromorphic form on the Riemann surface
M associated with the algebraic curves

w=s*+ 1. (12.18)

One can similarly go through the tables of the Laplace trans-
form of the Special Functions and reel off the associated
Riemann surfaces.

Thus, one who is familiar with the theory of Riemann
surfaces'' will suspect that the Riemann—Roch theorem will
play a role in the study of systems associated with the ele-
ments of the Titchmarsh algebra which lie in Picard-Vessiot
extensions of #7. As preparation for such a study in a later
publication, I will now show that it does indeed play a role in
the simplest case, where f'belongs to # itself, where the
corresponding systems have finite dimensional state spaces.

13. THE RIEMANN-ROCH THEOREM APPLIED TO
FINITE DIMENSIONAL SYSTEMS

The realizations constructed in Sec. 12 involve mero-
morphic differential forms on Riemann surfaces. The classi-
cal Riemann—Roch theorem!! is the basic structural result
about such geometric objects.

I will now show how the case of a finite dimensional
state space (where the symbol is a rational function) can be
treated in this spirit.

Theorem 13.1: Let f:t—f(t ) be a C ~ function of the real
variable ¢ that satisfies a linear, ordinary differential equa-
tion with constant coefficients. Then

(a) The Laplace transform

=

2f) = f = (1)t

exists and is a rational function of s, i.e., of the form

Ns)
Lif)= , 13.1)
(f) D) (
where N and D are polynomials such that
N and D have no factors in common. (13.2)

(They are then said to be coprime.)

(b) The realizations constructed in Secs. 11 and 12 in terms of
functions of ¢ and meromorphic one-forms, respectively, are
isomorphic under Laplace transform.

(c) The state space X for the realization constructed by means
of the Laplace transform in Sec. 12 consists of all rational
one-forms of the form

= PU) 4, (13.3)
Ds)
where s— P (s) is a polynomial on s such that
degree P < degree D. (13.4)
Robert Hermann 1290



(d) The dimension of X, i.e., the Macmillan degree of the
system, is equal to the degree of the polynomial D (s).

Proof: These facts are well-known properties of the La-
place transform.'?

My goal now is to identify the state space X with one of
the vector spaces that occur in the Riemann-Roch theorem.
Let S be the compact Riemann surface obtained from adding
the point at infinity to the complex plane with complex vari-
able s.

Now, let us recall certain concepts from classical Rie-
mann surface theory. Let .S be an arbitrary Riemann surface,
i.e., a connected, one-dimensional complex manifold. Let F
be a meromorphic function on S. At a point pe S, with ana-
lytic coordinate z valid in a neighborhood of p with z( p) = 0,
F is said to be of order n at p if

F=Zz"F',
where F' is analytic about p, F'( p)#0.

We then define

u(Fp)=n. (13.5)
With p held fixed, the map p—u(F, p) is a valuation of the
field of meromorphic functions.

Similarly, if @ is a one-form which is meromorphic in a
neighborhood of p, and @ = F dz, define

tlw, p) = plF, p).

Now, let us return to the case where S is a Riemann
surface of genus zero, its complex numbers parametrized by
“s”, with the point at infinity added on. Let @ be meromor-
phic one-form such that

oy, o)z — 1. (13.6)
If w is of the form
=(N/D)ds (13.7)

with coprime polynomials &, D, then (13.6) says that @ is
either analytic at « or has a simple pole. Since the one-form
ds has a pole of order two at o,

ds= —s*d(s™").

N /D must vanish to at least the first order, with

degree N < degree D. (13.8)
Thus,
T(s)=N/D (13.9)

is the transfer function of a finite-dimensional linear system.
Theorem 13.2: Let X be the set of meromorphic one-

forms which satisfy the following conditions:
pl', o) — 1, {(13.10)
mle', p)>pw, p) (13.11)!

for all pe S. Then, X consists of all one-forms of the form

o'(P/D)ds, (13.12)
where P is a polynomial such that
degree P< degree D. (13.13)

Progf: Suppose
o' = Fds,
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with F a rational function. Condition (13.7} implies that DF
has no pole at finite #, i.e., is a polynomial P. Condition
(13.10) implies that this polynomial is of order < P. Q.E.D.

Let .S continue as the compact Riemann surface of ge-
nus zero. Let o = Tds = (N /D) ds be a meromorphic one-
form on S such that degree N < degree D. Then,

Vw, o)» — 1.
We assume familiarity with the classical Riemann—

Roch theorem as described by Weyl.!! Let s,,...,5,, be the
poles of w at finite points of S. Let § be the following divisor:

8 = (o00) " Nsy)" 1 unfs,, ). (13.14)

Then, & agrees with the divisor of w at finite points, but may
not agree at infinity. We tie it down at «. Let X (6 ) be the
meromorphic differential one-forms which are “multiples”
of &, in the sense that

viw, p)>6(p) (13.15)

at all pe S. [Thus, a divisor is 2 mapping of S—(integers),
which is equal to zero for all but a finite number of p’s. The
classical notation (13.14) for & indicates the points, in this
Casep = o, §-..,5,, at which 8 is nonzero.]

& ~'is the divisor defined as follows:

87! (p)= —8(p), forallpes,
or
5! =(co)l(sl)_"“""'...(sm)“’(w,smb' (13.16)
Let
X (67") = set of meromorphic functions f'such that
WF, p)>8~'(p) forallpeS.

General Riemann-Roch formula

dim(X )(6~") — dim(X (8)) = (degree 5) + 1 — (genus S).
(13.17)

[Degree § = sum of 8 ( p), pe S.]

Formula (13.17) holds for an arbitrary divisor § on an
arbitrary, compact Riemann surface S. If we take 8 as de-
fined by (13.13), notice that & ~' is “positive,” in the sense
that 8 ~'( p)>0 for all pe S.

Thus,

X6~ =0,

since any meromorphic function which has no poles is a con-
stant. The condition § ~ (o) = 1 forces this constant to be
zero. Also, degree § = — degree D — 1, genus .S = 0. Then,
the Riemann—-Roch formula takes the special form

dim X (8) = degree D.

We can sum up as follows.

Theorem 13.3: Let E be the complex line-bundle on the
P,(C) whose dimension is the degree of D. Then, the state
space of the scalar input—output system whose transfer func-
tion is T'(s) = N (s)/D (s) is the space I" (E) of holomorphic
cross sections of E. The dimension of this realization, i.e., the
minimal dimension of the state space, is thus “naturally”
computed using the Riemann—-Roch formula.

(13.18)
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14. EMBEDDING OF THE “DYNAMIC” OPERATOR OF
THE STANDARD TIME-DOMAIN STATE-SPACE
REALIZATION IN A LIE ALGEBRA VIA THE PICARD-
VESSIOT-INFELD-HULL FACTORIZATION

Recall that we have defined a state-space realization of
a (scalar input—output) linear system

M) = f it — tulr) dr

as a system of linear differential equations of the form

dx
— =Ax + Bu,
dt

such that the solution of (14.2) with initial conditions
x({0) = O is given by the integral operator (14.1).

Now, 4 is a linear operator X—X on the state vector
space. It is of obvious interest from the Lie theory-Special
Functions point of view*?* to know when A4 can be embed-
ded in a larger Lie algebra & of operators in the vector space
X which acts irreducibly. One might also require certain con-
ditions relating %, B, and C, which I will not attempt to
formulate here.

In previous work** I have followed up suggestions by
Infeld and Hull?’ relating Special Functions as solutions of
second order, ordinary linear differential equations and fac-
torizations of these operators into first order operators. The
Lie algebra generated by these first order operators seems to
be important in the study of the mathematical structure of
these special functions. I will now investigate, in a prelimi-
nary way, how the Infeld-Hull structure affects the standard
time-domain realizations constructed in Sec. 11.

In Sec. 11 we have chosen the state space X tobe a space
of C = functions on the interval 0<t < . Now we choose it
more algebraically as a subspace of a Picard—Vessiot differ-
ential field extension of the field of rational functions of the
complex variable ¢.

Let

Clz]
be the integral domain of polynomials in the variable 7. (We
now use standard notation of algebra.)

Let C(¢) be the quotient field, i.e., the field of rational
functions.

Let

d,:C(t)—C{¢)
be the usual derivative operator. It defines

(Clr), d,)

as a differential field.°~'° C[¢ ] is, of course, a subdifferential
algebra.
Let

D:Ct)—Cl(z)
be a linear differential operator with coefficients in C(z), i.e.,
D is of the form

D=a,d} + - + a,

with a,,,...,a,eC(t).
Let 2 (D) be the Picard-Vessiot extension of C{t ) ob-

(14.1)

(14.2)

(14.3)
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tained by adjoining to C(¢ ) all the solutions of
D(fy=0. (14.4)

Thus, (D) is the smallest differential field containing C{t )
and all solutions of (14.4). [More classically, 2 (D) can be
realized as a space of locally analytic functions defined on
certain regions of the complex ¢ plane.]

Now, let

X = set of all fe % (D} such that fis analytic in a neigh-
borhood of t = 0. (14.5)

X is then a differential subalgebra of # (D). Let U and Y be
the complex numbers considered as input and output
spaces. As in Sec. 11, let

C: X—Y,
Clf1=f0), forfex, (14.6
A: X—X,
A=d,. (14.7)

Choosing one fe X defines a system of the form (14.5), with
B(u) =uf, forucU=C. {14.8)

Thus, we obtain an input—output system of the form (14.5).

Now, the operator D factors into a product of first order
operators in Z(D ). Of course, finding such a factorization
explicitly enables one to solve D = 0 by integrations, so it is
in practice rarely possible to find them. However, there may
be subdifferential fields .# of P(D ) such that D takes some
simple form in .% . Here is one such possibility.

Definition: The subdifferential field # of & (D) is said
to be an Infeld—Hull extension of (C(z), D) if there are first
order differential operators

D,,...D,

and a zeroth order operator Dy, with coefficients in .5, such
that

D=D,D, + D, (14.9)

The Lie algebra .#” of operators on % generated by the oper-
ators Dy, D,,...,D,, is called the Lie algebra associated with
the Infeld—-Hull factorization (14.9).

In the paper by Infeld and Hull*’ and in Vilenkin’s trea-
tise* one finds many examples of such factorizations. Some
of the associated Lie algebras can be readily calculated. They
seem to be infinite-dimensional Lie algebras of a relatively
simple algebraic structure.

The operator which defines the “dynamics” of the sys-
tem A is now realized as a differential operator, in fact justd,.
Thus, given a u€ X such that

Du=0, (14.10)

we can associate with it the input—output system (14.6)—
{14.8), and the Lie algebra of differential operators generated
by 4 and . (D). In certain favorable cases, 4 will in fact
belong to .Z(D).

Let us now compute certain examples.
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Example 1. The harmonic oscillator

D=d?—t>+4, (14.11)
AeC.
Set
D, =d, +1¢,
D,=d, —t, (14.12)
D\D,=(d, +t)d, —t),
=d?+1d, —dt—1°
=d?—t’—1
Hence,
D=D,D,+ D, (14.13)
with
Dy=1+4, (14.14)
[Dsz] = —1
= —(1+4)7'D, (14.15)
A =YD, — D,). (14.16)

These formulas describe the situation. .#°(D ) is the Heisen-
berg group, and the dynamic operator 4 belongs to it.

Of course, the linear subspace of X generated by u, Au,
A ?u,..., which determines the minimal (or controllable) real-
ization, and is calculable by the familiar annihilation—cre-
ation operator formalism associated with the harmonic os-
cillators in quantum mechanics.

Example 2: The Bessel equation.

Suppose

Dy ={d, +nt""),

D,=d, —(n—1)t~" (nisacomplex number),

(14.17)

DD, =d*+t7'd, —n%? (14.18)

=the Bessel operator.

The Lie algebra .¥ generated by D, and D, is computed in
Ref. 28. It is an infinite-dimensional, but graded, Lie algebra
which is in some sense an infinite-dimensional generaliza-
tion of the Heisenberg algebra. It can be expressed”® in terms
of the universal enveloping algebra of the Lie algebra & of
the group G of rigid motions of the two-dimensional Euclid-
ean plane, which is a three-dimensional solvable Lie group.
Asexplained in Ref. 28, the element A4 of .£ is identified with
anelementof %, in which is the underlying value (in terms of
this formalism) for the appearance of the Bessel functions as
matrix elements® of representations of G.

In Refs. 3 and 28, the Legendre and Whittaker func-
tions are treated in parallel with these two examples. The
only qualitative difference is that the field % in which the
second order operator D factors in the “Infeld-Hull” form is
a quadratic extension of the rational field C(¢ ), whereas in the
two simpler examples treated above it is C(z ) itself.

These examples suggest the introduction of some
further concepts, which we now briefly present in prepara-
tion for further research.
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15. WEYL AND SCHLESINGER SYSTEMS

Return to the case where the kernel fof the input—out-
put relations is an element of the Titchmarsh algebra, where
the latter is extended to include all Lebesgue measurable
functions

£I0, 0)—C,

which are locally integrable with respect to Lebesgue mea-
sure. Such functions determine distributions, in the sense of
Schwartz, in the usual way. Let us say that the input—output
relation

u—»ff(t — T)u(r)dr

are of Weyl type if £, as a distribution, satisfies a linear, ordi-
nary differential equation with polynomial coefficients. Let
us say that it forces a Schlesinger system if the distribution
satisfies a linear, ordinary differential equation whose coeffi-
cients belong to a field of algebraic functions in the complex
variable ¢ of finite genus.

The further study of these systems, and their relations
with Lie groups, will appear in later publications.
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New similarity solutions for the Ernst equations with electromagnetic fields
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A new class of exact similarity solutions is found for the Ernst equations with electromagnetic
fields. The original coupled nonlinear partial differential equations are reduced to a system of
coupled nonlinear ordinary differential equations. The reduced system is solvable in a manner
identical to previous similarity solutions found by Kaliappan and Lakshmanan. These solutions
may be considered the extension of the Curzon solution (static, uncharged) to the stationary,

charged solution.

PACS numbers: 02.30.Jr

I. INTRODUCTION

Similarity variables are often used to reduce partial dif-
ferential equations in two independent variables to ordinary
differential equations. The similarity form can be found sys-
tematically using either the differential geometric techni-
ques of Harrison and Estabrook' or the classical techniques
of Bluman and Cole.”

Recently, similarity variables have been employed to
find new exact solutions of the Einstein and Einstein-Max-
well equations. Fischer? found two different similarity forms
for the Ernst equation

(Re €)V2e = Ve-Ve, (1)

where € is a single complex function depending only on the
cylindrical variables p and z and V? is the axisymmetric La-
placian. The two similarity forms

€e=¢€l(p/z) (2a)
and
e=e(p?+2 (2b)

both reduce (1) to ordinary differential equations which are
solvable in terms of elementary functions and quadratures.
More recently, Kaliappan and Lakshmanan* (referred to
hereafter as K and L) used the similarity variable p/z in (2a)
to find exact solutions to the Ernst form of the coupled Ein-
stein-Maxwell equations:

(EE* +ym* — YVE =2VE(E*VE +9*Vy),  (3a)
(EE* +am* — VP =2V E *VE +9*Vy),  (3b)
where £ and 7 are complex functions related to the complex

Ernst function € and the complex Maxwell function ¥ for
the electromagnetic field by

e=E—-1/E+1),¥=n/ +1) (4)

It is the purpose of this paper to show that the system (3)
is exactly solvable in terms of the similarity variable of (2b),

(=p+ 2. (5)
Remarkably, these solutions have the same functional form
as those found by K and L, differing only in the similarity

variable used. They may be considered as the extension of
the Curzon solution® to a more general physical situation.

# Present Address: Bell Laboratories, Whippany, New Jersey 07981.
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2. SIMILARITY FORM
For future convenience, we use the similarity variable
r=lnf(l+¢Y7 —¢]
=Inf(1 +(p* +22)"* — (p* + 2] (6a)
or
{ = —sinhr. (6b)

The solution procedure is analogous to that of K and L.
Equation (3) reduces to a set of coupled ordinary differential
equations:

(EE* +qm* — 1)4rE " + 66) =8rE*6 2 +9*¢ '), (7a)
(E6* + mm* — Vdry” + 67') =8 *E "y + n*n%), (7H)
where the prime denotes differentiation with respect tor. We
now let

£ =rexp [ifrdr] , (8a)

n=pexp [z‘fqdr] , (8b)

where k, 7, p and ¢ are real functions of 7. Substituting (8) into
(7) and equating real and imaginary parts results in four cou-
pled ordinary differential equations:

(k? + p? — 1)[4rix" — x7?) + 6k']

=8+ plk'p’ — k7pg) + k(K — K77, (9a)
(> + p* ~ 1)[4r p" — pqg*) + 6p')

= 8rlxlx’p’ — x7pq) + PP — P, (9b)
(x? — p* — V[4r(2x'T + x7') + 6K7]

= 8r[k(2xk'T) + pleTp’ + K'pg)), {9c)
(x> + p* — 1)[4r2p'q + pq') + 6pq]

= 8r p(2pp'q) + K(kTp' + K'Pq)]. (9d)
Multiplying (9¢) by « and (9d} by p and adding yields

d (K’7 + p’q) + 3 dr _ 202« + 2pp') ’ (10)

K*1 + p*q 2 r W +pt—1
which integrates to

K7 4+ plg=Cr*2u* + p* — 1), (11
where C is a constant of integration.

Similarly, (9¢) X« — (9d) X p yields
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122
d M] Cd (k* — p?), (12)
s +p
which integrates to
—p)+ DK+ p*—1), (13)

where D is a second integration constant. From (11) and (13)
we obtain

7= (1/20r 3% k? + p* — 1)[C(2k* — 1) + D], (14a)
g =(172p3)r >k + p> — 1)[C(2p* — 1) — D], (14b)

which are identical in form to K and L equations (16) and (17)
except for the additional factor of r 32,
Using (14), (9a) may be rewritten as

— 1){4rc” + 6k') — 8 pp'k’ + kK'?)

K1 — p*q = r "7 C (x*

(KZ +p2
2,2 2 3,372 __2 2_ 4
it +pt = 1Pk CA | ] C 4|, (19)
which may be rewritten as

’3/2 ’ [ '3/2 ’ ]
(K* +p* — 1) dr (K> +

2d K2

c: 4K

= ——(C~D - . (16)
( ) dr dr 2
Equation (16) may be integrated to obtain
/2,1 2 -2 2,2
L('J_K)=[_K _ _C_K+E],
2\ 4+p*—1 8 2
(17)
where E is the third integration constant.
Analogously, (9b) may be integrated to
/2,1 2 -2 2 2,2
S () =[R2 CF s F] g
2\ +pt—1 8 2

where F is the fourth integration constant. Equations (16)
and (17) are identical to K and L equations (21) and (22),
again with the exception of the factor of r*/2.

At this point, K and L solve their equations (21) and (22)
for {x* 4+ p* — 1) and equate; the same can be done for Egs.
(17) and (18) here, as follows. Rewrite (17) as

, C_DZ 2,2
Kz/[( 81 ) +C2K _E]z

" (C+D)2 C2p2
p/[ 8" 2 _F]=_2

_ 27'_3(K2 +p2 . 1)2’
(19a)

rwt 4+ pt — 12
(19b)

Equating the left-hand sides of (19a) and (19b) and making
the change of variable

K=x, p*=y (20)
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yields K and L equation (24). Thus, the functional forms for
« and p here and in K and L are identical and their results
may now be used directly. The equation resulting from the
procedure described above may be integrated to obtain y as a
function of x with a fifth constant G (K and L {25a)], and
substituted into (17) to obtain a first order equation for x,
which may be solved to finally obtain « as

K =[x+ x/(t2 + 1)]'77, (21)
where
t= —a+ Acoth(dvr +iIn B) (22)

and x,, x,, v, a, and 4 are new constants that are combina-
tions of the constants C — G given by K and L equations (27)
and (30).

Finally, to obtain the Ernst potentials £ and 7, the
expression explifrdr] is required. To find this, use (14a) and
the fact that

dt P2
K+y—1)= —— ——gro, (23)
dr C(t?+1)
so that the factor of »~*/2 in (14a) cancels with the factor of
7*/%in (23) to give the same expression as (K and L) for f7dr,

and

(\Fz - \[-;CT)[ ] eiH, (24)
(Voxy +x ) ?

where the integration constant H could be identified with a
NUT parameter. A second NUT parameter is produced by
the term exp ifgdr.

Thus, amazingly, the functional expressions for £ and 7
here are identical with those found in K and L, the difference
in the solutions being the different similarity variables.
These new solutions, like those of K and L, contain eight
constants and are finite everywhere, therefore representing
the external gravitational and electromagnetic fields of an
axisymmetric, stationary, charged, rotating body. Further-
more, the similarity variablep® + z” is the same as that found
in the Curzon solution,’ and these new solutions may be
thought of as the extension of the Curzon solution (static,
uncharged) to the more general situation.

exp [ifrdr] = exp i arctan [
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Quantization as a consequence of the symmetry group: An approach to

geometric quantization
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A method is proposed to obtain the dynamics of a system which only makes use of the group law.
It incorporates many features of the traditional geometric quantization program as well as the
possibility of obtaining the classical dynamics: The classical or quantum character of the theory is
related to the choice of the group, avoiding thus the need of quantizing preexisting classical
systems and providing a group connection between the quantum and classical systems, i.e., the
classical limit. The method is applied to the free-particle dynamics and the harmonic oscillator.

PACS numbers: 02.40. + m, 02.20. + b, 03.65. — w

1. INTRODUCTION

In a previous paper' we have briefly outlined a method
of quantization which follows closely the traditional method
of geometric quantization of Souriau, Kostant, and oth-
ers.>* The underlying rationale, however, is rather different:
Instead of searching for quantizations of previously defined
classical systems, the new approach tends to build directly,
and without any ingredient other than a group law, the dyna-
mical quantum systems. Thus, their quantum character is
already determined by the symmetry group. The method is
based on the close relation which exists among the spatial
and dynamical properties of a system and its symmetry
group, as well as of the slightly different character which the
symmetry groups of classical and quantum systems present.
Clearly, the difficuity of the procedure is the determination
of the group for the case of interacting systems; in this re-
spect, it fares no better than the conventional K ostant-Sour-
iau (KS) theory. Nevertheless, our method may be applied
directly in configuration space, thus avoiding the problem of
characterizing the manifold of solutions® of the classical sys-
tem in order to quantize it.

From a general point of view, our procedure is similar
to that followed in classical mechanics when building dyna-
mical systems associated with a Lie group. There, the sym-
plectic manifolds appear contained in the group coalgebra,
where the group operates in a natural way. In the present
case, the manifold sought is a contact manifold which ap-
pears as a submanifold of a Lie group G (of trivial cohomo-
logy). G will be obtained as a central extension of a Lie group
G—the classical group in the usual meaning of the word—by
a one-dimensional Lie group T = U(1), and the contact form
will be defined by the (vertical) component along T of the
canonical 1-form defined on G. The space—time variables
need not to be initially known; the group structure itself will
determine the corresponding identification.

This method of quantization also provides a way of de-
fining the classical limit of the quantum theory. The classical
limit—in its Hamilton-Jacobi version—is recuperated using
I = Rinstead of T = U(1)in the general theory, i.e., opening
the compact group U(1). In this way, the classical limit does
not involve a limiting procedure, but is associated to a differ-
ent invariance group.
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To facilitate the comparison with the Kostant-Souriau
theory, a short summary of results is given in Sec. II. Section
I11 is devoted to the development of the above-mentioned
program, and in Secs. IV and VI two applications are pre-
sented, the case of the free particle and that of the harmonic
oscillator; the classical limit is described in Sec. V. Finally,
some comments about the extension of the theory to the
relativistic case are made in Sec. VII.

Il. THE FORMALISM OF GEOMETRIC QUANTIZATION
OF SOURIAU AND KOSTANT: AN OUTLINE

In this paragraph we review briefly the formalism of
geometric quantization of Souriau and Kostant”* in the
form which is more useful for our purposes (see also Ref. 6).
The first part (till Definition 2.7) deals with the formalism of
prequantization. The rest will give a brief resumé of the
quantization procedure which still might be completed with
the introduction of the bundle of half-forms, which allow the
definition of an integration volume for the polarized mani-
folds. Proofs will be omitted, the reader being referred to the
quoted literature and specially to Refs. 2 and 3.

Definition 2.1: A quantum manifold Pis a (2n + 1)-di-
mensional differentiable manifold such that

(QM a) There exists on P a 1-form @ such that the pair
( P,® ) defines a contact structure, i.e., the (contact) form is of
constant class 2n + 1,

dim({rad®nradd®) = 0. (2.1a)
(QM b) The group U(1) acts on P effectively, i.e.,
zpl=E2z=1VY £eP [zeU(1)] (2.1b)

and the dynamical vector field associated with @ is the vec-

" tor field =, which generates the action of U(1} on P.

In fact, since @ is a contact form [(QM a)] it follows that
there is a unique vector field X such that

i@=1 i,dO=0 (2.2)

(QM b) then asserts that X =5, =, thus plays the role of the
Hamiltonian vector field for P and the quotient
(P/5p=S, dO® = w)is then a symplectic manifold.

An alternative way of defining Pis established by means
of the following
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Proposition 2.1: A quantum manifold is a principal bun-

dle (P—S, U(1)) and a connection form @eA ' P) such that

the curvature 2-form £2 = curv @ defineson S=~P/U(1)a
symplectic structure.

Definition 2.2: Let (P,@) and ( P',@’) be two quantum
manifolds, and let F:P—P ' be a diffeomorphism. Fis called a
quantomorphism if

F*@' =0, (2.3a)
Flzpé)=2,F(§) VzeU(l), VéeP. (2.3b)

As a function, Fis thus a U(1) function [(2.3b)] so that the
diagram

F
per
|

T o]

g S/
.
in which fis the associated symplectomorphism, is commu-
tative. When S = S’ and f = I, the quantizations are said to
be equivalent.

An alternative way of defining F is given by the

following:
Proposition 2.2: A quantomorphism is an isomorphism

between the principal bundles ( P — S, U(1);®) and

(P'— §',U(1);@’) (compatible with the connections @, @ ).

Theorem 2.1 (on the existence of a quantization): Let
(S,w) be a symplectic manifold. Then, for a quantization
( P,@) of (S,w) to exist, it is necessary and sufficient that w be
of integer cohomology class, [w] € Ime, where € is the ca-
nonical map €:H %(S,Z)—H *(S,R).

The possible quantizations of S are classified according
to the following:

Proposition 2.3: The set of inequivalent quantizations of
a quantizable manifold (S,w) are parametrized by the group
H '(S,U (1)) or, equivalently, by the number of different char-
acters (or of irreducible unitary representations) of the first
homotopy group 7'(S) of S.

Definition 2.3: Let ( P — S,0 ) be a quantum manifold,

and F'a quantomorphism over the base S. An infinitesimal
quantomorphism X is a vector field on P, Xe Z7( P ), such that
L;0=0. {2.4)
This expression is the infinitesimal counterpart of F *@ = &
[cf. (2.3a)], X being the vector field associated with F.
Proposition 2.4: The necessary and sufficient condition

for X to be an infinitesimal quantomorphism is the existence
of a real function fon S, f&.% (S), such that

iv@=f i3d®@= —df (2.5)

Indeed, to prove this proposition, it is sufficient to realize
that i3 @ = f defines a function on S, for which it is suffi-
cient to check that

L-(iz@)=0. N (2.6)

Theorem 2.2 (definition of quantum lifting): Given a
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globally Hamiltonian vector field X on S, there is a unique
vector field X on P, 7-projectable on X, such that X is an
infinitesimal quantomorphism.

Proof: since X is globally Hamiltonian, there exists a
function fe.# (S') such that iyw = — d f. The theorem now
follows from Proposition 2.4l

We shall denote henceforth by X , the infinitesimal
quantomorphism determined by f. A useful expression for
X / is provided by

X, =X, +[f—0OX)])Es, (2.7)
where iy w = —df, for f= const, X = (const)-Z 5. Using
local coordinates {q’, p;} for S, {¢'p;,z} for P, we have

4 _
O = pdq + —z o=dp Ndq¢', Zp= izi (2.8)
iz 0z

and
= ar 4 a 4 af
X='———.——,———+( —i—)E. 29
‘T o agan T\ TPy )T O
Theorem 2.3: The mapping f—>X ' is a Lie algebra iso-
morphism in the sense that

i

[’?f"’?g] = _X,if,gl’ (2'10)
where the Poisson bracket is defined by
af o8 af g
fegl=—wX,X,)=L, - =(—,—— - ————)
/4] KX =Exd =\ g 3, ™ o, o9

Definition 2.4: Let { P— S,@ ) be a quantum manifold.

The space of wavefunctions 7°( P)is the space of the complex
U(1) functions on P, i.e.,

U P->C/Yzpé ) = 2. Y(E)
Vée P, VzeU (1), (2.11)

From the expression of = [(2.8)] and the definition (2.11) it
follows immediately that

Sy =iy,
where the dot means derivation.

Definition 2.5: Given a function fe.# (S ), the operator
which acts linearly on 77 P} as defined by

fo=—iX = —iX, P+ [f—OX)]¥ (213
may be called the prequantized operator associated with the
magnitude f. The definition of the usual quantum operator
requires a polarization; see Definitions 2.7 and 2.9.

Taking advantage of the canonical Liouville measure
which exists on any simplectic manifold and of the fact that,
because of (2.11), ¥*(£ )@ (£ } is defined on S, a Hermitian sca-
lar product may be defined on &7 P) by means of the
following

Definition 2.6: Given t,Pe5( P), the scalar product is
given by

(@)= Lw"d/*(§)¢’(§)-

(2.12)

(2.14)
Theorem 2.4: The quantization map f—»}"satisﬁes:
(a)zis a Hermitian operator;

(b) is a regular linear map of the space # (S} of real
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functions on .S on the space of Hermitian operators on #( P);

(c)1?1|W’1P1; .

(d) [f.g1 =d{ fg})

The above ends what is usually called prequantization.
To obtain an irreducible representation of the Lie algebra of
quantum operators { p = — id/dq) and § = g, for instance)
and thus complete the quantization procedure, the notion of
polarization is introduced according to the following
definition: .

Definition 2.7: Let ( P — §,0 ) be a quantum manifold.
A (closed) submanifold QC P on which @is zero, @ |, =0,
is called (Souriau) a Planck manifold. The pair (Q,i), where i
is the injection of Qinto P (i*®@ =@ |,,), is thus a (nongeneral)
integral manifold of the Pfaff form @.

Taking into account that @ (=} = 1 #0, the following
is clear:

Proposition 2.5: The restriction 77|, of 7 to Q is a local
diffeomorphism.

When 7|, is a global diffeomorphism, 7{Q }=Nisasub-
manifold of § diffeomorphic to Q on which w is zero,
|y = 0. Hence, N is an isotropic
[0(X,X') =0 V X, X'eT (N )}submanifold of . Itis frequent
to define a polarization as an isotropic differential system on
S; since the system is integrable, this is equivalent to giving a
foliation by the Planck (integral) manifolds.

Once N has been defined, the (horizontal) vector fields
of Z°(N ) may be lifted to Z°( P) by means of the connection
0.

Definition 2.8: Given XeZ'(N)C Z°(S), these exists a
unique X €( P), the isotropic lifting, such that @ (X ) = 0 (hori-
zontahty) and 770X = Xor. Explicitly, Xis given by

X=X—@( )=, (2.15)
The fields X constitute an integrable differential system (they
close into an algebra) which reproduces the Planck manifold
QC P.

The reduction of the algebra of the prequantized opera-
tors (quantization) is now achieved by imposing on the
Y P) the so-called Planck condition:

Definition 2.9: The polarized Hilbert space % ol P)is
given by the ¥ P) such that

Xy=0 V Xe2(0). (2.16)

When the Planck manifold is a maximal isotropic manifold,
{2.16) may be rewritten in the form [X = X — fizd/3z]

F=f9, j=1..4dimS), (2.17)
where | x,@= = df; and X, €Z’°(N); physically { f } corre-
sponds to a maximal set of commuting observables.

Note: The Planck constant fi=# /27 has been put equal
to 1 throughout, but it is simple to include it explicitly in the
corresponding formulae In that case, @ = Di dg' + fidz/iz,
= = (i/#)20 /9z, E.p = (i/ Ay [(2.8),(2.12)); f= — zﬁX

[2.13)); (8] = i#({ £g)), X, = X —(l/ﬁ)ﬁza/az,andso
on.

Ill. QUANTIZATION AND SYMMETRY: A GROUP
THEORETICAL APPROACH

In the symmetry group approach to geometric quanti-
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zation, two group entities play a special role: the canonical 1-
form on a Lie group and the symplectic cohomology of a Lie
group. We briefly review here the relevant concepts.

A. Canonical 1-form on a Lie group

Let G be a Lie group and ¥ its associated Lie algebra,
considered as the tangent space 7,(G ) at the unity eeG. Let
L, (R,) be the left (right) translations, L, :s—gs (R, :s—5g).
XeZ(G )is called a left (right )-invariant vector field if
LloXoL ;'=X,ie,ifLIX, = X,, (RI°XoR [ '=X,1ie,

R X, =X,)Vg,seG. Calling 75 (G ) (2°% (G)) the vector
space of the left (right)-invariant vector fields X 5 (X £), the
above is symbolically written (L), X & = X &

(R,), X & = X §). It is simple to see that
Z"(G)=Z"(G)=T,(G)and that [X§,X5] =0.

The canonical left (right ) I-form %" on G *is the left

(right)-invariant & -valued 1-form uniquely determined by

the condition § “R(Z LR) = Z) (¥ ZERe 2718 (G). If ( Z, } is
a basis of ¥, then
gLR — 9LR(I)OZ” (3.1)

where {6 5"} is the dual basis for the ordinary (i.e., R-
valued) left (right)-invariant 1-form on G, i.e., such that

(L0114 = 014, (R,)*0RY = §R17), and
0¢*Z &) _5‘ This last expression,
o LRI(Z LRy — (3.2)

will be often used in Sec. IV.

For the case of 8, one finds that the canonical left-
invariant 1-form transforms as ad(g ') under right transla-
tions R, and has zero Lie derivative with respect to right-
invariant vector fields, L XE_G L = 0. Thus, the left-invariant

6 *" are left-translated in a way which preserves the notion
of incidence on left-invariant vector fields, and are kept in-
variant in the customary “physical” meaning (zero Lie deri-
vative) under right-invariant vector fields. Analogous con-

siderations can be made for 6 * through substituting right for
left.

B. Symplectic cohomology on a Lie group?

Let Gbe a Lie group andg+g . =D.,.(g) the (coad-
joint) representation on the coalgebra ¥ * of G.

A symplectic cocycle of G is a & *-valued cocycle y such
that its derivative D (y)(e) at the unity ecG is antisymmetric,
i.e., y is a differentiable mapping y:G— % * such that®

vig'e) =vig) + 8. 7g) (3.3a)
where g. % is the representation of g on ¥ *, and D (y)(e) Z
satisfies'?

[D(VNe)Z)Z')=02(2"Z)=

VY g'.g<G,

-0(2'Z)
V Z,Z'e9. (3.3b)

Two 1-cocycles y,y" are cohomologous if their differ-
ence is a coboundary,

4,88y to — Lo,
where u,e ¥ *. Equation (3.4) is an equivalence relation

between symplectic cocycles which defines the (vector) space
of symplectic cohomology H (G, % *) of G. H,(G, ¥ *)is clear-

(3.4)
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ly a vector subspace of H (G, *), the cohomology space of
the coadjoint representation. Two cohomologous symplec-
tic 1-cocycles ¥ and 3’ define two cohomologous 2 and £2 ;
indeed, from ¥'(g) = ¥(g) + 4,, (g), one gets

Q'=0 tppad, (Z,Z)=0(Z,Z")+p,[Z,Z"]. (3.5

C. Symplectic cohomology and central extensions:
HAG,U(1))

From the definition of 2 as a mapping 2:% —~%*, it
may be derived that

n(22')-2Z2,.2Z)-2,.2(Z)=0, (3.6)
where Z . indicates the (coadjoint) representation of ¥ on
& * ' Equation (3.6) written as 02 (Z,Z ') = O indicates that
£2 may be identified with a 1-% *-cocycle of the Lie algebra
¥ valued on the ¥ -module ¥ * (¥ acts on & * through
Z.,.)in accordance with the standard definition'? of coho-
mology in Lie algebras. It is interesting now to relate
H (G,% *) and the group H *(G,U(1)) [or H3(G,R)], which
characterizes the possible central extensions of G by U(1) (or
R."*'* A two-cocycle £ (g',g) of G (called an exponent of G
since in the case of U(1) it appears as such) is a function
£:G X G—R which satisfies

£(81:82) +£(818283) = £(81:8283) + £ (82,83
&(ee)=0. (3.7a)
A 2-coboundary (a trivial exponent )is a 2-cocycle of the form

§(81,82) =6 (81:82) — £ (81) — 5 (g2 (3.7b)
where {:G—R satisfies ¢ (¢) = 0; Egs. (3.7) determine
H(G,U(1)).

Taking now a canonical coordinate system (G may al-
ways be supposed simply connected by going to the covering
group) or making use of the formal group structure,'” we
may represent by the same letter the corresponding elements
of Gand ¥ . Then, the 2-cocyclein H 3(¥,R) associated with
(3.7a) may be written

288 = lgrol (1/¢ 2)[5(’31,%’2) ‘+‘§([tgl]_l,[t82]_l)

+ & ([1g,111g,), 18,1 (28,17 "]

= —2(g2’gl)’ (3.82)

and is called the infinitesimal exponent.'® The X associated
with a coboundary is determined'* by the real-valued linear
function A on ¥,

Alg) = {{rg(l/t)§(tg), Z(g8) =A(lgng.]) (3.8b)

Because of the linearity of A, the trivial X (g,,g,) in (3.8b) may
be written as u,.[¢1,€,]- Then, cohomologous infinitesimal
exponents 3 ' and X are related by

2'(g1,82) = 2 (81:82) + 1ol81:82] (3-8¢)
[compare with (3.5)]. There is thus a one-to-one correspon-
dence between the classes of cohomologous symplectic 1-
cocycles of G, of ¥ *-1-cocycles of &, of real valued 2-forms
on ¥ X % and of real valued 2-cocycles of ¥
H (G 9*=H(%,9%*=H} Y R). Since G is simply con-
nected, H,(G,9*)=H 3(G,R) = H }(G,U(1)).
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D. Two examples

Let E be a vector space of dimension 2# considered as
anadditive group, X ” = X' 4+ X. The central extensions of £
by U(1) are characterized by H 2(E,U(1)), i.e., by the different
symplectic forms which may be defined on E. The possible
extensions £, are given by the group law

X\, X' +X
z 2] ' geiX X2 ) (3.9)

The symplectic forms w are given by mé& (X',X ) or
m2 (X' X)=mZ (X' X)meR™ (thefactthathere£ = Sisac-
cidental, and is not true in general). The group defined by
(3.9) 1s called the Weyl-Heisenberg group.

The extensions of E by R are similarly obtained by sub-
stituting 8 + 8 + Img2 (X',X ) for the lower line of (3.9).
E. Definition of a quantum manifold

Let G be a Lie group of trivial symplectic cohomology
obtained as a central extension of a group G (of nontrivial
symplectic cohomology) by a Lie group 7 of dimension one
[T will be taken as U(1); the case of R will be relevant for the
classical limit of the theory and will be discussed in Sec. V).
G(T.G/T=G)isa principal bundle over the base G.

Let 6 © be the canonical left 1-form on G and 6 - its
vertical component as defined by the bundle projection
m:G—G. The characteristic module of 6 £,

% yi=radd Lnradd@* defines an integrable differential sys-
tem on G (this is immediately seen by using the identity
fixy ) = Lxiy —ixLy).

Proposition 3.1: Given G as before, the quotient
P=G/% ot together with /% ot 8 connection form has
the structure of a quantum manifold.

Proof: Because 0 £ is the vertical component of  and £
the generator of T, we have i-6 L = 1 since 8 * is the canoni-
cal form on G. From the properties of the canonical form we
obtain L, 6 L0 = — C76%" and in particular (since X
is central), LXI%.HL'O’ = —Cy,0"Y,ie, L 0% =0.From
this expression we get i-d@ L = 0. Thus, G /€ o Will be a
quantum manifold (Definition 2.1) if 6, satisfies the addi-
tional condition of being of class 2s + 1 on G'since then it will
define a contact structure on the quotient G /% ot 0L willbe
of class 25 + 1if @ A (d6LF#0and (d6~)* * ' = 0. The last
condition is obtained by noticing that on a canonical chart
d6, may be identified with dy, interpreting y as an ordinary
1-form on G. The rank of d@, is thus equal to the dimension
2s of one of the symplectic orbits of G on & * defined by ¥,
which is even.” The condition 8 £ A (d6 £)°#0 now follows
from (d6 LY #0 and 8 £(£) #£0, Zerad(db, )|}

Definition 3.1: The vector fields belonging to the quo-
tient of % (G )by € oL are called (pre) quantum operators.

Definition 3.2: A polarization is a subspace of %™ (G)
containing ¢ ot which on the base of the quantum manifold
P generates an isotropic submanifold for the sympletic form
dey/¢, o)

Definition 3.3: The space of the wavefunctions is the
space of all the T-equivariant functions defined on P.

As we shall see, the above simple definitions—all based
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on the group of the system—are directed towards recovering
the more traditional formalism of geometric quantization,
where P is a contact manifold. Nevertheless, since both the
quantum operators and the polarizations appear here as
derivations canonically defined on G, the proposed quanti-
zation process may be directly realized on the group G itself
despite the fact that G may not to be a manifold of dimension
2n + 1.'7 This will be illustrated in Secs. IV and VI.

It will become apparent from the examples that not
only the vertical component 6 £ and 8 © will have a physical
meaning but that the other components will reproduce, on
the trajectories of Z ., the Newton equations of motion.

ab

IV.THE FREE QUANTUM NONRELATIVISTIC PARTICLE

In this case G is é‘,,,) , the central extension of the Gali-
lean group by 7'=U(1); the parameter m (the mass) charac-
terizing the group extension'* is an element of H *(G,U(1)) [or
H (G,% *)]. The group law of (7(,,,, is obtained from that of G,

8" =g'*g
B" =B'+ B, BeR,
A"=A"+ A+ VB, AVeR?, (4.1)
V=V +V,

and is given by §” = g'*g, where g=(g,{ ) and

("6 ") = (g"*8,{ "5 exp & (8'.8)])- (4.2)
The rotations have been omitted in (4.1) and (4.2) for the sake
of simplicity. In any case, for spin zero there is no contribu-
tion from SU(2,C) since this group is semisimple and has
trivial cohomology.

Let us take in (4.2) the cocycle

Em(g'8) =m[A"V + B(VV 4 1V?)]. (4.3)

The right-invariant vector fields (X * = dg”/dg’|, ) are
given by

XR_ a R a

=2 x2=2 Lmvs
2 4B A 9A
3 3
x2=p2L + 2 | mvBs 4.4R
M dA IV (4.4R)
J
XB=z =it —,

and the left-invariant vector fields (X “ = dg"/dg|, _ ) are
given by

J ad
xt= 9 4v 2% L imviz
s= g TV oA T
ad J
XL=— Xi=_— AZ, 44L
A A v 8V+m ( )
Jd
XLE_‘?:. -
¢ ’§a§

it is immediate{y verified that [X %~ X ® ] = 0. The canonical
left 1-form on G, 8“ = 8&oX,,), is now easily computed
from (3.2), with the result

6L = 4B, LA = JA — V4B,
L™ = qv, (4.52)
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0LO=0L=0L = — mAdV — ngZdB + d—é—; (4.5b)
i

and again one may check that the defining properties (Sec.

IIIA)

anel‘ =0, wang = —C/ o™
V i,j=BAV,. (4.6)

[which correspond to (R, )*6 ~ = ad(g~")6 " and
(L )*6~ = 6*] are fulfilled. We shall simply denote:
@' = @ in what follows.

The characteristic module ¥ 4 is determined by the
fields satisfying i, & = 0, [, d®@ = 0. This characterizes
uniquely a differential system composed by one vector field,

d d =
X v +1mV2E=X*£, 4.7
0B JA ! i @)

Its integral manifold is determined by the equations (of
motion)

dB _ . dA dv dt

1, ===V, == =0, == =umVi{), (4.8

ds ds ds ds 2 (ig), (4.8)

where s is the integration parameter and is given by

B=S, A=VS+K, V=VQEP/m, §=Zei(P2/2m):,
(4.9)

where K, V, and z are the integration constants (and the one
corresponding to B has been set equal to zero). Equations
(4.9) suggest the identifications

B=1t A=x (4.10)

which, together with V = v= p/m define the evolution
space variables in terms of the group parameters.'® The
manifold of solutions is obtained by means of the change of
variables (the generalized “Hamilton-Jacobi”
transformation):

p=P, x= £t+K, & = ze'™ (4.11)
m
where K (“center of mass™), P (momentum), and z are the
integration constants of the equations of motion which para-
metrize the quantum manifold P= G /¢ o (Proposition

3.1). In terms of the variables x, ¢, and p, @ is written

2
0= —xdp— 2 arp % (4.12)
2m i
Passing © to the quotient P, (4.12) takes the form
®p = —KdP + dz/iz (4.13)

in terms of the integration constants K, P, and z; clearly,
( P,®p) is a contact manifold.

The prequantum operators associated with K, P are giv-
en (Definition 3.1) by — (i/m)X §, — iX} defined on P (in
fact, K = (i/m)X ¥, P= — iX %, but the difference of sign
may be incorporated into the definition of the fields). From
(4.4R) and (4.10), (4.11), we obtain, for the vector fields on P,

g .3 P
2= 9 i pi; 9 xr_p, 9.
AT R TGy AvEmop

Thus, the operators act on the wave functions (Definition

(4.14)
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3.3) through the expressions'®

S . d 81//
Py ( IBK +P>¢, K;b—z (4.15)
where the T-equivariance property (2. 12) has been used. Itis
easy to check that (4.15) are the same expressions one would
have obtained from (2.13) and (2.9) by taking (K, P} as coordi-
nates for S and f = P,K.

The reduction of the representation is achieved by tak-
ing a polarization. Using the one defined by the left {Defini-
tion 3.2) vector fields X 5 and X,

d
XL = —, 4.16
A= e (4.16)
the condition (2.16), X 5.¢ = 0, gives 5% ¢(K) and thus (4.15)
reads

Y

P Y = Py, K- =i P’
(4.16)is also the polarization which is obtained from (2.15) by
putting X = d /3K.

These polarization conditions may be imposed directly
on the evolution space (on 5(,,1) ), without resorting to the
manifold of solutions S or to the quotient P. In the same way,
the quantum operators can be defined directly on the evolu-
tion space; thus the whole quantization process can be per-
formed directly on G(m, To do this, we start with C-valued
functionson G[,,, ¥ = ¢¥{x,p,,§ ). The condition of U(1) func-
tion for ¢, =\ = iy implies that ¥ is of the form

Y =C0P(xpt)

The polarizations are now given directly by the left vector
fields (4.4L). X -y = O now reads
Iy
- = oy = L)
™ b=_Gplpt)
@( p.t )is the momentum space wavefunction. In this scheme,

the condition X § -1 = 0 imposed by the vector field of the
time displacements of (4.4L) takes its full meaning:

(4.17)

(4.18)

(4.19)

Lo dp P’
X B lﬁ 0—i ot . 72
Equation (4.20)is the Schrddinger equation which selects the
functions which are physical wavefunctions. It appears here
as one more polarization (condition) on ¥ compatible with
X5

The quantum operators are similarly obtained from

(4.4R), and one gets

Y =¢F(ple P (4.20)

—iX® L Polp,t) = pe(pit ), (4.21a)

& = .4
R=L 18— Rotn) = (1= ~ L))
m Jp m
(4.21b)

after factorization of the terms in £. Equation (4.21b) allows
the identifications of X with id /dp, since K = x — (p/mjt.

A final comment on polarizations may be in order here.
The “transverse” polarization X ¥, which also reduces the

quantum representation, is not compatible with the Hamil-
tonian vector field ([ X Xy ] = X, ) and thus does not lead

1302 J. Math. Phys., Vol. 23, No. 7, July 1982

to solutions of the Schrédinger equation. From the physical
point of view, this means that the quantization theory based
on the quantum group G already dictates the appropriate
polarization by specifying the dependence of the Hamilton-
ian function on x and p (here, H = \mV?).

Different cocycles £ {g',g) differing in a coboundary, on
the other hand, may be used to define the same quantum
group G, the central extension of G by U(1) [as is clear from
the group extension theory; see (3.7)]. Clearly, the theory
must be insensitive to the choice of a particular cocycle (with
the same m), and this is indeed the case, although intermedi-
ate expressions may vary. We collect here some useful equi-
valent cocycles and the corresponding left and right canoni-
cal forms 6 2% on f;(m,, starting with the cocycle used in the
text [Formulae (4.22) give, in this order, £, (g,g),

Ofand @]

m(A'V + B(VV' +1V?)];  — mVdA + ‘f'_g;
1

~ mAdV — V2dB + 4 —,

i§
—AV' £ VV'B;

(4.22a)
2iva
2

_ —«[VdA Adv] + .

g’

— MiAdV —VdAl— TviaB 4 %5 (422
2 2 i

— mUBV? £ VAL, mAdV + ié:;
¥

ImV?dB + d§

i’
m[A'V — B'(13V? + VV']};

mVdA — (4.22¢)

— mVdA +d (imV’B) + dg
I

— mAdV + mBVdV + —= d§

4.22d
e (4.22d)

V. THE CLASSICAL LIMIT

Let us now take T'= R, the additive group of real
numbers, and let us now call G(,,,) the central extension of the
Galilei group by R. The group law for G‘,,, is given by (4.1)
and

(8".0")=(g'*g, 0"+ 0 + £, (&8, (5.1)

which determines the composition law for arbitrary ele-
ments {g,6 )E_G(m] {geG, 6<R) and replaces {4.2).

The procedure of Secs. 111 and IV may be followed now
to determine a manifold P’ which is a local chart (a vector
bundle neighborhood) of the previously found manifold. The
R functions {K,P,8) satisfy now the condition

a
Ep=1, F=-— 5.2
4 20 (5.2)
sothat, y(K,P,8) = @ (K,P) + 6. The polarization X § -¢ = 0
gives @ = @ (P), and for the operators P and K one finds

Y

Puv=P, Ky=22 (5.3)
V= P’
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Again, the results may be directly obtained in configuration
space, where ¢ = ¥(x,p,t,0 ). The constraints on ¢ imposed
by E, X% =3 /dx[(4.4L)] require that @ = & (p,t ), and now
X 54 =0 gives

aP p’ P

3 + Py a +H=0. (5.4)
Identifying @ with the Hamilton-Jacobi function .S the
theory obtained is thus the classical limit*® of the quantum
theory defined by 5‘,,,). Its group-theoretical interpretation
is clear: the classical (Hamilton-Jacobi) theory is defined by
5(,,,, obtained from 6(,,,, substituting R for U(1). Physically,
one could say that the opening of the compact U(1) to R
(taking a local chart) eliminates the quantum prescription
and gives the associated classical theory.

As for operators in configuration space, they are ob-
tained from (4.4R) with = given by (5.2);

-~ aJ d
=xR=2 +pZ,
AT % TP
A ad J a
K=X8 =t — — +1tp —, 5.5
v o +m p p %0 (5.5)

and the acting on ¢ reproduce (5.3).

VI. THE QUANTUM HARMONIC OSCILLATOR

We consider now the nontrivial example of the quan-
tum oscillator. We shall not assume, as in the case of the free
particle, anything about the space, time, or forces; all these
quantities will be naturally defined by the quantum group
once it is properly determined.

Let G, ,, be the group defined by the following compo-
sition law (" = g'#g).

A"=A1"+A, A=wBeR,

C'=Ce * +C, CeC, C*=(C)*,

(6.1):

Cu+ — Cl+ei,{ + C+,

£" =C'Cexp[JiiC'CHe =" — iC'*Ce™)].

This group is the central extension by U(1) of a group G,
which contracts to the Galilei group®' G when the frequency
o of the oscillator tends to zero (the rotations of G are again
ignored). Indeed, the change of variables defined by

C=(m/w)'*(wA + iV)/V2,
C*r=(m/w)"*wA — iV)/V2, (6.2)

where w?m is the Hooke constant of the spring, allows us to
rewrite (6.1) in the form

B"=B'+B,
A" = A’cosw B+ A + (V'/m) sinw B,
V" =V'cosw B + V — wA’ sinw B, (6.3)

§" =¢'¢Cexp{iim[A’V cosw B — V'A cosw B
+{(VV'/0 + wA’A) sinw B].

In the zero force limit w—0, the first three equations of (6.3)
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reproduce (4.1), and the last one gives
" =§'Cexplilm[(VA" — V'A) + VV'B]}, (6.4)

i.e., the group law of (~?‘,,,, where §,,, (g',g) is given in terms of
the (Bargmann) cocycle (4.22b).

We now proceed with the quantization procedure
which again will be based on the left canonical form. As
mentioned before, this means that the left- and right-invar-
iant vector fields define polarizations and operators, respec-
tively. The left vector fields are given by

0 a . J
X, = — —iC-= 4+iC*—,
= e T Bt
Jd i l
Xe = — — —Cit =,
=3¢ " 7%
(6.5L)
a3 i J
.= —Cit —,
o= ger T 7%
. d
X, =i{ —,
and the right ones by
_ 9
AT
P | i : ad
X — —li________}__ —Mc—#—- —_
e=e oty U
(6.5R)
S | i a
X¢=M_'—_MC‘ Ty
cr =€ o 2e zgaé_
. d
X, =il —.

The canonical left 1-form on é‘m) is given by

0L6=@ = —;— (C*dC — CdC*) — CC*dA + &,

1

(6.6a)
6119 = dC + iCdA, (6.6b)
6L€) = dC* — iC*dA, (6.6¢)
OL) = dj, (6.6d)

and it may be seen that L, .6 = 0.

The characteristic module ¥, is determined by the
vector field

a .~ 0 . J
X= — —iC— +iCt —; 6.7
ad " T ot ©7)
the equations of motion are given by
+
€ _ _ic i (6.82)
ds ds
a4y, (6.8b)
ds ds

and thus the trajectories determined by the generator (6.7) of
€ o are

C=Ce " Ctr=C4e* B=s, (=(=z (6.9)

[Again, one finds that (6.8a) may be derived from the other
components (6.6b) and (6.6¢) of 6.]
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On P E@(,,w) /% o, the form @ reduces to

O, = é (Cg" dCy — CodCst ) + E (6.10)
in terms of the constants of the motion CO, C,", and z, as it
should;Nevertheless, we shall continue to work on the
group G, , to take advantage of keeping the time depen-

dence as given by the identification

B=A1/w=1 (6.11)

To determine the wavefunctions, we adopt as polarization
the one generated by the subgroup X &,X 4 [(6.5L)]. The
Planck condition, together with the condition of the U(1)
function for the ¢ defined on G, ¥ = ¥(C,C*,1,£), give

Sy =ip=¢Y=(D(CCHA),

9
c¥= aC 2 ¢

=SY=45p(C A7, (6.12)
3 O
Xiy=0=>22 - _ic+ %%
V= “a ™ et

This last equation { which in the definition of the group cor-
responds to the evolution of ¢ [(6.11); cf. (4.20)]} is nothing
but the evolution equation in the Bargmann—Fock—-Segal
picture?” from which the usual description of the quantum
harmonic oscillator may be recovered.? In particular, when
the scalar product (Definition 2.6} is applied to the polarized
functions,

l// — §¢7(C+,/l )e—C‘C/z,
it takes the Bargmann form

W) = [ dCT @HCT AICT AR, (6.14)

(6.13)

which corresponds to a scalar product for holomorphic
functions @ with weight p = exp( — |C}|?).

We now proceed to identify physically all the group
parameters and describe the full contents of the canonical
form on (~}]m,m,. In terms of the parameters of 5(,,,), the fields
in (6.5R) and {6.5L) are written®* as

xk= <
2 9B

XR = cosa)B—a— —wsian—a—
JA av

+ % [wA sino B + V cosw B |5,

(6.15R)
X8 = sinw B 9 + cosa)B—a—
w JA av
+ % VM —Acost]E
1)
XR= ——~E."—'
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and

3 3 d
Xj=—+V— —0’A—,
27 oB A av
xt=29 _Myz

A 2

(6.15L)

a m
X:=-2 4+ DAz
veav T3
Xt==x

Despite the similarity of notation with the G(,,,, case, the
above vector fields correspond to G(m »)> the two situations
are distinguished by commutators such as
[Xp, X, ] =@’Xy. This commutator—we note in pass-
ing—explains why the polarization defined by X § is now
unsuitable as a polarization for the harmonic oscillator and
another one had to be introduced, leading naturally to the
Bargmann—Fock—Segal picture.

To compare with the free case, we now return to the left
canonical form on G , which is given by [cf. (4.5a) and
(4.22b)]

(m,w

LB _ 4B, 6LW=dA—VdB, 6V =dV + w’AdB,

(6.16a)
gLé=@ = L;- [VdA — AdV)
2 242 d§
— (imV? + Imo*A )dB + —E (6.16b)
i

The vector field of %, is given by

X—i+V J 2Ai=X’ (6.17)
dB oA av

and the corresponding equations dB /ds = 1, dA/ds =V

dV/ds = — w*A and d¢ /ds = 0 again dictate the
identifications
B=t A=x, mV=p, and F= —a’mx (6.18)

The group thus includes the dynamics; in fact, 6 “*' = 0
defines the velocity, and %" = 0 is Newton’s law. As for
O, it identifies the Hamiltonian p?/2m + Jmw’x” as the
factor accompanying dB. We give now, for completeness,
the action of G, on the evolution space variables x,p,:

vV .
x' = Xx + A coswt + — SInwt,
W

p = p — mwA sinwt + mV coswt,
t'"=t+B.

(6.19)

These transformations leave invariant, as they should, the
oscillator equation d 2x/dt?> = — mw*x and, for ¥—0, be-
come the familiar Galilei group transformations.

Vil. CONCLUDING REMARKS

All developments in this paper, being based on the Gali-
lei group, are obviously nonrelativistic. The problem of ex-
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tending the formalism to the relativistic situation appears
already in the free case because the Poincaré group does not
admit nontrivial extensions by U(1) (nor by other unitary
groups) as a consequence of its trivial symplectic cohomo-
logy. Indeed, it is not specially illustrative to enlarge an in-
variance by means of a direct product.?® Even the require-
ment of strict invariance of the (initially) classical theory
(applied to the Lagrangian or to the Poincaré—Cartan form
by imposing zero derivative} does not provide a reason to
generalize the (classical) relativistic theory since the Poin-
caré group already admits strict invariance. Besides these
difficulties in the use of U(1) ® & as a quantum group, one
might add that the elementary quantizing relations,
[x', p;] = i6';, are not compatible with the Poincaré group
since, as is well known, the operator x above does not belong
to algebra of Z. This constitutes the root of the difficulty of
defining a relativistic position operator (Ref. 27; see also 28).
Indeed, the above shortcomings merely reflect the fact that
the axiomatization of the quantization process of a relativis-
tic theory trails behind that of its nonrelativistic {and hence
only approximate) counterpart. A way out to this situation,
which is still based on the Poincaré group, would be to look
for infinite-dimensional extensions containing both & and
U(1) (and bypassing in this way the no go theorems). This
would lead in a natural way to relativistic quantum field
theory, whose quantization process may be considered as
based on that of an infinity of oscillators. Another possibility
would be to consider supersymmetric extensions. This line of
research seems worth pursuing, and work is in progress in
this direction.

Finally, we conclude by mentioning that possibility ex-
ists of using, in the general theory (Sec. II1, esp. IIIE), a
group T larger than U(1).

ACKNOWLEDGMENTS

This work was supported in part by the Comisién Ase-
sora de Investigaci6én Cientifica y Técnica under Contract
No. 4604-79.

'V, Aldaya and J. A. de Azcarraga, Lett. Nuovo Cimento 33, 341 (1982).
?J. M. Souriau, Structure des systemes dynamiques (Dunod, Paris, 1970).
3B. Kostant, Quantization and Unitary Representations, in Lecture Notes in
Mathematics 170 (Springer-Verlag, Berlin, 1970), p. 87.

“Recent general presentations of the theory are given in D. J. Simms and N.
M. Woodhouse, Lectures in Geometric Quantization (Springer-Verlag,
Berlin, 1976); R. Abraham and J. E. Marsden, Founqations of Mechanics
(Benjamin-Cummins, New York, 1978), Sec. 5.4; J. Sniatycki, Geometric
Quantization and Quantum Mechanics (Springer-Verlag, New York,
1980); N. Woodhouse, Geometric Quantization (Clarendon, Oxford,

1305 J. Math. Phys., Vol. 23, No. 7, July 1982

1980).
See, e.g., V. Aldayaand J. A. de Azcarraga, La Rivista del Nuovo Cimento
3(10)(1980).

V. Aldaya and J. A. de Azcérraga, Int. J. Theor. Phys. (1982}.

“In fact, this condition should be applied to @/4, where # is the Planck
constant,

¥S. Kobayashi and K. Nomizu, Foundations of Differential Geometry
(Interscience, New York, 1963), Vol. I.

°Given a Lie group G and a Linear representation D (G ) of G on a vector
space E, and E-I cocycle of G is defined as a differentiable mapping
0:G—E /6{gg') = 6{g) + g0 (¢). Given an arbitrary (but fixed) ucE, the
mapping 4,:G—E/4,.g—g;p—p is an E-1 cocycle [since
4,g8)=4,18) +g:4 .(g')] called a I-coboundary. This may be under-
stood by defining F-valued cochains on G and realizing that the coboun-
dary mapping of a zero cochain (i.e., of a constant function

wig—u(g)l=ucE Y g)isa l-coboundary (i.e., Ju=4,).

"“Since ¥ * is a vector space (=R"), T{¥*} = ¥*. Thus
D (y)(e)=12:% —%* and (3.3b) shows that 2 is a 2-form 2:¥ X ¥ —R.
Obviously, 2(Z).Z'= - 2(Z")Z2=2(Z,Z").

""This relation holds for any £2 derived from an E-cocycle 8 of G, not only
for symplectic ones y. In this last case (3.6) leads (by appiying it to Z "} to
theJacobiidentity 2 (Z.{([Z",.Z ")) + R{Z'}.({Z".Z]) + R(Z"}([Z,Z°))

V2N. Jacobson, Lie Algebras (Interscience, New York, 1962).

A. G. Kurosh, The Theory of Groups (Chelsea, New York, 1960), Vol. II;
see also L. Michel, in Group Theoretical Methods in Elementary Particles
(Gordon and Breach, New York, 1964).

%Y. Bargmann, Ann. Math. 59, 1 (1954).

'SP, J. Serre, Lie Algebras and Lie Groups (Benjamin, New York, 1965).

'“Infinitesimal exponents solve the corresponding Lie algebra extension
problem. The £ 's appearing in (3.8) correspond to the commutator
9(2.8,) = 8,8.8. 'g;" |, and they are associated with the infinitesimal expo-

)

nents since (g,.8,] = lil'l(')l (1/t7)qlrg,,182).
P

"It is in this context that the above definition of polarization [as a subspace
of #°* (G ) containing the characteristic module ¢ 6,5,] acquires its full
meaning.

"¥The observation of (4.9) and (4.5a) exemplifies the comment made at the
end of Sec. 1.

""Apart from a possible sign which depends on the election of the group
parameters, operatorsare defined by X 5 »0 = — iX § {or — iAX & when
h is explicitly included).

L. D. Landau and E. M. Lifschitz, Quantum Mechanics (Pergamon, New
York, 1959), Sec. 15.

2IThis justifies the notation G,, -

22y, Bargmann, Comm. Pure Appl. Math. XIV, 187-214(1961); Proc. Natl.
Acad. Sci. USA 48, 199-204 (1962). See also Simms ef al. and éniatycki
(Ref. 4) and A. Galindo and P. Pascual, Mecanica Cuantica (Alhambra,
Madrid, 1978), Sec. 4.4.

**The zero-point energy (the 3/2 term) may be introduced through the anal-
ysis of the metaplectic structure.*

**The difference between (6.15R), (6.15L) and (4.4R), (4.4L) in the limit
w—0 is due to the different choices of the cocycle.

*One might say in this respect that G, is more a quantum group than
2 ® U(1]) is; see Ref. 26 in this respect, where the necessity of introducing
G, is justified in a different context.

*V. Aldaya and I. A. de Azcirraga, J. Math. Phys. 22, 1425 (1981).

¥'T. D. Newton and E. P, Wigner, Rev. Mod. Phys. 21, 400 (1949},

J. A.de Azcarraga, L. Oliver, and J. Pascual, Phys. Rev. D 8, 4375{1973).

V. Aldaya and J. A. de Azcérraga 1305



Joint distributions, quantum correlations, and commuting observables

Arthur Fine

University of Illinois at Chicago Circle, Chicago, Illinois 60680

(Received 25 August 1981; accepted for publication 26 February 1982)

We provide necessary and sufficient conditions for several observables to have a joint distribution.
When applied to the bivalent observables of a quantum correlation experiment, we show that

these conditions are equivalent to the Bell inequalities, and also to the existence of deterministic
hidden variables. We connect the no-hidden-variables theorem of Kochen and Specker to these
conditions for joint distributions. We conclude with a new theorem linking joint distributions and
commuting observables, and show how violations of the Bell inequalities correspond to violations

of commutativity, as in the theorem.

PACS numbers: 02.50. — r, 03.65.Bz

1. INTRODUCTION

The question of when joint probabilities exist in quan-
tum mechanics is not entirely settled, although several re-
sults in the literature suggest that joint probabilities exist
only for commuting observables.! We show here that the
special question of whether observables can have a joint dis-
tribution in a given, fixed state lies at the center of recent
investigations into hidden variables; in particular, it is the
key to the Bell theorems” and the no-hidden-variables result
of Kochen and Specker.* We conclude with a new theorem
linking joint distributions and commuting observables.

2. STATISTICAL OBSERVABLES

In this section we establish a framework, and results on
joint probabilities, to be applied below to quantum mechan-
ics. We begin by defining a statistical observable (or, observa-
ble, for short) as a pair (4, P, ), where 4 is a real-valued
function and P, is a probability measure on the Borel subsets
of the reals (R). Intuitively, P, (S ) gives the probability that 4
takes a value in .S. Thus every random variable paired with
its distribution function is a statistical observable. In quan-
tum mechanics every self-adjoint operator A gives rise to
statistical observables (4, P %), where 4 maps a sequence of
unit rays (“states”) ¢, to a real number A iff
Inf||44, — Ad,|| = 0, and where P ¥(S) = (ys(4)), for
s, the characteristic function of the set .S and ¥ any state
(i.e., unit ray). It is convenient to refer to the function 4
alone, in the pair (4, P, }, as the (statistical) observable, sup-
pressing reference to the measure P, . Using this convention,
we define a joint distribution of statistical observables 4,
A,,...,A, as a probability measure P, _ , on the Borel sub-
sets of R” returning each measure associated with each ob-
servable as marginals; i.e., satisfying

PA, ..... Aoy A,,(RX~~~XSX---XR)=PA,(S):

where Borel set S occurs in the /" place in the Cartesian
product. It is trivial to show that observables always have a
joint distribution, since the product measure

PA"___'A" = PA. ...PA"

always suffices. If, however, one is given a set of observables
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with certain fixed joint distributions already defined for var-
ious tuples of observables in the set, then it is a nontrivial
question whether there exists a joint distribution for all the
observables that returns the fixed joints as marginals. If so,
we shall say that there is a joint distribution compatible with
the fixed joints. We now establish some results of this sort,
having in mind an application to quantum correlation ex-
periments. (Intuitively, below, think of the fixed joints as the
ones quantum mechanics gives—in some state—for pairs of
commuting observables.)

Theorem 1: Let observables 4, 4,, ..., 4,; B,, ...,B,, be
given together with joint distributions P, 5, fori=1,2,..,n
andj =1, 2, ..., m. There exists a joint distribution for all
n + m observables compatible with the given joints if and
only if there exists a joint distribution P, , and corre-
sponding joint distributions P, 5 5 ,€ach of which is
compatible with P, 5 and P, 5, fori=1,2,..,nand
j=12,..,m

Proof: Clearly, if there is a joint distribution for all the
n 4+ m observables, compatible with the joints for the 4B
pairs, then the stated conditions hold. To establish the con-
verse, notice that these conditions enable one to define den-
sity functions p, =dP, 5 5 onR™"'and a density
B=dP; _, onR"suchthatfory=(p,, ...,y,.)
Srpi(x:, y)dx, = B(y)fori=1, .., n. Then for

x = {x,, ..., X,y we can define a probability density p on
R"* " by
px, y) = [pux 1y} pn (X, ¥ /B (¥): (1)

(For 8 = 0, we can set the left-hand side to zero as well.) This
is a proper density, for

Spn s mp(XY)AXdy = §p B (y)dy = 1.
Moreover, we get the given distributions P,  , back as
marginals because

Sqr— 1P yldx,..dx; _ Wdx; o dx, = px,y)

fori =1, 2, ..., n. Finally, since each p; returns
Pupli=1, . m) as marginals, the probability measure on
the Borel subsets of R" * ™ corresponding to the density p is
the required joint distribution. To apply the theorem it is
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useful to state an immediate corollary.

Corollary: Necessary and sufficient for the existence of
a joint distribution for observables 4,, ..., 4,,; B,, B, compa-
tible with given joints P, 4 (1 i<k <nandj= 1,2),istheex-
istence of a joint distribution P, , and of distributions
P, 5. 5., €ach of the latter compatible with Py 5 and with
the given P, .

The corollary enables one to reduce the general prob-
lem to conditions on triples of obervables, which we now
study in a special case.

Theorem 2: If 4, B, B' are bivalent observables (each
mapping into {x,y}) with given joint distributions P, 5,P, 5
and Py ., then necessary and sufficient for the existence of a
joint distribution P, 4 5., compatible with the given joints for
the pairs, is the satisfaction of the following system of
inequalities:

P(4) + P(B)+ P(B')<I

+ P(AB)+ P(AB’) + P(BB"), (2a)
P(AB)+ P(AB')<P(A)+ P(BB'), (2b)
P(AB)+ P(BB')<P(B)+ P(4B’), (2¢)

and
P(AB')+ P(BB')<P(B') + P(4AB), (2d)

where we write P ( ) for the probability that each enclosed
observable takes the value x.*

Proof: Write S for the observable taking value y iff S
takesvaluex,andleta = P(4BB'). Thenthe termsinadistri-
bution P, 5, if there were one compatible with the given
joint distributions for pairs, would have to satisfy

P(ABB')=P(4B) — «a, (3a)
P(ABB')=P(4B') — a, (3b)
P(ABB')=P(4)— P(AB)— P(AB') + a, (3c)
P(ABB')=P(BB') — a, (3d)
P(ABB')=P(B)— P(4B)— P(BB') + a, (3e)
P(A4BB')=P(B')— P(4B')— P(BB') + a, (3f)

P(ABB')=1—P(4)—P(B)—P(B')
+ P(AB)+ P(AB')+ P(BB')—a. (3g)

UsingO<a<min{P(4B),P(AB’),P(BB ")), theconditionthat
each term in (3) be non-negative produces the system (2). For
example, requiring (3c) to be non-negative yields (2b). Con-
versely, if the system (2) is satisfied then choosing a as above
insures that Egs. {3) define the required distribution P, ; ;..

If we combine Theorem 2 with the corollary to
Theorem 1, we get a good working condition for when bival-
ent observables 4, ..., 4,,, B,, B, with preassigned joints
P, 5, for 1<i<k <nandj = 1,2, have a compatible joint dis-
tribution; namely, when there exist joint distributions PAIB/
{for k < I<n and j = 1,2) such that the system (2) of inequal-
ities is simultaneously satisfiable for 4 = 4,, B = B,, and
B’ = B,, 1<i<n. In special cases these inequalities form an
especially tractable system.

Theorem 3: If 4,, 4,, B,, B, are bivalent observables
with joint distributions P, s, (fori=12andj= 1,2, then
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necessary and sufficient for there to exist a joint distribution
P, 45,5 compatible with the given joints is that the follow-
ing system of inequalities is satisfied:

—1<P(A,B,) + P(4,,B;) + P(4,B,) — P(4,B))
— P{4,)— P(B;)<0, (4)
for i#i' = 1,2 and j#j = 1,2.

Proof: To show necessity note that, assuming the distri-
bution P, , » 5., foris£i' = 1,2, and j#; = 1,2,

P(4,B;B;)=P(4,4,B,B;) + P(4,A4,,B,B;)

<P(4,B))+ P(B,)— P(4,B,) (5)
and
P(A4,B,B,)=P|4,A,B;B,) + P(4,A,.B,B,)

<P(4,B;)+ P(B,)— P(4,B)). (6)
Also
0<P(4,B,B;)=P(4,) — P(4,B;) — P(4,B;)

+ P(4,B,B;), (7)

and

0<P(4,B,B;)=1—P(4,)— P(B,)— P(B,)

+ P(4,B) +P(4,B;)+ P(4.B,B;). (8)
Then (5) with (7) yields the right-hand side of (4), and (6) with
(8) yields the left-hand side of (4). In order to show sufficien-
cy, consider inequalities (2), first for B = B,, B’ = B,, and
A = A, and then, similarly, for 4 = A,. If these eight in-
equalities hold simultaneously for one and the same P (B, B,)
then, by Theorem 2 and the corollary tc Theorem 1, we have
the required P, , 5 5 - Toshow that inequalities (4) guaran-
tee all this, let n = 1,2 and m%£k = 1, 2; set

y =min(P(4,B,,) + P(B,) — P(4,B.),P(B,).P(B))
(9)

and define P (B B,) = y. We can fill out the rest of the distri-
bution P, , by letting P(B,B,) = P(B,) — ¥,

P(B\B,) = P(B,) — yand P(B,B,) = 1 — P(B,) — P(B,) + v.
Then (9) and the left-hand side of (4) imply that

P(4,)+ P(B,) + P(B,)<1 + P(4,B,) + P(4,B,) + P(B,B,)
fori =1, 2. Similarly, (9) and the right-hand side of (4) imply
the remaining six inequalities corresponding to (2b}, (2c), and
(2d) for the successive 4 = A4,,4,; B=B,,and B' = B,.

3. CORRELATION EXPERIMENTS AND HIDDEN
VARIABLES

We apply the preceding results to quantum correlation
experiments. These involve distinct measurements of two
noncommuting, bivalent obvservables (with values + 1) A4,
A, in spacetime region R, and of two noncommuting, bival-
ent observables B, B, (values + 1) in region R,. Ideally, R,
and R, would be spacelike separated. In any case, we assume
that each 4; commutes with each B;. Each measurement is
performed on one of a correlated pair of particles, for exam-
ple, on one of pairs of photons emitted in the singlet state
from an atomic cascade (see Ref. 2). Various sets of assump-
tions about the workings of the experiment have been shown
to lead to the probabilities of the experiment (i.e., the ob-
served distributions for 4,,B, and for the commuting pairs
A;, B;) being constrained by the system of inequalities (4).

Arthur Fine 1307



Let us refer to these, collectively, as the Bell /CH inequalities.
It follows from Theorem 3, that the Bell/CH inequalities

hold for the probabilities of a quantum correlation experi-
ment if and only if there exists a joint distribution P, , 5 5
for the observables of the experiment that is compatible with
the observed distributions for the singles 4, and B; and the
commuting pairs 4;, B,. We now show, in turn, that the exis-
tence of such a joint distribution function is equivalent to the
existence of a deterministic hidden variables theory for the
experiment. Such a theory is defined as follows. Let 4,,..., 4,
,-.. be observables of a quantum system, in a given state ¥. A
deterministic hidden variables theory for these observables
(in that state) consists of a classical probability space

2 = (A, g{A), P}, where A is a nonempty set (the “hidden
variables” = “complete states” of the system), o{A ) is a o-
algebra of subsets of A and P is a probability measure on
o(A ). We require that there is a mapping A—4 () from the
observables 4 = A, to random variables on (2, where the
range of 4 () is the spectrum of 4 and satisfying

PY{=P, |, (D)
for each given observable 4 = 4,, and
P:/,EZPAH,B(D (Dz)

for all commuting pairs, 4, B among the given observables.
{In (D,) the left-hand side is the quantum joint distribution,
determined by

Pip(S XT)= (s )xr(B))y. (10)
On the right-hand side of (D,),
Py s (SXT)=P[4 7! S)hB~\(T)) (1)

is the joint distribution of the random variables 4 ( }, B{ ).}

Itis straightforward to see that there exists such a deter-
ministic hidden variables theory for 4,,4,,... if and only if
there is a joint distribution for 4,,4,,... compatible with the
quantum mechanical distributions P ¥ and Py ; . For given
such a hidden variables theory we can define the distribution
ford,, 4,,.by

PA, ..... Ay T PA,( )"'PA,,( )ors e,

as the usual product measure. Conversely, suppose we have a

,,,,,,,,,, compatible with the quantum
single and joint probabilities (for commuting pairs), then let
A consist of all sequences (a,, a,, ...), where a;€ spectrum of
A;. Let g(A ) consist of all the infinite-dimensional Borel sub-
sets of A “, and define P by

(81X XS, Xov).

Then (D,) and (D,) follow from the compatibility require-
mentson P, ,  if we associate with observable 4, the
random variable 4,( ) defined by

AA)=a, ford={a..a;.)EA.

Clearly, this same equivalence between hidden variables and
joint distributions obtains if we replace the left-hand side of
(D,) and (D,) by any given distributions. In the case of the
quantum correlation experiments, the weight of evidence
suggest that the observed distributions are those of quantum
mechanics (see Ref. 2). But even if this were not so, we could
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ask about the possibility for a hidden variables theory re-
turning the experimentally observed probabilities, whatever
they are, on the left-hand side of {(D,) and (D,). We summa-
rize the bearing of our results on this question in the follow-
ing theorem.

Theorem 4: For a correlation experiment with observa-
bles 4, A;, B, B, and with exactly the four pairs 4,, B,
(i =1,2;j = 1,2) commuting, the following statements are
mutually equivalent: (1) The Bell/CH inequalities hold for
the single and double probabilities of the experiment; (2)
there is a joint distribution P, , p » compatible with the
observed single and double distributions; (3) there is a deter-
ministic hidden variables theory for 4,, 4,, B,, B, returning
the observed single and double distributions; and (4) there is
a well-defined joint distribution (for the noncommuting pair)
Py p andjointdistributions P, , p and P, 5 , ,eachofthe
latter compatible with P , and with the observed single
and double distributions.’

4. OTHER HIDDEN VARIABLES

There are observables whose quantum mechanical pro-
babilities for certain states of correlated quantum systems
violate the Bell/CH inequalities. Likewise, in most of the
correlation experiments the observed probabilities also vio-
late these inequalities. Thus both theoretically and experi-
mentally we have a refutation of the possibility of determin-
istic hidden variables. Before the investigations initiated by
Bell on correlated systems, however, there were other no-
hidden-variables results. The strongest recent one is due to
Kochen and Specker (Ref. 3). We show here the connection
between their work and our investigation of joint probabili-
ties and deterministic hidden variables.

Kochen and Specker begin by defining a hidden varia-
bles theory, for a set 0 of observables of a quantum system in
state ¥, exactly as in our definition in the preceding section
for such a deterministic hidden variables theory, including
(D,) for every A€0, but not requiring (D,) for commuting
pairs. Let us refer to this as a weak hidden variables theory.
They then suggest that a reasonable-looking formal require-
ment, in addition, would be to have the algebra of operators
mirrored by the algebra of random variables. Thus they add
the requirement

fA)NA)=f[4(1)] (KS)
for all AeA and for every Borel function f (and for all 4€0).

Our first result here is to show that if the set 0 is large
enough, then (KS) is equivalent to (D,). Specifically, define a
set of observables 0 to be large enough if (1) whenever A€0
and Be0 and AB = BA, then ABe€0, and also there is some
observable Ce0 such that 4 = f(C) and B = g(C) for Borel
functions fand g; and (2) whenever A€0 and S is a Borel set,
then y(4 )e0.

Lemma: If 0 is large enough, then for 4€0, B€0 and
AB = BA, (KS) implies

AB(A)=A(A)BA) (PR)

Proof: We have that 4 = f(C)and B = g(C } for C<0. By
(KS), 4 (A ) =f[C(A)]and B (1) = g[C (1 )]. ButAB = f2(C).
Soby (KS), 4B(A)=L(C)A})=LIC(1)]
=fICA)ICA)N=4)B(1).
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Theorem 5: If 0 is large enough, then a weak hidden
variables theory for 0 satisfies (KS) only if it satisfies (D,) for
all commuting pairs 4, B in 0.

Proof: 1t follows from (D,) and the lemma, that

PLa(S XT) = (sl r(B)Yy = P i um)(l)
=Py qainernnil):
By (KS), this yields

PLa(SXT)=P[{A|xsd(A)=xr(BA)=1}]
=P[A7'S)NB ~YT)] =P, 5(S XT).

There is nearly a converse to this theorem, as follows.
Theorem 6: If 0 is large enough, then the following are
equivalent. (1) There is a deterministic hidden variables the-
ory for 0; (2) there is a weak hidden variables theory for 0
satisfying (KS) almost everywhere; {3) there is a weak hidden
variable theory for 0 satisfying (PR) almost everywhere.
Proof: We show that (1) implies (2), that (2) implies (3),
and that (3) implies (1). To show that (1) implies (2), suppose
we have (D,) for all commuting pairs 4, B in 0. We want to
show that f{4 )(1 }** = f[4 (1)]; i.e., that
P{A|fIA4)A)#£STA (A)]}] = 0. Lety be any numberin the
spectrum of /{4 ), and let S = {4 | f[4 (1)] = y} and
T={1|fl[41)] =y). Wewant P(SnT) = P(SnT) =0.
ThiswillfollowifwehaveP (S) = P(T) = P(SNT ).From(D,)
and the usual rules for functions of observables, we have

P(T)=P[{A|4A)ef 'O} =PIV~ '0) = Pfsy) = P(S).

= P(§).) Using the spectral representation of 4, it follows
that ' ¥p{d4 Jy,p)(f(4)} = ypl4) for any set D, where
S(D)={f(x)|xeD }. Hence,

P L) (D Xf(D) = (xp(4))y = PZ(D). In particular,
PYal /' WX yH = P4 S ~') = P(S) = P(T). But,
P (f 7' w)x{p}) = P(SnT). The conclusion now fol-
lows from (D,). That (2) implies (3) is a consequence of the
lemma. Finally, the derivation of (1) from (3) has already
been carried out elsewhere® and, since it involves no new
principles, need not be repeated here.

This theorem has an immediate corollary that applies to
the correlation experiments.

Corollary: If 0 is large enough, then a necessary condi-
tion for there to exist a weak hidden variables theory for 0
that satisfies (KS) [or (PR)] is that there exists a joint distribu-
tion for every finite subset of 0, one compatible with all the
well-defined quantum mechanical single and joint probabili-
ties in that subset.

If we consider the observables 4,, 4,, B,, and B, for a
correlation experiment, then clearly there is a finite, large
enough set 0 containing them all. According to the corollary
above, and Theorem 4, the failure of the Bell/CH inequal-
ities for particular correlated systems implies that there is no
weak hidden variables theory satisfying (KS) for any finite
large enough set of observables of such a system. It was just
the tying down of the no-hidden-variables results to such
finite systems of observables that was the central concern of
the Kochen and Specker results. Qur work in this section
and the previous one shows that the Bell/CH inequalities for
the correlation experiments achieve the same end.
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5. COMMUTING OBSERVABLES

Our investigations suggest that what the different hid-
den variables programs have in common, and the common
source of their difficulties, is the provision of joint distribu-
tions in those cases where quantum mechanics denies them.
In this section, we formulate an intuitive criterion for a joint
distribution, and show that its satisfaction in quantum me-
chanics leads to the usual connection between joint distribu-
tions and commuting operators.

If A and B are random variables over a common prob-
ability space with measure P, then for any two-place Borel
function fand any Borel set S, the joint distribution P, ; is
well defined, as is the random variable f(4,B ), and they sa-
tisfy the condition that P, z(f~'(S)) = P4.5,(S ). We now
propose, essentially, the same condition as a criterion for
when several observables of a quantum system have a joint
distribution, as follows.

We shall say that observables 4, ..., 4,, of a quantum
system satisfy the joint distribution condition [briefly, (jd)]
just in case, corresponding to every n-place Borel function f,
there is an observable of the system with operator
fid,, ..., 4,), and corresponding to every state ¥ of the sys-
tem there is probability measure sy, 4, . 4, Onthe Borel sets
of R” that returns the quantum single distributions P ¥ as
marginals, such that

Hy, a4, ...,A,,(f_l(s)) = P_‘;EA,,...,A,,)(S) (12)

for every state ¥ and Borel set S of reals.

Theorem 7: Observables 4, ..., 4, satisfy (jd) if and only
if all pairs commute.’

Proof:1f A4, ..., A, form a commuting set then f(4,, ...,
A, ) is well defined for every n-place Borel function f, and the
usual joint distribution determined by
K a, .., 81X XS,) = (xs (4 1)Xs, (4,)) o satisfies (jd)
for all states ¥. To show the converse we will show that if (jd)
holds and 4 = 4,, B = 4, then the spectral projections
Ysld ), y+(B) commute for any Borel sets S, T of reals. So
suppose that /,j are fixed and S, T are given Borel sets. Then
there are n-place Borel functions fand Borel sets of reals S/,
T’ such that

RX XS X XR=f""(S") (13)
and
RX-XT X-XR=f"NT, (14)

where S occurs in the ith place in (13), and Tin the th place
in (14). For example, we can define a Borel function f by
Sflxy, .., x,) = Ofor x,eSand x,&T, f(x,, ..., x,) = 1 for x,€S
and x;€T, f(x), ..., x,) = 2 for x,€S and x;¢T, and f(x,, ...,
x,)=3forxaSand x;,eT. If S’ = {1,2} and T’ = {1, 3}
then (13) and (14) hold. For such an f, we have from (jd) that

PYS)=pya, 4 RXXSXXR)
=HMyg,, .“,A,,(f_ “S)
=Pf, 4,05 {15)

Since (15) holds for all states ¥, it follows that
XS(A ) = XS' (f(A 13 ==» An )) Slmllarly)
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Xr(B)=xr(fAy ..
Xr(B).

The criterion (jd) and Theorem 7 help us to understand
the significance of the violations of the Bell inequalities for
the correlation experiments, for the observables 4,, 4,, B,
B, of the experiments (with values + 1) do not form a com-
muting set. Hence, by Theorem 7, if f(x,, x,, ¥, ¥2)

= X, + XV, + X,y, — X,y, and we try the correspondence
rule f(A,, A,, B,, B,) = A,B, + A,B, + A,B, — A,B, then
Eq. (12) will fail for some set .S and state ¥. In particular, if S
is the closed interval from — 2to + 2,thenf~!(S)2{ — 1,
1}* and the left side of (12) must be 1 for any measure. But in
certain singlet states ¥ (namely, those for which the Bell/CH
inequalities fail) the quantum mechanical probability on the
right side of (12) will differ from 1. Thus violations of the
Bell/CH inequalities are particular cases where (jd) fails, as
Theorem 7 tells us it somewhere must, for observables not all
pairs of which commute. {Of course, it is Bell’s important
and lasting contribution to have found cases especially sim-
ple, and also experimentally tractable, where (jd) does fail.]

It seems natural to take (jd) as a criterion for when ob-
servables have a joint distribution. It is a coarse-grained cri-
terion, not sensitive to the particular state of a system. As we
have seen in the preceding sections, more finely grained cri-
teria (and hidden variables are among them) are equivalent
to constraints (like the Bell/CH inequalities) that some
quantum systems violate in certain states. These violations
have been experimentally confirmed. Perhaps, then, we
ought to accept the straight-line induction; that where (jd)
fails, and quantum mechanics does not give a well-defined

joint distribution, neither would experiments. After all, if we
hold that probabilities (including joint probabilities) are real
properties, then some observables may simply not have
them.

, 4,)). Hence, ys(4 ) commutes with
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It is shown that the study of nonbijective transformation requires a fiber bundle formulation of
mechanics. The conditions upon which nonbijective canonical point transformations can be
defined are given. Then, as an example, we apply that theory to the study of the Coulomb
problem in two and three dimensions. The Hopf fibration leads to an inverse harmonic oscillator

problem.
PACS numbers: 03.20. + i

I. INTRODUCTION

For a decade, there had been an upsurge of interest in
canonical transformations from both classical and quantal
view points. From the beginning, it has been clear from ex-
amples (Stiefel ez al.,' Cisneros et al.,” Boiteux**) that nonbi-
jective point transformations might be useful. In quantum
mechanics, those transformations connect operators with
different spectra which as such cannot be deduced from one
another by unitary transformations. If we wish to restore a
one-to-one relation between states and matrix elements, in
order to get the spectrum of an operator from that of an-
other, we must kill the superfluous states by auxiliary condi-
tions. These constraints result in the existence of a Lie group
of transformations. Subsequently, Moshinsky et al.* sys-
tematically studied that group on examples and named it the
ambiguity group.

However, all the previous papers lack mathematical
rigor, due to the nonregularity of nonbijective transforma-
tions; also a clear definition of the ambiguity group is miss-
ing. This paper intends to solve these problems in the case of
point transformations. The general situation can be studied
in the same way, but with a little more involved
mathematics.

Il. OUTLINE

It turns out that the suitable mathematical framework
for our purposes is fiber bundle theory.

Therefore in Sec. III we give some definitions and
mathematical results in the differential geometry of fiber
bundles. Then we state our main theorem about the condi-
tions under which a nonbijective canonical point transfor-
mation can be defined.

Section IV is devoted to some applications. In particu-
lar, we study trivial nonbijective point transformations and
discuss the Coulomb problem in two and three dimensions.

Finally in the conclusion we outline the extension to
general nonbijective canonical transformations.

lll. SOME DEFINITIONS AND RESULTS?

Definition 1: The configuration space of a dynamical
system .S with 7 degrees of freedom is a manifold X " with

* This paper covers a part of a Ph.D. thesis by the author, Paris University
{1979).

MAssociated with the Centre National de la Recherche Scientifique.

1311 J. Math. Phys. 23(7), July 1982

0022-2488/82/071311-04802.50

local coordinates {x‘}.

Definition 2: The manifold X" X R with local coordi-
nates (x ', ) is the spatiotemporal configuration space of S.

Definition 3: Let M be a manifold equipped with a met-
ric g and let M be a fibration over M equipped with a metric
g. Let IT: M—M be a fiber bundle. Let M, be the fiber at a
point m of the base space M.

Since M is equipped with g, we can define the orthogo-
nal space to the kernel of the projection /7 (this kernel is the
so-called vertical space of the fiber at the point M ). We con-
sider the restriction g * of g to this space which it is natural to
call the horizontal space.

Definition 4: We said that /7 is a Riemannian submer-
sion if 77 is an isometry of g “ to g.

Theorem 1; Hermann'? has given a sufficient condition
that a mapping of Riemannian manifolds be a fiber bundle.

If $:X—B is a C © map of manifolds, ¢.: X, —B, ,, is
the linear map on tangent vectors induced by ¢ such that (i) ¢
has maximal rank on X, i.e., ¢, (X, ) = By, for all xeX; (ii) X
and B are Riemannian manifolds, and the isomorphism
¢.: X, /¢ . (0)~B,,,, preserves the inner products defined
by the metrics on these spaces for all x in X. If X is complete
as a Riemannian space, so is 8. ¢ is then a locally trivial fiber
space. If in addition the fibers of ¢ are totally geodesic sub-
manifolds of X,4 is a fiber bundle with structure group the

Lie group of isometries of the fiber.
Remark: If the typical fiber F is compact, G is compact.

A finite group is a Lie group with zero dimension.

Definition 6: Let 4, be an operator on M which is natu-
rally defined in terms of g (e.g., the Laplace-Beltrami opera-
tor). Let A;,4; be the corresponding operators on MM "
respectively.

Define 4 { on M by 4 §(f)(m) = A;_(f"M,,)(m), where
m = ITm. 4 ; isin asense the “vertical part” of 4;. Write 4 »
= A; — A and call it the “horizontal part” of 4.

Theorem 2: (Berard Bergery and Bourguignon, Ref. 11).
[4,.4;] = Oif the fibration IT:(M,g)—(M.g) is a Riemannian
submersion with totally geodesic fibers.

Then, if 4 kills the constant functions,
AL foll) = A (f)oIl and A} acting on functions lifted
from M can be identified with a natural operator 4 on M.
This is strictly shown for the Laplacian by Berard Bergery
and Bourguignon and indeed we need only their result in our
applications. But the result is true also for 4 from its expres-
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sion from vector fields.

Remarks: There exists an expression of the vertical op-
erator 4, in terms of vertical vector fields; on another hand,
the Lie algebra of the holonomy group is generated by some
vertical operators.

We now specialize Theorem 2 in order to study quan-
tum problems.

Let f' be defined on M; then if L. f = 0, £’ admits a
unique representative ' on M (f* is deduced from S/ by
composition).

If feL *(M.g), then follcL *(M.g).

If the fiber is compact in order that the functions con-
stant along the fibers will be in L %, then we have the main
theorem 3.

Theorem 3: Let A, be an operator on a manifold (M,g)
naturally defined in terms of the metric g. Then if
I1:(M,g)—(M.g) is a Riemannian submersion with totally
geodesic fibers with compact structural group G, then the
A g-invariant part of the spectrum of the operator 4; on Mis
equivalent to that of 4,. Moreover, if G acts transitively on
the fiber, 4,. can be defined in terms of vector fields defined
by G.

Under these conditions, /7 is called a diastrophic ca-
nonical point transformation and G the ambiguity group of
that transformation.

Remarks: When M = M, we recover ordinary canoni-
cal point transformations. When G is finite, it is better to
directly use the invariance under the generators of G than
Theorems 2 and 3.

IV. EXAMPLES AND APPLICATIONS
IV.1 Examples

IV. 1.1 Trivial diastrophic transformation

This corresponds to the case of trivial fiber bundles
M =M XF.

V. 1.2 Quadratic transformations

One can give a classification of quadratic transforma-
tions preserving rotational invariance based on geometric
properties of numbers.'? A theorem by Hurwitz says that
such transformation can exist only when the dimension d is
1,2, 4, or 8. We will not discuss here the case d = 8 connect-
ed with octonions.

1) d = 1: There exists only one'*:x = x> and M = R,
M =R — {0}. The ambiguity group is Z, = C,, the cyclic
group with two elements.

2)d = 2: R®~C3z = x, + ix,. There are only two
kinds of quadratic transformations:

ajz=2z2*
and M = R*,M = R* — {0}. The fibers are circles and
G = U(1) (notice that the fibers can be identified with the
group).

b)z = 72
and M = R? — (0),M is a two-sheeted covering of M and
G=2,

3jd =4: R*~HDg = x, + ix, + jx; + kx, the field of
quaternions. Also, there are only two kinds of quadratic
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transformations:

a)q = 4q*,
M =R*M=R*— {0}. G = SU(2) and the fibers are three-
dimensional spheres in R* centered at the origin. (Notice
here again that the fibers can be identified with the group
itself.)

b)x, =%} — % — X3 + %,

X, = (X%, + X3%,),

X3 = 2(X,X; — X,%,),
M=R’— [0} =S*XR";M=R*— [0} =S>XR". This
is the Hopf fibration when |q| = 1:S°—S2 G = U(1)and the
fibers are circles in R* centered at the origin.

4) d = 8: Then the Hopf fibration S X R*—S*XR*
may be interesting for further study.

IV.2 Applications
IV.2.1 The Coulomb problem in two dimensions

In this case we shall see that G is finite. The Coulomb
potential ¥ (r) = — ¢’/r is singular at the origin. Then
M = R? — {0}. Therefore, the corresponding Hamiltonian
H = p*/2m — e*/r or, equivalently, the Schrodinger opera-
tor S = H — E is not self-adjoint but only essentially self-
adjoint. S; has a unique self-adjoint extension anyway. But
rS; is not symmetric on L %(R *\0,dx,dx,), because of the
factor r. Using the transformation z = 7% (IV.1.2.2b).
(Vf)iz) = f(Z %), V:L 3R *\0,dx, dx,}—L }(R *\0,d%, dX,);
then V (rS;)V ~! is symmetric on the subspace of
L3R *\0,dx, dx,/4r = dx, dx,) for which V —! exists be-
cause the factors 7 and 1/ cancel.

Now S = V(rS,) V " '=(— (1/8m)A — EF > — &} is
a harmonic oscillator Schrodinger operator.

As already mentioned, it is preferable to directly use the
invariance of the wavefunction under the discrete symmetry
Iez,.

Then

Sy =(—(1/8m)d — EF — &%)y,

=1, Pe.LiMdx, dx,).

Thus the bound-state Coulomb problem in two dimen-
sions is equivalent to an inverse two-dimensional harmonic
oscillator inverse problem the energy of which is defined and
equal to 4¢%, the angular frequency w = ( — 8E /m)"/? of

which is unknown, and the eigensolution of which are uni-
variant under symmetry (x,,x,)—( — x;, — x,).

IV.2.2 The Coulomb problem in three dimensions

Now, G is a continuous group. The first step is identical
tothed = 2 case. But now, we use the quadratic transforma-
tion (IV.1.3b). Here more details on the Hopf fibration'* are
needed in order to get a complete answer.

M=S?XR*, M=S>XR™.

This transformation reads in coordinates x,, x,, x, and
X\, X,, X, X, (see Kustaanheimo and Stiefel'*).

X\ =5 -5 - % + X,

Xy = 2(X\ X, + XX,

X3 = 2(X,X; — X,X,),
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and satisfy
X4l +xl=r=@ 4+ ++0)=F"
Let us introduce the notation

§=2,+jz; ZpZ€C
induced by the relation H~C @ C. S ° is the underlying space
of the group SU(2) which can be parametrized by the Euler

angles 1,0,¢. If gg* = 1,

ik
(’Z,O 1z ) — e,-(.,s /2)o, ei(e /2)o, ei(¢/2)<73
z, 23

cos 4 QU +8V2  jein 6 gild — 4172
2 2

y
Y+ )2

.. 8 e _
zsm—z—e""""’v2 cos—z—e

from which we get

X, =7cosii_—¢cos—0—,
2 2
X, =rFsin $+¥ cos f—-,
2 2
f3=7cosusin—q—,
2 2
x4=rsinusin i,
2 2
and

x, = rsing cosf,
X, = r sing sinf,
X, = r cosf.

So (¢,0) are the polar angles on the sphere S 2. Then ¢
parametrizes the fibers which are great circles on S*. It fol-
lows that the Hopf fibration is totally geodesic and the condi-
tions of Theorem 3 are satisfied since the group S’ = U, is
compact.

The unit vectors tangent to the fiber at (x|,x,,x;,X,) are

+ (/1 — X4, — X3, — X,,%,). The length element is
ds® = dP* + P[d6? + sin’6 (dg* + dy?) + 2 cosO dp dy],
from which we get the Laplacian

- & 39 4] & d

i=2 29,4 92
T T TR T 5

1 a 2 a 2 2
( + ——) — 2 cosb ]
sin?6 \dg? = I EYey,

But
19¢,d
A, =19 rz_.)
? r28r< ar
7 | sind 96 ET: sin’ 9¢* [

where r = 7°. Here, the symmetry of ¥ (nS )V ~ ' arises again
from an (1/7) X r cancellation arising from
Il *(dx, dx, dx, dx,)= (dx, dx,, dx,}/4r.

Then, the auxiliary condition which ensures the wave
function ¢, is univalued, is 4 .9, = 0, or equivalently
(@ /3Y) = 0, where 3 /34 is the infinitesimal generator
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along the great circles.
Then the Schrodinger equation reads

(- o E—EP—)d =0, JesM),

- 7 _d
"LF'/’E=":9‘— E

|

)12

The reader is referred to Boiteux® for the resolution of that
system. (See also Miyachi '®) In other words, the last condi-
tion exactly kills the irrelevant states among those of a de-
generated level of the 4-d harmonic oscillator in order to get
the correct accidental degeneracy of the corresponding level
of hydrogen atom.

Remarks: The classical (Kepler) problem is solved in
the same way. Thus the canonical nonbijective transforma-
tion works for the classical and the corresponding quantum
problem as well. In particular, the ambiguity group is the
same.

The case of the hydrogen atom with a planar barrier
through the origin also is easily solved because it transforms
into a planar barrier in R * — {0} by means of the Hopf
fibration.

Indeed, the condition 4 £ f= 0 can be replaced by
AL f=af and still preserves a one-to-one correspondence.
However, in this case various sections of the fibration are
inequivalent. In particular A ? now depends on a.

W
Rel

4

- d - d _ 4 | _
(‘m+%ﬁ““ﬁ+“
0.

V. CONCLUSION

We have seen that nonbijective point transformations
can be used in both classical and quantum mechanics. They
require the introduction of particular fiber bundles which
satisfy the conditions of Theorem 3. However, it is not too
difficult to extend these results to general nonbijective trans-
formations. We will now outline that extension.

We consider the cotangent bundle T*(X ") to the con-
figuration manifold (the phase space) equipped with the nat-
ural metric g inherited from the natural Sasaki metric'” of
the tangent bundle 7' (X ") as the base of a suitable fibration.

Then all the aspects of Theorem 3 can be extended. In
particular, 4 may be the Liouville operator (or Lie deriva-
tive). That is the classical situation.

As for the quantal case, that structure is transported by
the Weyl quantization which associates to Poisson brackets,
Frechet-Poisson brackets.'® An elementary example has
been discussed recently by Newton.'®

Note added in proof: Since the completion of this work,
a paper by G. H. Ringwood and J. T. Devreese has been
published in J. Math. Phys. 21, 1390 (1980), dealing with the
same problem. Their work is based on the construction of
propagators in quotient spaces. The identity between the
propagator prescriptions and nonlinear canonical transfor-
mations is not automatically fulfilled. Therefore it seems
that the reliability of their results is not due to their method,
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which in general is not correct, but to an underlying property
of the transformation used, namely the Kustaanheimo—Stie-
fel map (see our results}.
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The quartic anharmonic oscillator in stochastic electrodynamics
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The case of a slightly anharmonic oscillator (with a Bx* perturbing potential) is examined in the
framework of stochastic electrodynamics (SED) in full detail. We obtain the stationary
probability density and the mean energy, which differs from the quantum result at order 8%
Using Kubo’s linear response theory we obtain the absorption curve: the maximum absorption
frequencies do not coincide with the quantum transition frequencies. From the calculation of the
emission energy we show that the “radiation balance” is not exactly satisfied as soon as  #0, a
property which disagrees with the quantum results. Finally, we discuss the consequences of this
lack of radiation balance concerning Kirchhoff’s law.

PACS numbers: 03.65.Bz, 41.70. +t,02.50. + s

I. INTRODUCTION

Stochastic electrodynamics (SED) is a classical theory
which has been proposed as a possible alternative to quan-
tum theory. Basically SED is classical electrodynamics (in-
cluding Lorentz-Dirac radiation damping) supplemented
by the assumption that there exists a (classical) electromag-
netic field in the whole space, which is so complex that it is
appropriately treated as a stochastic field .'~ Assuming that
its stochastic properties are Lorentz-invariant, it may be
found that this background field must have zero mean value
and a spectral density (see, e.g., Ref. 4a):

2

3

ol (1)

.f e ", (01d0= 7, (0)=

where .7/ . (6) denotes the correlation function of the sto-
chastic process # (¢ ) (this relationship between . and ./ is
the same as in Ref. 3).

Consequently, the equation of motion in SED for a non-
relativistic charged particle (mass m, charge e} is a Lorentz—
Dirac type equation (called a Braffort-Marshall equation)

mi = F(r) + m7¥ + e&(t) 2)

where, in addition to the external known force F(r) and the
usual radiation damping force m7t (where 7 = 2¢°/3mc?),
we have a stochastic electromagnetic force e# (¢ ). This last
term is written in the electric—dipole approximation, which
neglects the magnetic force of the background field and the
spatial dependence of the electric field &.*"

Equation (2) has so-called runaway (i.e., self-accelerat-
ing) solutions. A procedure to eliminate these undesirable
solutions is to use, instead of Eq. (2), an integro-differential
equation (see, e.g., Ref. 5). Applying this procedure to Eq. (2)
and keeping the terms up to order 7 (7 = 0.26 X 10~ %a.u.)in
the Taylor expansion of the deterministic force (Ref. 1, Sec.
3B), we obtain the following equation:

mi = F(r) + 7VF-F 4+ e&'"(¢), (3)
where &'7(¢} is a modified stochastic field with zero mean
value and a spectral density (for each component)
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l+ 7w 3¢ 1+70

The theory constitutes, therefore, a well-defined prob-
lem of mathematical physics, but its solution is rather diffi-
cult, due to the nonwhite character of the stochastic field. It
is only recently that the nonstandard techniques required to
treat nonlinear problems in SED have been worked out
(Refs. 3, 6, and 21b).

In the case of linear systems, Eq. (3) is easily solved by
applying the Fourier transform method. Although the re-
sults are not fully identical with those of quantum theory,
they are rather satisfactory.' ™’

However, for nonlinear systems, such as the anhar-
monic oscillator®® and the Kepler problem,'®!" the results
obtained until now are not in agreement with quantum
theory.

The aim of this paper is to study in full detail a slightly
anharmonic oscillator (with a Bx* perturbing potential) in
SED. Some preliminary results for this problem were report-
ed in Refs. 8 and 9.

The outline of the paper is as follows. In Sec. II, using
the techniques worked out to solve non-Markovian stochas-
tic differential equations such as Eq. (3), we obtain the sta-
tionary probability density W, and the average energy,
which is not the same as in quantum theory. Then, using W,
and the Kubo linear response theory, we calculate in Sec. I11
the absorption coefficient at each frequency. It is found that
the first and second maxima of the absorption curve do not
coincide with the quantum and experimental results.

In Sec. IV we obtain the emitted power at each frequen-
cy, and we study the balance between absorbed and emitted
power at each frequency (*‘radiative balance”).

This balance is not satisfied in the background field of
SED. Finally, we show that the anharmonic oscillator would
fulfill this radiative balance condition only with a back-
ground field having the (Rayleigh-Jeans) w*-spectrum, and
we discuss the consequences of this lack of radiation balance
in SED concerning Kirchhoff’s law.

4)

© 1982 American institute of Physics 1315



Il. THE STATIONARY STATE OF THE (QUARTIC)
ANHARMONIC OSCILLATOR IN SED

A. The stationary density in the Markovian
approximation

We would like first to recall the basic ideas of the meth-
ods used to solve non-Markovian stochastic differential
equations® [such as the Braffort-Marshall equation (3)]. In-
deed, this topic is not yet very well known except by special-
ists. In order to solve equations of this kind we use the fact
that the damping and stochastic forces are much smaller
than the deterministic force, due to the presence of the
(small) parameter 7.

Therefore the relaxation time (namely, the interval of
time required for the perturbation to have a finite effect with
respect to the deterministic motion)is of order 1/7~10%a.u.,
whereas the correlation time of the stochastic force is of or-
der of 1 a.u. (Ref. 3, Sec. 4.A).

In this case, namely a small stochastic force with a cor-
relation time short with respect to the relaxation time, two
main lines of approximations to the solution of Eq. (3) are
possible. They will be denoted by Lax-5 and Lax-6, respec-
tively, according to Secs. 5 and 6 of Lax’s important paper. '

(a) In the Lax-5 method, the exact (non-Markovian)
process in phase space {r(z), p(¢)} solution of (3) is approxi-
mated by a Markov process; the corresponding Fokker—
Planck equation (FPE) is used as an approximate evolution
equation for the probability density of the exact process.

This method is based on the existence of a Markovian
limit (Khas’minskii limit'?) of the process when 7 goes to
zero (for a review see Ref. 14). It should be mentioned that
this approach was initiated by Stratonovich,'® independent-
ly of Lax.!?

(b) In the Lax-6 method, using a stochastic Liouville
equation, an exact generalized Fokker-Planck equation for
the probability density in phase space is obtained.'® This
equation was also obtained by de la Pefia-Auerbach and
Cetto'” by using the projection operator method or

“smoothing method” of Frisch.'®
From this exact generalized FPE we obtain an approxi-

mate second-order partial derivative equation of the
“Fokker-Planck type” (see Ref. 16, Sec. I1I, and Ref. 19,
Ref. 6¢, Sec. I1-B). The lack of uniqueness of equations ob-
tained by the two methods (a) and (b) is due to the non-Mar-
kovian character mentioned above.

These equations may be reduced to a unique FPE for
the stationary probability density in terms of some relevant
constants of the deterministic motion corresponding to Fir)
(Ref. 6¢c, Sec. I1I), using a method devised by H. Haken (Ref.
19, Sec. XI-C-2). For an isotropic multiperiodic system, due
to the isotropic character of the damping and stochastic
forces, such relevant constants of motion are those two ac-
tion variables which are invariant under rotation (Ref. 20,
Chap. I1-2-a).

This reduced FPE can also be obtained directly by cal-
culating, through perturbation methods, the variation of
these ““constants of motion” under the effect of the damping
and stochastic forces, and by averaging these variations in
order to get the drift and diffusion coefficients. The pertur-
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bation method may be applied directly to the equations of
motion®' or, following the main idea of Kubo’s linear re-
sponse theory,”” it may be applied to the Liouville
equation.”*

For one-dimensional systems the reduced stationary
FPE involves a single constant of motion, e.g., the energy E:

i G"VV(,—FG""aVV(’
JE JFE

=0, (5)
where G *(G **) is the reduced drift (diffusion) coefficient. It
should be noted that W,,(E ) is to be normalized in the whole
phase space, i.e., §f W, (E )dg dp = 1. Since the pair of varia-
bles {¢,E } is canonical, we have dg dp = dt dE; hence this
normalization condition becomes

1= H W,(E )t dE = de W(E )ﬁdz = f dE W,E)T(E),

where T (E ) denotes the period of the orbit with energy E. In
other words, W,(E ) is normalized with respect to the volume
element T (E JdEinstead of dE alone (note that a similar situa-
tion is also encountered in statistical mechanics).
The probability current J,* = G “W,

+ G *¥(9W,/OE ) is therefore a constant, and if W, is to be
integrable, it as well as its derivative must vanish at infinity,
therefore, this constant must be zero, i.e., J,* = 0, hence

E E '
W,(E) = Nexp[ - f S E) g ]
G EF (E I)
In the case of a one-dimensional periodic system the coeffi-
cients G ¥, G ** are given by (Ref. 6c, Sec. III-C)

(6)

GF= T§F~)€ dr = Tm§(5€')2 dt = 2rmre’ f ntlx, 12, (7)
E E

"= e

GEE — ezJ‘I//// ) d&%e&(! p(t — ) de

* b o _
= 27Teza)f A ,(0)d0 z n?|x, |2
0 -

[
=mio S S, (noin’lx, ], (8)
where w is the fundamental frequency of the system, % , (9)
the correlation function of the electric field, and the x,,’s are
the Fourier components of the deterministic motion

+ x .
x(t) — z x”emml i
n= — x

B. The stationary density and the averaged energy of
the quartic anharmonic oscillator in SED

We consider now an anharmonic oscillator with a po-
tential ¥ = Imw}x* + impBx*, where 3 is a small parameter.

Inorder to obtain the stationary density W,(E ) from Eq.
(6) we must calculate the Fourier components x,, and the
fundamental frequency w, appearing in the coefficients (7)
and (8), as functions of E. To do this, we could use the Lind-
stedt—Poincaré method, which consists of eliminating the
secular terms by expanding w as well as x,, in powers of 3
(see, e.g., Ref. 24). In this way we should obtain x,, and w as
functions of x,, (see Ref. 25 for a general algorithm to solve
this problem). Using the resulting expression for x as a func-
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tion of x,,, we have x,, as a function of £ and consequently x,,
and o as functions of E.

However, in our case it is possible to obtain x and w in
terms of elliptic functions.

Indeed, integrating the equation of motion along an or-
bit of energy E, we obtain

(E) d
u
= J - 9)
. [2/mlE~V(u)]'?
where we have taken the origin of time for
x(0)=xX ., (E)
= [(@3/B) (— 1+ [1 + (4EB/mw§)]")]"?

maximum value of x for a given energy E. Making in (9) the
change of variable s = arccos[u/x,.(E )], we get

4
ds 1
i~ R R tis (10
wo(1 +4y)'"* [1 — k “sin“s]
where y = (EB /mw§), k? = {(1 — (1 + 4p)~"/?), and ¢

= arccos [x/X,...(£)]. The period T corresponds to mak-
ing ¢ = 27 in expression (10), hence

4 K(k)
7=t Kk (11)
w, (1 +4y)
where
m/2 d
K(k)=f *——75—#_? (12)
o [1—k“sin’s]

is the complete elliptic integral of the first kind.
K is an analytic function for |k | < 1 (Ref. 26, 21.72) giv-
en by the expansion (Ref. 27, Chap. 6, Sec. 3).

2n — ]2

K(k =_< N E—— [L__] ko 4 ) 13

k1=2{1+ 3 o (13)
This function has no zeros at least for |k | <a = 0.94, because
|K(a)| <2|K(0)|. Therefore @ = (27/T) is an analytic func-
tion of & for |k | < a, and then of y for
(¥] <Y4a® — 2)/(4a* — 1) (the calculation is easy but some-
what lengthy). Using (13) and (11) we obtain

o=l + ~ gy’ +00’) (14)

In this way we have obtained w as a function of E. Now, from
(15)we havex = x .., (E Jen(wot (1 + 4y)'/%,k ), wherecn(u,k )
(with u = g (1 + 4p)'/*) is the Jacobi elliptic function (see
Ref. 26, Chap. XXII). This function may be written as the
following Fourier series (Ref. 27, Chap. 6, Sec. 19):

X = (E Yen(u,k )

m lx

4(2>”z S 9" oo+ 1) (15)
=41—) w ————Cos{Zn + ljwi, |
B “Z()l + q2n + 1

where g = exp[ — m{(K(k')/K(k )], k"= (1 — k32

g is an analytic function of & for |k | < 1 (Ref, 26,21.712) and
therefore an analytic function of y for |y| <! (this value is
obtained by putting @ = 1 in the expression

(1)(4a* — 2)/(4a* — 1) given above for the case |k | < a). Using
an expansion due to Hermite we may express g as a function
of k * (Ref. 27, Chap. 6, Sec. 20):

g=(k/2Y) 1 + (k 3/2)+g—4‘k‘+0(k"),, (16)

and therefore as a function of y,
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qg= (y/2“)[1—2y+ +0(y)] (17)
From Egs. {7), {8), and (15) we have the reduced coefficients
given by

q2n+l
GE= 32777717'—— Z 2n + 1)“—27—, (18)
o [ q n+ ]_
(2n+ 1)7 2n + 1
G EE = 16me? 2 Lo 2n+ Yo ]-——7
B nZO [ +q2n+l](.19]

where we have used /', () = .7, [ — @)

These coefficients, (18) and (19), are analytic functions of y
for |y| <4(4a* — 2)/(4a* — 1) because, on the one hand, w is
an analytic function of y for y <(1/4) (4a* — 1)/(4a* — 2), as
we saw above, and on the other hand, |¢| < 1for |k | < 1. The
proof of the latter property is as follows.

In Ref. 26, Sec. 21.7, it is shown that |g(k )| < 1, when a cut
from0to — o and from 1to + oo is made in the complex
plane of k %, because in this region Re[In g(k )] < 0. Moreover,
it is easy to see directly from the integral expressions of K(k )
that this property [namely |g(k )| < 1] is also true for

— & <k ?*<0. Therefore, |g| <1 when |k | <1, Q.E.D.
Therefore, we have

G*  2mro? o 12 fﬁ'(3w)) 3]

GEE—eZYg‘(a))[l_*-my (9 5 o) O}

(20)

Using the spectral density (1) of the background field in SED
and the expansion (14) for w, in (20) we obtain

G* 2

Gl{ﬁz———(l—L y+RV+00Y- (21)
From expression (6) and (21) we obtain through order 5-
W,E)= N exp[ — 2E /#iw, ] [1 +3 E?
mo;
E? 43 E 9
+LE(-2, )] 22)
ﬁm wg fiw, 32

where &V is the normalization constant in the phase space (see
below). This expression {22) is valid at least for energies such
that (E B /#mw) <]l [i.e., y<(#B /mw,’)*""].

For extremely large energies (y> 1), for example y> 1/,
we may obtain the behavior of W,(E ) from the coefficients
(18) and (19). Using (1) as spectral density, according to (18)
and (19) G * /" and G ** /w® are analytic functions of g,
when |g| < 1, because the series involved in these coefficients
are uniformly convergent in this region. Moreover, g and
wy~'"? [see (11)] are analytic functions of z = y'/2. There-
fore, G ¥y~ and G "Fy~*/* are analytic functions of z. The
region of analytlcity is given by |k * — 1| <(a® — 1), which
corresponds to [z| <1[1 + (1/(2a* — 1}7)] " '/*. We therefore

have
Gli 4(4}))*]/4"\( [ . e (21 4 b
— = K(l/v2 2n 4+ 1) -
Gl:l: ﬂ'ﬁﬁ)() ( ) ”20( ) [1 + e’ 20+ I)ﬁ].
Sen+ 11—V op1y) (23)
o [1 2n+nn]2 ’

where we have usedk(y = o) =1/1v2 and
gy = o) =e " "[K(1/v2)/K(1/v/2)] = e~ ". Hence from
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expression (6) we obtain for large energies (y» 1)
—(le/A/‘ﬁﬂl/4)E3/4], (24)

whereas from small energies we have from (22) the following
behavior:

W(E )~(1/#m)exp| — 2E /#iw,). (25)

For the intermediate range of energies, i.e.,
(BB /mwl) ~ ¢ < E /fiw, < (B /mw}) ", with 0 <d < 1/3,
W,(E ) is bounded by its value at the lower energy, namely
#iw (B /mw;) ~ ¢, due to the fact that W(E )is a monotonous
decreasing function of E (G £ /G #£>0). This value may be
obtained from Eq. (22), because this expression is valid at
least for energies such that E /#iw,<(#8 /mw}) ">

Thereafter, for any integration involving W,(E ), we
may decompose the integration intervai (0, « ) into three
parts. For the part corresponding to large energies (y>1/5),
we find a negligible contribution (smaller than any power of
£3), due to the behavior of W,(E) given by Eq. (24). The same
result is found for the second part (intermediate energies) by
using the bound given above. Therefore, the contribution of
the range of energies such that E /#w, 2 (A8 /m w) ~ * (6> 0)
will be negligible.

Then we may use Eq. (22) for obtaining through order
B? the normalization constant, namely N = (1/#im)
X[ 1 — E(#B /mey )2] and the mean energy E-

—_ 2

E=ﬁ;)°[l+§mﬁf +256(mﬁﬂ)] (26)

3
0 0

W,(E )~const-exp|

which differs, even in the sign, from the quantum result [Ref.
28, formula (1.17)] at the second order in 3: E,(QT)

= — &5(AB/ /m} ) fiw,. However, the first-order perturba-
tionenergy E, = & (#2/mew}) is the same according to SED
and quantum theory, but it must be pointed out that this
result is not very specific’®: whatever the damping force and
the spectral density of the fluctuating force [provided they
imply an integrable stationary density P,(x) for the unper-
turbed harmonic oscillator], the first-order correction to the
energy is given by’

E = f V(x)Py(x) dx,

and this coincides with the quantum expression, provided
P,(x) is the same Gaussian position density as in quantum
theory (this is actually the case for SED).

1Il. THE ABSORPTION COEFFICIENT

Knowing W,(E ), we may apply the Kubo linear re-
sponse theory>? in order to study the energy absorption of
the anharmonic oscillator in the stationary state from an
external electromagnetic field.

For a multiperiodic system in SED the absorption coef-
ficient {ratio of the absorbed power to the incident power)
a(w) may be obtained in the form of a series over all
harmonics.™

In the one-dimensional case the system is simply peri-
odic, and this coefficient is given by
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3 *® ©
alw) = — (_2—77’)_(032[ dE %ﬁgwﬂxn '25((1) —nw'(E))
_ (27T) GE dE
- +Bloe S mrgrgm|

for w>»0, where we have used (6). In this expression [ ]
means that we take the energy which corresponds to
o' =w/n.

In our case, namely an even potential for which the
fundamental frequency ' has a minimum value w,, (corre-
sponding to E = 0), only a finite number of odd terms con-
tribute to a{w). Furthermore, we can restrict ourselves to just
one term, because a{w) is not negligible only for frequencies
very close to (2n + 1w,

The essential point is that, for frequencies such that
@ — wo>(AB /maw), WolE () <(1/A)\#B /mag Y ¥ p>0,
whereas G £ /G ££,dE /dw, and |x, |* are bounded by powers
of 3.

In order to prove this property, we consider first
dE /dw,whichisgivenbydE /do = — (2m/w”) (dT /dE) "
From (11) we have

' =w/n

_d_T. ﬂi_‘ﬁ‘_____K B ](1+4y)-l/4_ (28)
dE dk dE  1+4ym
Then, using in (28)
dk 1 B a2
—=———(l 4+ 4y
dE 2k ma)g( + )
and
K_E K
dk  kk? k

(Ref. 27, Chap. 6 Sec. 3), where E is the complete elliptic
integral of the second kind, we obtain

ar _ 43[(1+4y}‘”2( E _K)
dE  ma} 2%k \kk?  k

— k1 ap
29

but using in (29) K>7/2 and E<7/2 (Ref. 27, Chap. 6, Sec.
3), we have

A (30)
dE mw, k'

and then dw/dE>0 and using @>w,, and (30),
9E 7901 (1 4+ 4], (31)
do B

On the other hand, we have from (18) and (19)
G * /G ¥ (2/#iw,) and

-

2w/ 2
|x, |2 = ‘ij exp( — i@0n)x(0) d6 | <|X . |*
T Jo
— 1+ (1447
Therefore, we have shown that G * /G **, |x,|*, anddE /dw
are bounded by powers of 3. Q.E.D. Now, from (14} we may

obtain E as a function of w:
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Ew=2 mas “’———“’"[1 + —2—3-—(“’———~ w")

3 B Wy 12 Wy

B o((5)) o

This inverse function E (w) = (1/8 Jy(w) is analytic around @,
with a convergence radius independent of 8. Then, for 8
small enough, it will be analytic for frequencies such that
(@ — wol/w,| S (BB /mwy)' ~ ¢, for some ¢ between O and 1.
In this region, we have from expression (32)

E /#w, S (AB /mw}) ~ <, and therefore, using the monotonous
increasing character of E as a function of w, for w such that
(@ — wo/wy 2 (B /mag)' ~ <, we shall have E /#iw,

2 (AB /m w})~ “.Now, from the monotonous decreasing
character of W,(E ) we obtain for this range of energies

e %) 5
fi maw} mawy) fi

Vp>0. Thus we have achieved the proof that W(E (w)) is
much smaller than any positive power of 8 for frequencies w
such that @ — w,>#AB /maw}.

Therefore, only for frequencies @ = (2n + 1w’ such
that 0’ >w, and (0’ — 0,)/0, S (AB /mw]), the terms in (27)
are not negligible, and the contribution to this range of fre-
quencies may come only from the term

["XZn 1 |2iE“ 'd£

G do'
of the sum (27). Then the first absorption line of the spectrum
(frequencies very close to w,) is given by

,G* dE

o ZJW] 3 (33)
Using (21), (22), (32), and |x,|* obtained from {15) and (17) as
a function of y, we obtain for frequencies w>w, such that
(@ — wo)/w,<(AB /m ©)*"*, the following expression for
a,(w):

()]
0 =w/(2n + 1)

a,lw) = +8_—e( [‘ Xy

79
Tag

128 7 ‘ma,’e

)=

NA[1—+-—-——A+

_ 3454° 3384° 578 54°

9 B A I TR E

X exp[ - i éé—],
3 B
where § = mowj/fiand 4 = (@ — w,)/ v,
The maximum of this first absorption line, namely
@, = 0, + B /mo}, does not coincide (already to first or-
der in ) with the frequency of the first quantum transition
[Ref. 28, formula (1.17)]:

(34)

3 ph

mal’

o,(QT) = v, +

The power (denoted 7, ) absorbed from the background
field of SED in the frequency range corresponding to this
first absorption line is given (up to terms of order %) by the
expression
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oy + A
= atwblo)do

o

_ﬁ(o;‘,el[l L9 BA_ 561/ Bh ) ]
"~ 3mc’ 4 mo) 512 \mo}

(35)
where plw) = (3/47).7, () = (#/27°c*)w” is the spectral

energy density of the random field (see, e.g., Ref. 3, Sec. 3.A).
The contribution of the range of frequencies

3wo>w R w1l + (AB/mwj)' ~1(0<c<1)tol, is negligi-

ble, because the integrand may be bounded, as we have

shown above, by a power of 3 times a term coming from the

probability density, which is given (due to the monotonous

increasing character of W [E ()] as a function of w) by

M,(E)S—l—exp[ —‘2< U2 ) C]<(—ﬁ—/3—)u,
fur may mwy) #

Xexp[ —

3P = 3w, +

for A>w (A8 /ma}), and taking 4 € (#B /mo})?'?, we may
use (34) for getting (35).
contradiction with the experimental result of the existence of
sharp transition frequencies (spectral lines), whose linewidth
really appears nontrivial, in the framework of a classical sto-
chastic theory such as SED, to account for sharp spectral
In a similar way, we obtain the absorption coefficient
for frequencies close to 3w, (second *‘absorption line”):
a0y = + Te w G” do
877> mwgezN(a, — 3w(,)\
1l
3 B\ 3w, '
(36)
The maximum of this second line is again not the same as the
8 mw}
absorbed power for the second line I, is given by
3, + A ﬁa):‘ eZ 2
1, =J‘ a |wplo) do = — [ 729 ( BA ) ].(37)
. ;
We then develop the same kind of argument as for Eq.
(35), and we find again a width of order /3 for this second line,
Finally, we may obtain the total absorbed power I, through
order 37 from the contributions (35) and (37) of the first two
to I, is, at least of order 3%, due to the fact that
X2, + 1 |> = O(?) |%5, _|% Therefore, by adding I, and
Fwl e’ 2
[ =" 1+9ﬂﬁ+81{ﬁﬁ). (38)
256 \mw}

V p>0. Therefore, the integral practically reaches its limit
Consequently, the linewidth is of order 3, which is in
is not related with 3. This result supports the view that it
lines.
87T - 2 G dE
[
o = /3
81 B 3w,
one in quantum theory [Ref. 28, formula (1.17)]:
4 me?
Proceeding as we did for the first line, we find that the
3w, ’ 3mC‘ 512 \m(l)é
because the integral in (37) converges for A 3w (A3 /mwy).
absorption lines, because the contribution of the other lines
I, , we get (up to terms of order 3%)
3c* 4 mw}
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IV. ENERGY EMISSION AND THE PROBLEM OF
“RADIATION BALANCE” IN SED

Thus far we have studied the absorption of energy.
Now, in order to see whether the radiation balance at each
frequency is satisfied or not for the anharmonic oscillator in
SED, we calculate the emission of energy at each frequency.

From the total averaged emitted power,

_(RF,) =f ‘dE 2m 4
[0

WWE)S —(nw)'lx,|?, (39
) >Ilzo3€ (no)*lx, %, (39)
where F, = (2¢?/3c%)¥ is the damping force, we may obtain
the emitted power at a frequency w0 as given by

8me’ |, & [ LdE
I (w) = ——w
0 =220 5 [, 22

"

WE | (40)

W = e/n

(see Ref. 31, Sec. 16 for the calculation of the total emitted
power corresponding to one orbit). It should be noticed that,
in order to get the correct result, given by (39}, the halved
sum (over positive frequencies), appearing in expressions (43),
(44), and (46) of Ref. 31, Sec. 16, must be multiplied by 2
instead of being divided by 2. Moreover, in Van Vleck’s
work,"' the symbol w is used as a frequency, not as an angu-
lar frequency: 27w (Van Vleck) = o {present work).

In the same way as we did for a(w), it may be shown that
only for frequencies very close to (27 + 1)w, the emission is
not negligible. Therefore, for frequencies close to w, (first
*‘absorption line”), we have

8 ,dE
1) =T [r x| —-—%(E)]

3c ’

64 mw()e N [ 17 881  ,
=— 2 No'A|l+—4+—A4°

27 B’ 144
34840 33 5A3+ 578 54 °

9 B 2 p? 81 pB?
Xexp[ -ié—é] (41)

3 B

We note that there is not radiation balance at each fre-
quency; the emitted power /, (») and the absorbed power
I, () = a,(w)p(w) [see (34)] are not the same at each frequen-
cy. In actual fact,for 4 = (0 — wo)/wy = O (A8 /ma}), 1, (@)

— 1, (@)= O [(e*fi/m*w,)B .

For the second absorption line (frequencies close to

3w,), we have

wma)(j)ei2 wa(w — 3w())‘exp[ . ﬁ(a} — 30)0)]
¢ 3w, B 3wy
(42)

and therefore the radiation balance is again not satisfied for
a)—3a)(,=0(ﬁ/3 )’
30)0 ma)é
0( e;ﬁ /3,).
miw,

I, (0)=2I, () =
These results show that the quartic anharmonic oscilla-
tor in the random field of SED absorbs energy at the frequen-
cies close to 3w, and radiates energy at the frequencies close
1o wy,.
Following the same kind of argument developed for get-
ting a, and J, [Egs. (35) and (37)] (the required integration

1, (@)=

I, (@) —
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interval is of the same order of magnitude) we get the total
emitted power for the two first lines:

ﬁwl 2
1(,‘=—°f‘—[1+3 pA 8l ([j’ﬁ)z]’
3Imc 4 mad 512 \mo?
ﬁa)3e2 2
T 243//3ﬁ)J_ @3)
© 3me | 512 \me)

We recover the conservation of energy
I, +1, =1, +1,,throughorder 3° The amount of ener-
gy flowing towards the oscillator at frequencies close to 3w,
exactly balances that flowing away at frequencies close to w,,
as it should be, since the total energy balance must obviously
be satisfied as soon as the system is in its stationary state.
The quartic anharmonic oscillator is then not in radia-
tive equilibrium with the zero-point radiation of SED.
Moreover, this system is in equilibrium only with the
Rayleigh—Jeans spectrum. Using a general spectral density
., (w) we obtain, for frequencies close to w, to order 37,
from expressions (20), (33) and (40),
,dE
w2, 225

L o)~ I, ()= 3 W]

9 afo_ /,,(3(0))]
X[ 256" ( Y S

Therefore, in order to have radiation balance for this
first line we must impose ., (3w)/. . (@) — 9 =0 and
hence .¥ , (@) = constw?, which is the Rayleigh-Jeans law.
In order to get this result, it is enough to assume that % . (w)
is twice continuously differentiable. Indeed, by differentiat-
ing twice the relation %, (3w) = 9.7, (w), we get
K% (3w) = 7 (w). Then, by using a sequence of frequencies
{w/3"}, with n = 1,2,..., we get w = 0 as an accumulation
point of this sequence of points for which 7/, (w) is constant.
Therefore, #}, (w) must be constant on a finite neighbor-
hood of @ = 0, and then we obtain by a suitable dilation
S » (@) = constw? for any w.

Note that the expression (44) is valid for any ., (o).
The only restriction is that W (E ) must be intergrable. In
order to insure this property it is sufficient that ., (w) be-
haves as a power of w for large frequencies, because in this
case we have always the result given by expression (24).

Using the Rayleigh—Jeans spectrum we may show that
the radiation balance is always satisfied for any one-dimen-
sional periodic system. Indeed, from (7) and (8), by using

S, (0) = Co*, wehave G,./Gy = 2rm/e*C and then from
(27) and (40)
87e’ , & dE
I -1 =—@° [ X, 2—W E ]
@) — L () 3 ngo %, | T olE) o

X(?TZC3 Gr 3¢ 1):0,
Gy 47

where we have used I, (0) = a(w)p(w) = a(w) (3C /47%)0*.
Therefore, the radiation balance at each frequency is
satisfied for any system for the Rayleigh—Jeans spectrum,
and only for it. This result is in agreement with the one ob-
tained by Boyer?? for a harmonic oscillator perturbed by a
cubic potential Bx>. In this case, however, it could be argued
that no strictly stationary distribution exists, since the poten-
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tial goes to — oo when x— — oo: thus the particle sooner or
later escapes to — o0, Over the potential barrier of finite
height 4 corresponding to the maximum of the potential
curve which lies on the negative half of the x axis. As a conse-
quence, there is only a quasistationary probability distribu-
tion (whose lifetime becomes longer and longer when the
cubic perturbing term Bx> goes to zero).

But no such objection is possible for the harmonic oscil-
lator perturbed by a quartic potential, since in that case the
problem admits in SED a genuine stationary density, as we
have proved in Sec. II B above.

V. CONCLUSIONS

We have found that the results for the anharmonic os-
cillator, concerning the mean energy and the maximum ab-
sorption frequencies, are in disagreement with the quantum
results as soon as 5 #0.

Moreover, independently of this disagreement with
quantum theory, the lack of radiation balance that we have
found in SED is a serious defect of the theory, since the ratio
of absorption and emission coefficients would not be the
same function of the frequency for the anharmonic and har-
monic oscillator and therefore Kirchhoff’s law would be vio-
lated in SED (by contrast this law is actually satisfied in
quantum theory??).

T. H. Boyer (Ref. 32a, Sec. VII; Ref. 32b, Sec. VI) con-
jectures that a relativistic mechanical system should leave
invariant the Lorentz-invariant spectrum of classical elec-
tromagnetic zero-point radiation appearing in SED. Then,
the Rayleigh—Jeans law found here as the only equilibrium
spectrum would be tied specifically to the nonrelativistic
character of the systems.

T. W. Marshall** suggests that the mechanical system is
in equilibrium in the zero-point field of SED, while the field
itself is not in equilibrium. The variables describing the me-
chanical system are “fast” ones with respect to those describ-
ing the field. Then the system realizes its stationary density
according to the nearly instantaneous value of the field. Such
a picture is perfectly reasonable, but it does not avoid the
difficulty concerning Kirchhoff’s law. Moreover, even if the
problems concerning the lack of radiation balance in SED
could be avoided, we would always be faced with the more
difficult problem posed by the well established experimental
evidence of the sharpness of spectral lines. It really appears
nontrivial, in the framework of a classical stochastic theory
such as SED, to account for these very sharp spectral lines.

These difficulties, together with the negative results for
the hydrogen atom in SED,'""' make us adopt, at the pre-
sent time, a very cautions opinion concerning the prospects
of “’simple” classical stochastic models in microphysics such
as SED. By the qualification simple, we mean specifically
that the stochastic field acts like a “thermostat”, i.e., its spec-
trum is independent of the mechanical system; but, as point-
ed out, e.g., by Van Kampen (Ref. 16, Introduction), such an
independence property is by no means triviai. Thus, less sim-
ple theories could be considered, for which the “effective”
spectrum of the stochastic force would be dependent on the
mechanical system upon which it is acting. In more physical
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terms, the reaction of the mechanical system upon the sto-
chastic medium surrounding it would not be negligible. Such
more general theories would be more involved, but at the
same time they could offer possibilities of explanation for a
wider class of physical properties and behaviors.

ACKNOWLEDGMENT

We acknowledge financial support from the Instituto
de Estudios Nucleares, Madrid.

'T. H. Boyer, Phys. Rev. D 11, 790 (1975).

2T. W. Marshall, Proc. R. Soc. London, Ser. A 276, 475 {1963).

3P. Claverie and S. Diner, Int. J. Quantum Chem. 12, Suppl. 1, 41 (1977).

“E. Santos, (a) Nuovo Cimento B 22, 201 (1974); (b) B 19, 57 (1974).

5G. N. Plass, Rev. Mod. Phys. 33, 37 (1961).

%(a) P. Claverie, L. de la Pefia-Auerbach, and S. Diner, “Stochastic electro-
dynamics of non-linear systems. II. Derivation of a reduced Fokker-
Planck in terms of relevant constants of motion” (to be published}; (b) P.
Claverie, in Dynamical Systems and Microphysics edited by A. Blaquiere,
F. Fer, and A. Marzollo, CISM courses and lectures No. 261 (Springer,
Berlin, 1980), p. 111; {c} P. Claverie, “Stochastic Electrodynamics versus
Quantum Theory: recent advances in the study of non-linear systems.”
[Contribution to the “Einstein Centennial Symposium on Fundamental
Physics” Bogota, 1979(in press)].

L. delaPeiia-Auerbach and A. M. Cetto, (a) Rev. Mex. Fis. 25, 1 (1976); (b}
J. Math. Phys. 20, 469 (1979).

8P. Julg, Folia Chimica Theoretica Latina 6, 99 {1978).

L. Pesquera, in Dynamical Systems and Microphysics, edited by A. Blaqui-
ére, F. Fer, and A. Marzollo, CISM courses and lectures No. 261 (Springer,
Berlin, 1980), p. 145.

'9P. Claverie, L. Pesquera, and F. Soto, Phys. Lett. A 80, 113 (1980).

''P, Claverie and F. Soto, J. Math. Phys. 23, 753 (1982).

IZM. Lax, Rev. Mod. Phys. 38, 541 (1966).

I3R. Z. Khas’minskii, Theory Prob. Appl. 11, 390 (1966).

G. C. Papanicolaou, Lect. Appl. Math. 16, 109 {1977).

'SR. L. Stratonovich, Conditional Markov Processes and Their Application
to the Theory of Optimal Control (American Elsevier, New York, 1968),
Chap. 1 [Russian original {Moscow University Press, Moscow, 1966)].

'SN. G. Van Kampen, Phys. Rep. (Phys. Lett. C) 24, 171 (1976).

'7L. de la Pefia-Auerbach and A. M. Cetto, J. Math. Phys. 18, 1612 (1977).

'8U. Frisch, in Probabilistic Methods in Applied Mathematics, edited by A.
T. Bharucha-Reid (Academic, New York, 1968), p. 75.

'*H. Haken, Rev. Mod. Phys. 47, 67 (1975).

29L. Pesquera, “Etude des Equations Différentielles Stochastiques non
Markoviennes et Application 4 I’Electrodynamique Stochastique.” Thése
(Doctorat de 3¢éme Cycle) (Paris, 1980).

*'{a) T. W. Marshall (unpublished work); (b} T. W. Marshall and P. Claverie,
J. Math. Phys. 21, 1819 (1980).

22R. Kubo, J. Phys. Soc. Jpn. 12, 570 (1957).

L. Pesquera and P. Claverie, “Derivation of Fokker-Planck equations
through response theory” (to be published).

*Y(a) H. Poincaré, Les Méthodes Nouvelles de la Mécanique Celeste (Paris
1892, 1893; Dover reprint, 1957); (b) M. Lindstedt, Mem. Acad. R. Sci. St.
Petersburg (Ser. 7) 31, 438 (1883); (c) M. N. Minorsky, Théorie des Oscilla-
tions (Gauthier-Villars, Paris, 1967).

?*(a) H. G. Helleman and E. W. Montroll, Physica 74, 22 (1974); (b) P. J.
Melvin, SIAM J. Appl. Math. 33, 161 (1977).

*E. T. Whittaker and G. N. Watson, 4 Course of Modern Analysis (Cam-
bridge U. P., Cambridge, 1969).

*'H. T. Davis, Introduction to non-Linear Differential and Integral Equa-
tions (Dover, New York, 1962).

*F. T. Hioe, Don Mac Millen, and E. W. Montroll, Phys. Rep. (Phys. Lett.
C) 43, 305 (1978).

2P, Claverie, “Perturbation of the harmonic oscillator in stochastic me-
chanics” (to be published).

L. Pesquera and P. Claverie 1321



°A. Denis, L. Pesquera, and P. Claverie, “Linear response of stochastic (1978).

muitiperiodic systems in stationary states with application to stochastic 3G. Nienhuis, Physica 66, 245 (1973).

electrodynamics” (submitted to Physica A). 34T. W. Marshall (a) in Dynamical Systems and Microphysics, edited by A.
*'J. H. Van Vleck, Phys. Rev. 24, 347 (1924). Blaquiére, F. Fer, and A. Marzollo, CISM courses and lectures No. 261
2T, H. Boyer, (a) Phys. Rev. D 13, 2832 (1976}; (b) Phys. Rev. A 18, 1228 (Springer, Berlin, 1980}, p. 135; (b) Physica A 104, 223 (1980}, Sec. 4.

1322 J. Math. Phys., Vol. 23, No. 7, July 1982 i.. Pesquera and P. Claverie 1322



Continued fraction theory of the rotating harmonic oscillator

Virendra Singh

Tata Institute of Fundamental Research, Bombay 400005, India

S. N. Biswas and K. Datta

Department of Physics & Astrophysics, University of Delhi, Delhi 110007, India
(Received 25 June 1980; accepted for publication 24 April 1981)

We study the rotating—vibrating system, consisting of the rotating harmonic oscillator, using the
analytic theory of continued fractions. We prove that there is a convergent continued fraction
representation of the Green’s function which is analytic in the complex coupling constant plane,
except for a cut along the negative real axis. The perturbation series for the Green’s function is
unambiguously defined by the continued fraction but diverges on account of an essential
singularity at the origin. An infinite but incomplete set of exact solutions for certain specific
values of the coupling follows from the representation of the Green’s function as a continued
fraction. Finally, we use Worpitzky’s theorem in continued fraction theory to show that in the
strong coupling limit @—0™ (& being the inverse of the coupling parameter), there exists a lower
bound to all energy eigenvalues for a given value of /, the orbital angular momentum.

PACS numbers: 03.65.Db, 02.30.Mv

1. INTRODUCTION

The rotating harmonic oscillator presents the simplest
model of a rotating-vibrating molecule. Langer' noted that
an exact solution for the bound state eigenvalue problem was
not possible; he showed, however, that eigensolutions for
which the reduced radial functions vanish both at the origin
and at large r exist. He also obtained the result that the corre-
sponding eigenvalues differ from integers by terms at most of
the order a|Ina|, a being the inverse of the coupling param-
eter assumed to satisfy O < @ €1. Subsequently, Froman and
Froman’ showed that the spectrum does not contain terms
such as a|lna|, whose presence would invalidate strong cou-
pling expansions, but only contains terms with integral pow-
ers of a. Using the phase integral method, they showed the
eigenvalues tobe of theformA = v + /({ + 1)a + -, wherev
is a positive integer and / the orbital angular momentum
quantum number. Recently, Flessas® obtained one class of
exact solutions of the problem: he suggested that there exists
a solution of the radial equation which is analytic in the
radial variable, provided thatA =/ + 1(/ #0). Fromaneral.*
have subsequently disproved this suggestion and obtained a
sequence of exact eigenfunctions for the s-wave problem.

In this note, we present a study of the system using the
analytic theory of continued fractions. The theory of contin-
ued fractions has been used earlier in the solution of several
types of quantum mechanical problems.>® In particular, the
methods we use have been applied to the study of certain
kinds of anharmonic oscillator systems.”'® We expand the
wave function in a power series multiplied by a suitably cho-
sen Gaussian and obtain for the coefficients of the power
series a three term contiguous difference equation. The solu-
tion of this difference equation is written in the form of an
infinite continued fraction. The continued fraction represen-
tation allows us to obtain the Green’s function, whose poles
are the energy eigenvalues. A suitable transformation allows
us to write the Green’s function as a Stieltjes S fraction. We
prove that this S fraction converges and that in the complex
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a=1/a planeitis analytic except for a cut along the negative
real axis. Further, the perturbation series in a diverges, the
divergence arising from a branch point singularity at ¢ = 0.
An infinite but incomplete sequence of exact solutions for
specific values of the coupling is obtained by terminating the
continued fraction for the Green’s function. These exact so-
lutions do not contain the eigenvalues A =/ + 1 suggested
by Flessas®; in this respect our results therefore confirm
those of Fréman et al.* Finally, we use Worpitzky’s theo-
rem'' in continued fraction theory to show that in the strong
coupling limit a—»0" there exists, for each given /, a lower
bound to the energy eigenvalues.

2. THE DIFFERENCE EQUATION AND THE GREEN'S
FUNCTION

In the notation of Ref. 1, we consider the radial Schro-
dinger equation for the reduced wave function,

d*F (/1+l (r—1) 1(l+1))

— + -2 — - F=0. (1
ar a 4a’ r W
ris the (dimensionless) radial variable, A the eigenvalue, / the
orbital quantum number, and a a coupling parameter: gen-
erally, one is interested in 0 < @ €1. We look for solutions
which vanish at » = 0 and = «; thus

F=r"exp[ — (u/2)r* —vrly. (2)
With
oc=1+1,
pw=1/2a, (3)
v= —1/2a,
and
xi=Sar @)

we obtain for the @, ’s the difference equation
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an + Wn+2142)a,,, +{n+1+ la,

+A-n—1la, =0 (5)
Defining

A, =aln + 1)n + 2] + 2),

B,=(n+1+1) (6)

C, = —n-—1),
we write the solution to {5) in the form

a, - Cn
= (7)
d, 1 _Ar7Cn+l
BN +
B + - An + 1 Cn +2
n+ 1

Noting from (5) that

ﬁ:-Mz__l_z__B& (8)
a, a2l + 2) 2a A,
we have
B -G
AU B]+ _AICI
Bz + .'.
Thus
0=B,+ —ZALC/;'—C-—. (9)
B, + 2
Bz + .‘.

We now apply an equivalence transformation and reduce
this to an S fraction. We introduce a sequence of objects
{a,} such that

anan+1AnCn+l = —1 (10)
so that (9) may be written as

1

0=Bya, + ]

Bgaz + .
We define the right hand side of this equation as the inverse
of the Green'’s function suitably normalized.

o A Glad) = ! oy

By, +

Ba, +

This is a Stieltjes fraction if

B a, >0. (12)
teratively one finds
11 g2 Fn+1) I'2l+2n+1)

Gt =T ran+2 @)
( ru) )21“(/1—[—271*1)
i+ n) ra—1
R
11 i

= —— ) (14)
ay a 20 + 24 —1—1)
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ay, = a2~ -2 21 (F(sz— 1))2
' Cn+ DE\ Fi+1)
rd—Il—2n+1

rA—I—1

() ) s

Introducing a new set of quantities &, such that
Blna2n = k2n ’
BZn+la2n+l :(l/a)k2n+l’ (16)

we obtain for the Green’s function G (a,4 }the continued frac-
tion representation

GlaAd)= , (17)

ky+ ———
T ko +

where a=:-1/a.

3. ANALYTICITY OF THE GREEN’S FUNCTION:
DIVERGENCE OF THE PERTURBATION SERIES

The representation of the Green’s function as a contin-
ued fraction in (17) enables, as in the case of the doubly an-
harmonic oscillator, the use of analytic continued fraction
theory to study the analytic structure of the Green’s function
in the coupling constant plane. From (13), (14}, (15), and (6) it
may be seen that it is possible to choose a,, such that all the
k, (except, at best, a finite number) are positive. Further,
using Stirling’s approximation, we find that 24, diverges.
We thus have!'?

Theorem I: G (a,A ) considered as a function of &=1/a
for fixed 4 is uniformly convergent over a finite closed do-
main of &, whose distance from the negative half of the real
axis is positive. Its value is an analytic function of @ for all &
not on the negative half of the real axis.

Next, we rewrite (17) in the form

% Glai) = ! 1 . (18)
k@ +
o L
Kk + -,
Introducing new quantitites d,, through
d, =1/k,_ .k, (19}
we write (17) in the form
koG (@A ) = ! . (20)
_ d(—a)
_ d —a)

1
1—

This is an alternative form of the Stieltjes .S fraction. From

this representation it follows that this S fraction can be ex-

panded in a power series in ( — a) and the series is unambigu-
ously defined by the S fraction.'® We write the power series
as

kiGlaAd)=Cy+ C\(—a)+ Cf — a)’ + . (21)
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The coefficients C, are all positive. This series may be re-
garded as the perturbation expansion of G (a,4 ) in powers of
a. To determine the convergence of this series, we note that
d, =1/k,_,k,— w0 as n—oo. Then from the theorem of
Stieltjes'* we have

Theorem I1: The perturbation series for G (@,4 } in pow-
ers of a is divergent, arising from an essential singularity at
a=0.

4. EXACT SOLUTIONS: CONSTRAINTS ON THE
COUPLING

An infinite sequence of exact energy eigenvalues for
particular values of the coupling may be obtained from the
continued fraction representation of the Green’s function.
From (7) we find thatif C, =0, C, _, #0, n = N (say), then
ay = 0. However, the difference equation (5) shows that
C, = a, = 0forn = Nrequires thata, , , = 0. Thus, all the
a, ,n>N vanish and the wavefunction reduces to a polyno-
mial (weighted with the usual Gaussian). These are the exact
polynomial solutions of the problem: the corresponding en-
ergy eigenvalues are given by

A=n+1 (22)

It must be emphasized that each of these exact energy eigen-
values corresponds to a specific value of the coupling . This
is most easily seen from (9). If C,, = 0,1.e, A =N+, we
must ensure that

— A,
—A,C2

.

0=Bo+
B, +

—Ay_2Cy_,

By , + (23)

N-—-1

Since A4 has been constrained to a specific value (viz. N + /)
this is an equation in the coupling a. Thus, e.g., A = + 2is
an exact eigenvalue only fora = 1/2(/ + 2);A =1 + 3 re-
quires a = (I + 2)(/ + 3)/2(4] + 9). The solution A =1 + 1
must be excluded since from (6) we see that B, = 0 cannot be
satisfied. We note that this set of exact solutions is incom-
plete: at each constrained value of a, there exists an infinity
of energy eigenvalues of which only one (for each value of /}
appears in (22). We note that the exact solutions obtained
here specifically exclude theset A =/ + 1 suggested by Fles-
sas’; further, the exact eigenvalues occur only for specific
values of @ and not for all @ > 0, as Flessas suggests. These
results, therefore, confirm the remarks of Froman er al.* re-
garding the validity of Flessas’ results.

5. LOWER BOUND ON THE EIGENVALUES IN THE
STRONG COUPLING LIMIT

We next show that in the strong coupling limit a—0~*
the eigenvalues A (@,/ ) are bounded from below. While a low-
er bound is to be expected on intuitive grounds and is reflect-
ed in the approximate results of Froman and Froman,? we
use the theory of continued fractions to obtain a rigorous
lower bound.

Consider the difference equation (5) in the form
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an+ 12l +n+2) (l—n—l)a

a, ., +a,+ a1 =0,
(n+141) n+l+1) 24
ie.,
F.a,, ,+a,—H,a, =0,
with
F,=an+ 1)n+21+2)/(n + I + 1),
H=n+1-A)/n+1+1). {25)
Then
1
Glad)= AR : (26)
1+ D
14
Define
b, ,=F,H, ., n=012.. (27)
Then
GlaA)= L A : (28)
1+ 2
1y 5
1+ .

A continued fraction of the form (28) with partial quotients
of the form b, /1 satisfies Worpitzky’s theorem, which is as
follows.

Let b,,b,- be functions of any variable over a domain
D in which

bpin|<h =12, (29)
Then the following statements hold.

(a) The continued fraction (28) converges uniformly
over D.

(b) The values of the continued fraction and its approxi-
mants are in the circular domain

lz —4l<3 (30)

(c) The constant } is the *‘best” upper bound on |b,, , , |
which may be used in (29), and (30) is the best domain of
values of the approximants.
Now, from (27) and (25),

by =F, H,

_aplp+2+)p+1-4)

e+ lp+I+ )
B alp+1)2p+201+2) p+1-2)

(p+l)p+1+41)
=2a(p+1-1) 31

Defining a=(/ — A1 ), we have

b, <2a(p+a)

Assume that @ >0, i.e., all the eigenvalues A are bounded
above by /. Then, since a > 0, (29) requires

2a(p +a) <},
ie.,
a<1/8(p+a)
Since p = 1,2,--- and a > 0, a sufficient condition for Wor-
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pitzky’s theorem to hold is that

a<}l, a>0. (32)

Worpitzky’s theorem now ensures that G (a,4 ) converges for
all @A such that (32} holds. Since the eigenvalues are poles of
G (a,A )andsincefora—0" G (a,4 )isconvergent foralld </,
we therefore conclude that all the eigenvalues A (a,/) are
bounded below by / as a—07. Indeed, (30) enables us to give
an upper bound for G (a,4 ) in the domain a <}, A < I:

Glad)<2. (33)

Thus, the orbital angular momentum / itself constitutes a
lower bound for all eigenvalues for a given / in the strong
coupling limit.
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Quantum mechanical spaces associated with geometries based on exceptional groups are of
interest as models for internal (quark) symmetries. Using the concept of a Jordan pair, two copies
of complex 3 X 3 octonionic Jordan algebras (.#% ) are shown to define a quantum mechanics over
the complex octonionic plane having &, ® % (1) as automorphism group. The unusual features of
this new quantal structure (neither a projective geometry, nor a lattice) are discussed.

PACS numbers: 03.65.Fd, 11.30.Ly

1. INTRODUCTION AND SUMMARY

The unusual nature of the hypothetical quark degrees of
freedom has been a strong incentive for the construction of
new quantum mechanical models in which these strange
properties are to appear naturally, and not as ad hoc arti-
facts. It has been stressed, both by Jordan' and more recently
by Dirac,? that the most fruitful way to attempt any general-
ization of the standard Hilbert space structure of quantum
mechanics lies in changing the basic algebraic structures; in
particular, Dirac expressed the view that nonassociative al-
gebraic systems still hold the most promise. Jordan formu-
lated quantum mechanics® in terms of commutative, but not
associative (finite-dimensional) algebras of observables (the
so-called Jordan algebras); Jordan, von Neumann, and
Wigner* showed that this approach is equivalent to (finite-
dimensional) standard quantum mechanics with the single
exception of .#%, the algebra of 3 X 3 Hermitian matrices
over octonions. It is a remarkable fact, emphasized by
Faulkner and Ferrar,’ that all notions of exceptionality in
algebra and in geometry are manifestations of one underlying
structure, that is, nonclassical Lie algebras; nonassociative
alternative algebras; nonspecial Jordan algebras; and non-
deSarguesian projective planes; are all related, in one way or
another, to the octonions (Cayley numbers).

Current interest in the use of octonionic structures was
initiated by Giirsey,® who noted that specializing one of the
seven nonscalar Cayley units (to play the role of the imagi-
nary unit) automatically achieves a rationale for SU(3)*°".
In particular, the five exceptional Lie groups exhibit a color-
flavor structure:

&, SUQ3)F, F,:SUB)XSUB3YK, #,:SU6)xSU3Y,
& SU(3) X SU3)XSUB)F, &4 & xSUB),

Giirsey emphasizes that nonassociativity may be con-
nected with the problem of confinement. The fact that the
distance function for non-deSarguesian geometries contains
a part directly due to nonassociativity is itself suggestive.
One merit of this approach is that it leads to a small number

of possible models, which can be tested against known re-
sults. In particular, &, and 7 , are eliminated (flavor group

*' Supported in part by the Department of Energy under Contract No. DE-
AC03-76SF00515, and partly by the NSF, Contract No. PHY8105333.

® Fellow of the Fondazioni A. Della Riccia-Firenze (Italia).

'On leave from Duke University, Durham, N. C. 27706.
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too small); &, seems viable, but & ; seems to be ruled out.”

The exceptional quantum mechanics, .# 3, was reinves-
tigated by Giinaydin, Piron, and Ruegg® and shown to ac-
cord with the standard propositional formulation, with a
unique probability function for the Moufang (non-deSargue-
sian) plane. The automorphism group of this structure is % ,,
and, as mentioned, the color-flavor structure is too small to
be acceptable.

The purpose of the present paper is to construct a quan-
tum mechanics for the complexified octonionic plane,
which, as we show, has the automorphism group & X U(1),
a group large enough to accommodate—as finite-dimension-
al quantum-mechanical charge spaces—a color-flavor struc-
ture which is not ruled out by current experimental evidence.
The construction makes essential use of recent technical ad-
vances in Jordan algebras, which we now sketch.

The Jordan algebraic approach attempted to capture
the essence of Hermitian matrix algebra (which character-
izes quantum mechanics) by eliminating all reference to the
underlying wavefunction concept, by focusing attention
only on the algebraic properties of observables, and by elimi-
nating the explicit use of the imaginary unit /. (This latter via
the “formally real axiom”: a* 4+ b2 = 0=>a = b = 0.) For
Hermitian matrices the operations of multiplication by real
scalars, x—ax; addition, (x + y); and formation of powers,
x", were all taken over, but the only allowed product is the
symmetric one: xy + yx (since the lack of / forbids
commutators).

The axioms for a Jordan algebra were taken to be (1)
xoy=ypox (commutativity) and (2) (x20y)ox = x?o( yox} (Jor-
dan axiom; nonassociativity). (The role of this second axiom
is exactly the same as the Jacobi axiom in Lie algebras; it
ensures that one has an integration process—the Jordan ana-
log to the Baker-Campbell-Hausdorff identity.)

It is remarkable that this technique—which, by con-
trast to the Dirac g-number approach, exchanges commuta-
tivity for noncommutativity and nonassociativity for asso-
ciativity—is essentially identical to standard quantum
mechanics. The one exception, .#'3, is the first known exam-
ple of a quantum mechanics for which there is no Hilbert
space, and no wavefunction.

Although the Jordan program began in physics, most of
the interest, and developments, in Jordan algebras have been
in mathematics; progress here has led to considerable change
in the basic viewpoints. We summarize two developments of
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this type:

(a) the concept of a quadratic Jordan algebra, and the
related concept of inner ideals; and

(b) the concept of structural group and Jordan pairs.

Consider the concept of quadratic Jordan algebra. The
idea here is to model everything on the product U, ( y)

= xyx—which is quadratic in x—rather than on the linear
Jordan product xop = i(xy + yx). The axioms for quadratic
Jordan algebras were given by McCrimmon.® (These axioms
are given in Sec. 2). These axioms appear complicated, and it
is not clear that they really constitute a step forward! We can
indicate that it is by noting these points:

(1) Nothing is lost—quadratic Jordan algebras are cate-
gorically equivalent to linear Jordan algebras whenever the
latter is defined (i.e., characteristic not 2).

(2) The quadratic algebra allows composition with the
“generalized determinant,” the norm form N ( y). Thus,
N(U,(y)) = (N (x))*N ( y). There is nothing analogous to this
in the linear case.

{3) There is a structure theory for the quadratic algebras
which is closely analogous to that for associative algebras.'®

Let us explain the significance of this last point. For a
physicist the Jordan aproach is unhandy largely because it
banishes the concept of wavefunction (more precisely, bra
and ket vectors) with only the density matrix remaining. In
mathematical language what has happened is this: the con-
cept of a ket vector is the concept of a (left) ideal, a subset N of
the associative algebra 4 such that nACNifnCN.Ina
nonassociative algebra there is no such concept. What re-
places it comes from the quadratic algebra: the concept of an
inner ideal. An inner ideal M is a subset of a quadratic alge-
bra J such that U, (J)CM if xCM. The importance of this
concept can be seen in this way: it is a fundamental result
that the projective geometry of the space of n-tuples over a
field @ is isomorphic to the geometry of left ideals in the
(associative) algebra of #n X n matrices over @; for nonasso-
ciative algebras, inner ideals play an equivalent role in the
construction of geometries.® It is our belief (noting the close
relationship between geometries and quantum mechanics)
that the concepts of quadratic Jordan algebras and inner
ideals will be useful in physics.

Let us turn to the second conceptual development: the
concept of a structural group (Koecher, Ref. 11) and Jordan
pairs (Loos, Ref. 12). The automorphisms of a given physical
structure are a well-known approach to the intrinsic proper-
ties of the structure. For an algebra, one studies the automor-
phisms which preserve the algebraic laws; accordingly, such
transformations always map the unit element into itself.

How could one change the unit element? If 4 has an
inverse, let us replace the product xy in an associative alge-
bra by xp<>xu~'y. The new unit element and its inverse are
easily computed: 1 =u, x = ' = ux"'u.

For associative algebras this new algebra 4 ™ jg, in fact,
isomorphic to 4 but, remarkably, for nonassociative alge-
bras this shift of the unit can produce a different algebra.
Such a new algebra is called an isotope, J “, of the original
algebra J..

The desire to study not only the Jordan algebra Jbut all
its isotopes as a single entity leads to the two concepts of
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structural group and of Jordan pair. The structural group,
Str(J), is the group of isomorphic mappings of a Jordan alge-

bra J and its isotopes onto itself: J “—J "~ The automor-

T
phism group Aut{J ) is the subset of such mappings fixing the
unit element.

The construction of quantum mechanics over a com-
plex octonionic plane was begun by Giirsey,'>'* but without
using the concepts of inner ideals or Jordan pairs. (Appendix
D discusses this work.) Let us indicate, briefly, how these
concepts afford a more natural approach.

The work of Jordan, von Neumann, and Wigner really
was categoric; within their axioms.#% is the only new quan-
tum mechanics. Thus to go further one must drop one (or
more) of their axioms: in the present case we drop the axiom
of formal reality. The price one pays for this (in a direct
approach, as in Ref. 13) is that the elements of the algebra
become complex octonionic 3 X 3 matrices, which are Her-
mitian under octonionic conjugation, but noz under complex
conjugation. This destroys at once the raisorn d’etre for the
Jordan approach, that is, the study of algebras of
observables.

The use of Jordan pairs nicely remedies this difficulty:
the pair consists of fwo complex .# % structures, and the con-
cept of observable becomes the concept of Hermitian pairs.

Similarly the use of Jordan pairs allows one to take over
the language of inner ideals and, equally importantly, the
concept of a Peirce decomposition. It is through this latter
concept (discussed in Sec. 4) that we are able to achieve, in a
natural way, an orthocomplementation for the complex oc-
tonionic plane.

The use of Jordan pairs has several other intuitive ad-
vantages. Let us mention that the pair concept makes intu-
itively clear the structure of the projectors, which we con-
struct for both points and lines. More importantly, the pair
concept makes it clear why both nilpotents as well as idempo-
tents of complex .#'} are to be associated to points (both lead
to idempotents of the pair). The association of nilpotents to
quantal propositions is a new feature of the present
structure.

As is to be expected, there are some unusual features of
the quantum mechanics constructed for the complex octon-
ionic plane. All these new features are, in one way or an-
other, related to the existence of point spaces of dimension
> 1, (in Sec. 5). There is a new relation in the geometry (see
Sec. 4), called “connectedness” (by Springer, Ref. 15). The
resulting geometry is no longer projective: two lines may
intersect in more than one point. (If so, the two or more
points of the intersection are then “‘connected” points.)

As a result of this new feature, the quantal structure
must differ from the standard (propositional calculus) for-
mulation: the only axiom which is dropped is the (lattice)
axiom asserting the existence of a greatest lower bound for
any two propositions. This axiom, as is well-known, is the
axiom least justified experimentally, since it is nonconstruc-
tive. It is the merit of the present construction that it pro-
vides a model in which this axiom is denied in a natural way.

The lack of a lattice structure affects also the definition
of “state,” forcing us to define a “‘measure” with unusual
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properties. Let us note, however, that this measure coincides
with the unique probability function (defined by Giinaydin,
Piron, and Ruegg, Ref. 8, on the Moufang plane) when re-
stricted to the real octonionic case. Moreover, when restrict-
ed to the purely complex case, the measure coincides with
the usual modulus (squared) of complex three-dimensional
Hilbert space quantum mechanics. [This is to be distin-
guished from the specialization of the Moufang plane itself
(taking, say, e, as the complex unit) since, among other
things, the pair structure is retained.]

The automorphism group of this quantum mechanics is
& 60 ® % (1), which plays a role analogous to that of # , , for
the Moufang plane (see Sec. 2 for notation on groups). The
automorphism group &, ® U(1) preserves the trace
tr(x,x*), is transitive on points, and transitive on triples of
orthogonal points. The group action can, however, only par-
tially diagonalize the observables, leading to an unusual
spectral theory. We show (in Appendix B) that the isotropy
group of a point is SO(10) & U(1), so that this complex octon-
ionic plane is the homogeneous space & ¢, /SO(10) & U(1).

One of the advantages of the complexification is that we
now recover the standard Wigner relation in which infinites-
imal symmetry generators are directly related to observa-
bles. (This is lost in .# % .) Similarly, time reversal can now be
implemented.

All of the unusual features of the present structure have
closely analogous features in the theory of reducible lattices.
In the present model, for example, the superposition princi-
ple is not unrestrictedly valid. This is true also for reducible
lattices, where there are superselection rules, but unlike re-
ducible lattices (where there may be no superposition for two
states) in our case, the failure (for two connected ponts) oc-
curs because there are too many states (superposition is not
uniquely defined). If one views reducible lattices as a struc-
ture between classical mechanics and standard quantum me-
chanics, in some sense the present structure lies on the oppo-
site side of quantum mechanics.

It would be an interesting problem, we feel, to find some
kind of physical understanding of the role of the connected
points which are responsible for all the unusual features of
this quantum mechanics.

2. THE MATHEMATICAL FRAMEWORK

We introduce here briefly the concepts which form the
background needed for the understanding of our construc-
tion. (We assume the reader to be familiar with the theory of
Lie groups.) Let us refer to the following review articles on
the more recent developments in Jordan algebras: Refs. 16~
19.

The first important step in the theory came with the
definition of quadratic Jordan algebras. A quadratic®!” Jor-
dan algebra J is based on a quadratic map U yielding U, y
quadratic in x and linear in y satisfying:

Q1) U, =Id,
Q2 U.¥,.=V,,U.,
(Q3) Uy,=U0U,
where V, (z2) =(U,,, — U, — U,)( y) and I is the unit in J.

1329 J. Math. Phys., Vol. 23, No. 7, July 1982

In the associative case (U, y = xyx) the theories of qua-
dratic and linear Jordan algebras are equivalent (if the char-
acteristic of the field is different from 2), but the theory of
quadratic Jordan algebras leads naturally to the definition of
new objects, of which the best example is the definition of
inner ideal.'® An inner ideal 4 is a subspace of J closed
under the map U:

U,JCAB.

This new concept is very useful in the definition of geome-
tries which can be entirely based on inner ideals.?’ Once the
geometrical objects are identified with inner ideals the inci-
dence relation is automatically given by set containment.
Actually the geometrical objects are better identified with
the principal inner ideals, that is, the inner ideals & generat-
ed by a single element b in J:

UbJ=g.

The principal inner ideal plays the same role, in quadratic
Jordan algebra, as that of the (one-sided) ideal in the associ-
ative case. (We have noted above that one-sided ideals are
just the bras (or kets) in the standard theory of quantum
mechanics.) Another important property which arises natu-
rally in the quadratic formulation of Jordan algebra is the
composition property with respect to the generic
determinant'®

N(U(y) = (NXPN(y)

This has no analog in the linear case.

A further important concept is the definition of isotope.
If v is an invertible element of J then we can define U"”
= U, U, for every x in J. The algebra J with quadratic map
U “is a quadratic Jordan algebra with unit v ™', called the v-
isotope J ' of J. Two algebras are called isotopic if there exist
an isomorphism between one of them and an isotope of the
other. Because two isotopic Jordan algebras need not be iso-
morphic, isotopism is more general than isomorphism, and
oneis led to the concept of structural group, Str{J ), the group
of isomorphisms of J with its isotopes. The automorphism
group of J is therefore the subgroup of Str J preserving the
unit. Many properties of a Jordan algebra can be found most
easily by working in a particular isotope, but at the same
time there are properties which may hold only up to isotopy.
The concept of Jordan pair was introduced to define a larger
structure which included a Jordan algebra along with all of
its isotopes.

Before defining the Jordan pair let us define the prior
concept of Jordan triples. A Jordan triple is a quadratic Jor-
dan algebra without the unit element. The axioms are

(T1) ¥V, U, =UV

x7 yx9
(JTZ) VU, »y = Vx,ny’
0T3) U, ,=U,U,U,.

[Just as Jordan algebras may be considered as (a generaliza-
tion of) a way to multiply symmetric matrices, so may the
Jordan triple structure be viewed as (a generalization of) a
way to multiply rectangular matrices with U, y = xy'x,
where ¢ indicates transposition.]

A Jordan pair ¥ = (V' *, ¥ 7} is a pair of spaces which
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act on each other as a Jordan triple. The axioms are

(JPI) Vx*.y‘ Ux* = Ux* Vy“,x*' ]
(JPZ) VUx’y‘,y‘ = Vx*,fo*r
UP3) U, , =U.U,-U,.,

the same holding with the signs interchanged. For example,
we can form a Jordan pair by taking ¥ * as the set of matrices
mxn, V'~ as the set of matrices n X m and U, y = xyx. We
can also get a Jordan pair by doubling a Jordan algebra. That
is,wecantake ¥ * = V'~ = Jand the same quadratic map U
defined on J.

A homomorphism between two Jordan pairs ¥, Wis a
pair of linear maps h = (h _,h_), h,: V°—-W’ 0= + such
that h,(U,.y =) = U, coth_,y~°).

If Jis a Jordan algebra and ¥V = (J,J ) is the Jordan pair
obtained by doubling J, then there exists a one-to-one corre-
spondence between the structural group of J, Str J, and the
automorphism group of ¥, Aut(¥). If geStr J, then associat-
ed to it is the element (g, U ;;g) in Aut(¥V). (Thus, as noted, a
Jordan pair includes J and its isotopes.)

In a Jordan pair it is possible to define idempotents and
inner ideals. The idempotents of ¥ = (J,J ) include the nilpo-
tents of J {a nilpotent of J becomes an idempotent in a suit-
able isotope) and it is possible to define the Peirce decompo-
sition'? with respect to an idempotent of ¥ in a way similar to
that of the Jordan case. It follows that nilpotents and idem-
potents of J are treated in a uniform way in the Jordan pair
(/,J ). Inner ideals can also be defined and related to the
Peirce decomposition. (We shall define and use these con-
cepts in the next sections.)

Jordan pairs are strictly related to three-graded Lie al-
gebras. Any three-graded Lie algebraL =L, @ Ly® L _,
([L;, L,]CL,, ;) can be obtained from a Jordan pair'® and,

i

conversely, a Jordan pair can be obtained from L by setting

L=V, L =V, V.., z"-=[Ix",y"]z"}
The map U is then obtained by

Uy =4, ,-x+.

We shall examine in the sequel two different examples
of Jordan pairs. The first—a didactical example to give the
physicist reader some familiarity (and confidence} in the Jor-
dan pair approach—is obtained from the three-grading of
the complex Lie algebra 4,. We shall show that it is pairing
of a triple system, and associated with 2 1 and 1 X 2 rectan-
gular matrices.

The second example—the principal object of the pa-
per—is obtained from the three-grading of the (complex) Lie
algebra E, and is the pairing of a complex .#%. The three-

grading of E, coincides with the Tits—Koecher construction
of the superstructural algebra®'**:

K=J+StrIJ)+J* (133=27+79+27)

for the case in which J is a complex .#3, a 27-dimensional
representation of the exceptional Lie group & ; J * is the
conjugate representation of & ; and Str /(J) is the complex
Lie algebra of the structural group of J, E, @ C. From the
discussion above, & ® Cis therefore isomorphic to the auto-
morphism group of the Jordan pair (J,J). We note that &,
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defined as the group preserving the generic determinant'® of
J; note also, for completeness, that the automorphism group
of (complex) J is the exceptional Lie group .# ,, generated by
the (complex) Lie algebra F,.

Remark on notation: We shall use in the sequel the
Freudenthal notation® for the real forms of the Lie algebra
H of type G, F,, E¢, E,. When no further index, other than
the one specifying the rank of the group is written for H, it is
meant that H is complex. The compact real form of H is
denoted by H, , (i.e., E¢q, Fyo,). The group H,, has a sig-
nature {the Cartan index) equal to minus the number of gen-
erators of H. For the noncompact real forms the signature
must be specified (say, in Freudenthal’s notation) to be
meaningful.

In the sequel the Lie group associated with a certain Lie
algebra will be denoted by the same, but script, letter.

3. AN INTRUCTIVE EXAMPLE FOR THE JORDAN PAIR
STRUCTURE

As an example of a three-graded Lie algebra yielding a
Jordan pair structure, we consider the (complex) Lie algebra
A,. We want to build a geometric structure on the generated
pair and give to it a quantum mechanical meaning. We shall
proceed along exactly the same lines we shall follow in the
construction of a quantum mechanics for the Jordan pair
v, J).

Consider then the Lie algebra of 4,.

Hp

This is a three-graded Lie algebra with the
identifications

L, = subalgebra generated by E,E_,,
L _, = subalgebra generated by E_ ,E,,
L, = subalgebra generated by £ , ;,H ,H,.
We want to show that (L ,L _ ) is indeed a Jordan pair. Let us
calculate U, y = }[[x,y],x], where x = 1,E, + 1L,E_5;
y=mE_ + pk,
One finds
Uy =14 i [[EGE_ LE] + 4 JudllE _2.E1E 5)
+ A A [LELE_\LLE_,] + A4, [ [E_ B E|]
+ A A o[ [ELE)E 1 + A A [ LE_E_LE].

Recall that (with conventional normalization) these double
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commutators are, in the order in which they occur above,
{EJE GiE jIELE;and E_ Thus (after some
algebra),
Uy = YA, 1y + A, o)A E) + A,E_p) = x7y%x = (tr xp)x,
where

X =A V6 =p/VE

{(with @ = 1,2) are the “components” of x,p.
Linearizing this expression we get

Vx,yz E(Ux+z - Ux - Uz)y
= (x* + Z°Px + 2} — xYx — 2%z
= x%%z + Z%%x.

Remark: Note that these forms for U, and ¥V, , are the
same as one would get considering the pair obtained by dou-
bling the triple system of rectangular matrices 1 X2,2X 1.1t
is thus obvious that (¥ *,¥ ~)is the pairing of a Jordan triple
system.

Tt is easy to check that the Jordan pair axioms JP1-JP3
are satisfied.

To have a concrete example of the transformation U,
consider the three-dimensional representation of 4,. One
finds

0 0 X' 0 0 O
x=|0 0 x*|, y=|0 0 O
6 0 0 Lo g

It is easily verified that §[[x,y].x] (=U,y)
=xpx = (x'y' + X%’ )x = (tr xp)x.

We want now to give a quantum mechanical meaning to
the Jordan pair (F*,V ~)=V. To do so, consider first the
idempotents of V. They are given by the conditions U, y = x,
U,x =y withxeV' ™, ye¥ ~. Since we have determined that
U,y = tr{xyix, and U, x = tr{xy}y, we find that the idempo-
tents of (V' ™,V 7) are just the elements (x,y) such that
trixy) = 1.

To interpret the idempotents as quantal objects we im-
pose the normalization condition

trixx*} = tr(yy*) = 1,
where the asterisk denotes complex conjugation.

The interpretation of these idempotents is immediate if
we think of x and y as two-dimensional complex vectors, one
in the dual space of the other. Then tr{xy) is just the scalar
product of x and y*. The normalization condition implies

|tr(xy)| <1 for any two vectors in C?, with the equality hold-
ing if and only if x = €*y*. In particular if tr(xy) = 1 it fol-
lows that y = x*. The objects: (i) idempotent, normalized
pair (x,y) and (ii} the projector |a) {(a| of ordinary quantum
mechanics, are thus all analogous.

In order to define the transition probability let us define
the mapping Q: V—End(V) as

Q(x,,y,) (x2’y2) = (Ux, Uy‘xbUy, Ux,yi)’
and introduce the notation P =(x,y) if (x,y) is a normalized
idempotent. Call P orthogonal to P’ (denoted by P1 P’) if

tr(QpP’) = 0.

We are now in a position to define the states of the
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system. The state a,, associated to the idempotent P = (x,y)is
defined as the probability function

a,(P)=trQ,P’,
where P’ = (x',y') is another normalized idempotent.
We now verify that a,, is a state, that is
(1) O<a,(P')<],
2) a,P)=1,
(3) a,lPP)=a,P)+a,P) HPLP,

Proof (W t(U, U x', U, U,y
= tr(x'Y)tr(xy’) = y*x'xBy? = x**x"%xFx"P * = z2* >0,
where z=x**x'*eC. The fact that @, (P’)<1 follows from the
interpretation of tr(xy) as the scalar product of normalized
vectors..

2)t(U U x,U, U, p) = te(xy) = L.

(3) We are obviously considering a “projective” com-
plex line, hence the union of two orthogonal points must be
defined as the line itself. So a,(P,uP,) = 1. On the rhs of
condition (3) @, (P,) = |tr y,x|* and a,(P,) = |tr y,x|* hence
we have the sum of the squared moduli of the components of
x, which is (by assumption) equal to 1. Q

Consider now the set of transformations in .Z , the Lie
group corresponding to the Lie algebra L, which maps
points into points. Notice first that .7 is isomorphic to
GL{2,C) and that for g, in .Z, g, is given by the condition

tr(g ., (x).g _ () = tr(x.p).
Interpreting tr(x,y) as the scalar product in C? of x with y* it
is easy to check that

g_= {gl+ )_ !’
where ¢ indicates the transpose.

In order to have a mapping g from points into points we
must have

&lxx*)—olg, (xhig, (x)*)=lg , (x)g _(x*).

We thus get the condition
g-Ix*) = (g (x))*

that is g, =g ' where t indicates the transposed conju-
gate. We have therefore proven that the subgroup of the au-
tomorphism group of the Jordan pair, mapping points into
points is U(2). The action of U(2) on the points is obviously
transitive.

The observables will then be the (Hermitian) generators
of U(2), i.e., they can be represented by the linear combina-
tions of the Pauli matrices and the identity matrix. The ac-

tion of an observable H on the idempotent (and normalized)
elements of ¥ will be

H (x,y) = (Hx,Hy)

with the trace tr{x,Hy) = tr{Hx,p) easily interpretable as the
expectation of A in the “state” {x,y).

This example is, of course, much too simple to be of
intrinsic interest, but it does provide a useful guide to the
manipulations which follow for which there is no longer any
possible underlying associative structure.
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4. THE GEOMETRY OF THE COMPLEX OCTONIONIC
PLANE
4.1. Some definitions and notations

We consider the Jordan Pair obtained by doubling the
Jordan algebra J of the 3 X 3 Hermitian matrices over the
complex octonions. The Hermiticity is considered only with
respect to the octonionic conjugation and the Jordan pro-
duct is the symmetrized product

xy = i(xy + px)

and xy the ordinary matrix product of x and y. The quadratic
and trilinear operators defining the pair structure are

for x,yeJ (1.1)

Uy~ =trx%p~ "l — x7¥ Xy, (1.2)
an’y,az"z (Ux”+z” - Ux” - Uz”)y—a’ (13)

where o = + distinguishes the two copies of J. In some
cases we use the notation ¥ = (V' *,V ~) for the pair (J, J ).
We have, furthermore, the following definitions and
notations:
trix,y) = tr(x-y), (1.4)
x# = x* — x tr(x) — Utr(x?) — (tr x)?), (1.5)
XXy =(x+p)* —x% —y*
=2xp — x tr(y) — y tr{x)
— I{tr(x-y) — tr(x)tr( y)), (1.6)
where [ is the identity in J.
The following identities hold* in J:
x? —tr{x)x? + Q(x)x — N (x)I =0, (1.7)

tr(x),Q (x), NV (x) are complex numbers. If x is in the form

a, a b .
! a,€C i =1,2,3,
x=|la a ¢ |} . (1.8)
_ a,b,c octonions,
b T a

where the bar is the octonionic conjugation,
trix) =a, + a, + a,, (1.9)
Q(x) =a\a; + a,a; + asa, — nla) — n(b) — nic)
= Jf(tr(x))* — tr(x?)],
N (x) = a,a,a; — an(c) — anlb) — asnla) + t(abc)
= 3[(tr(x))® — 3 tr(x)tr(x?) + 2 tr(x?)],
where n(a) = aa is the norm of the octonion a and

t(a) = a + a is its trace.
We shall make use of the following identities® of J:

(1.10)

(1.11)

x## = N(x)x, (1.12)
I* =1, (1.13)
IXy=tr(yd —y, (1.14)
(U)* = U_.y*, (1.15)
N{x#) = N(xP, (1.16)
tr{x,p) = tr(x)tr( y) — tr(x Xp), (1.17)
tr(x X y,z) = tr{x,p X z), (1.18)
x#F X (xXy) = N (x)y + tr{x® y)x, (1.19)
x# X y* + (xXp)* = tr( y¥F x)x + tr(xF p)y. (1.20)

The quadratic and trilinear operators (1.2) and (1.3) satisfy
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the following properties, which define the Jordan Pair
structure:

Vi, o Up=UoV, o (1.21)

x%y "
Voproys =V (1.22)
Uy, «=UoU, U, (1.23)
We have, moreover, the following identities's:
U,y =2xp)x — x*p, (1.24)
Wz =(xy)z + (zy)x — (x-2)p. (1.25)

Whenever it will not generate confusion we shall drop the
symbolo = +.

Throughout this section the asterisk will denote the
complex conjugation of a matrix, as well as a number. We
shallcall rank Ielementany elementx of Jsuch thatx® = 0.

4.2. The idempotents of V
An element (x,y) of ¥ = (J, J) is an idempotent if
Uy=x and Ux=y. (2.1)

We can classify the idempotents of ¥ by considering the first
element, x, of the pair; we may have one of the following
cases:

i) x¥=0,

(i) x#*#£0, N(x)=0,

(iii) N (x)#0. (2.2)
In case (i) it follows from (1.16) that ¥ (x) = 0, which shows

that (2.2) covers all the possible cases. It is a well-known
result®® that in case (i) we can have

either (i) x*=Ax, A #0, or equivalently;
x = Au for u a primitive idempotent of J:
tru=1
x*=0.
For case (iii) it is equivalent to say that x is invertible.”” We
have the following proposition:
Proposition 2.1: Let (x,p) be an idempotent of V, then
only the three following cases may occur:
ijj x*=0 y*=0,
(i) x*#0, N{x)=0,
y¥#0, N(y)=0, trlxy)=2;
(ili) N(x)#£0, N(y)#0, tr{xy)=3. (2.4
To prove this proposition we need the following results:
Proposition 2.2: If (x,y) is an idempotent and x# = 0,
then y* = 0 and tr{x,y) = 1.

Proof: Let z be any element of J. Using the definition of
idempotent we have

Uz =Uy,z= UUUz=U, tr(Uzx}x
=tr(U,zx)y foreveryzinJ.
That is, U, (J )C Cy (with C the complex field).
It is known that this implies y¥ = 0.%° Furthermorex = U, y

= tr(x,y)x implies tr(x,y) = 1 which concludes the proof. (I
Proposition 2.3: If x* #0 and N (x) = 0 then there exists

uw=u, (2.3)

or (ii')

tr(x,y) = 1;
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an element ze J such that x¥ Xz = x.

Proof: If x* #0 then there exists y such that tr{x*,y) = 1
by nondegeneracy of the trace.”” Using (1.19) it follows that
x* X (xXy) = x. The proposition is thus proven for
z=xXJy. O

Proposition 2.4: Let (x,p) be an idempotent of V. If
x#£0 and N (x) = 0 then y##0, N(y) = 0 and tr(x,p) = 2.

Proof: It follows from (1.15) that x# = (U, y)*

= U_.y* #0, hence, y* #0. Furthermore, again from
(1.15), (x¥,y¥)is anidempotent and from (1.12) x* isarank 1
element. Thus, by Proposition (2.2), y¥ is a rank 1 element;
hence, N (y) = 0 by (1.16). Moreover, tr(x*,y#) = 1. It re-
mains to prove that tr(x,y) = 2. To have this we calculate

x = U,y =trixpx — x* Xy = trix,y)x — x* X U,x
= tr{x,p)x — x* X (tr(x,p)y — y¥ X x)
= tr{x,yh — ey ® Xy + x% X (y¥ X x)
= tr(x,p)x — tr{x,y)x® Xp + tr{x* p¥)x,
having used in the last step the identity (1.19) with y* instead

of y. Since tr(x#,y¥) = 1, it follows from the calculation
above that

tr(x,yix = tr(x,p)x¥ X y.

Suppose tr(x,y) =0, theny = U,x = — y#* Xx and
0 =tr{x,y) = — tr{x,y™ Xx) = — tr{x Xx,p¥)
= — 2tr(x¥ y¥) = — 2, a contradiction [we have used the
identity (1.18)]. Thus,
trix,)#0 and x=x%Xxy.
Sox = U,y = tr{x,y)x — x which implies tr{x,y) = 2 ending
the proof of the present proposition. O
Proposition 2.5: Let (x,y) be an idempotent of ¥ and let
N(x)#0. Then y = x~ " and, in particular, tr{x,y} = 3.
Proof: Since N (x)#0 we can define an isotope of J in
which x is the identity. Any two exceptional central simple
Jordan algebras over an algebraically closed field are iso-
morphic. Therefore, there is just one orbit in Str( J). Thus
there exists geStr J such that g(x) = I. We can thus define an
automorphism of V'by (g, g'), where'* g’ = U 7 /g, under
which the trace tr(x,y), the “generic trace” of an element of a

Jordan Pair, is preserved.'? By definition of automorphism
of V' we have

I =g(x)=g(U,y) = Uyyg'(y) = U,g"(y) =¢'(y)
(because U,z = z for every xe J ).

Hence, tr(x,y) = tr(g(x), g'( y)) = tr I = 3. Therefore,

x=U_y=3x —x% Xy, that is,
x¥ Xy = 2x (and analogously y* X x = 2y). (2.5)

Notice that, by (1.15) and (1.16), (x*,y¥) is idempotent and
N (x¥#)5£0; hence, tr(x*,y¥) = 3 by the previous proof. From
(2.5}, (1.20), and (1.12) we get
ax* = (x* xy)* = trlx*" )
+ tr{ p* xF)x ¥ — x# 7 xp#

= N (x)tr(x,p)y + 3x¥% — N (x)x Xp*

= 3N (x)y 4+ 3x¥ — 2N (x)y.
Thatis, x* = N(x)yory = N(x)~'x* = x~'. The last step
is indeed an identity.? This completes the proof of the pres-
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ent proposition. O

From the Propositions (2.2), (2.4), (2.5), together with
the classification (2.2), the result given in Proposition (2.1)
follows.

Remark 2.1: The classification of the idempotents of a
Jordan Pair given in Proposition (2.1) is the exact analog of
the classification of the idempotents in the Jordan AlgebraJ.
In the case of J, indeed, the equation x? = x has solutions
only for tr x = 1, tr x = 2—in both cases N (x) = 0 (Ref.
24)—and tr x = 3, in which case x = I.

Although the classification of the idempotents of ¥V is
analogous to that of J, the number of idempotents of ¥ is far
larger than the number of idempotents of J. Indeed any ele-
ment of J can be completed to form an idempotent of V. [This
can be easily shown using the fact that J is regular,?” that is,
for every element x in J there exists a y such that x = U, p. In
this case (x,U, x) is an idempotent of V']

We can, though, restrict the class of idempotents when-
ever we can impose an “‘appropriate” normalization condi-
tion, as indicated by the following Proposition:

Proposition 2.6: Let x and y be any elements of J
satisfying

tr{ x,x*) = tr( y,p*) = tr{ x,p).

Then x = y*.

Proof: Let us calculate explicitly the trace tr( x,y) for x
asin (1.8), and y obtained from (1.8) by replacing @ with 3, a
with d, b with £, and ¢ with g. Then it is easily shown that
tr(xy)=aB+a, B, +as B+ t{ad) + t(bf) + t(cB)

=a, B+ ay B, + a3+ 2a,d, +2b, f, +2,8,,
{2.6)
where a,, is the component of a for the octonionic unit e,
with ¢, = 1, and where we have used the summation

convention.
From (2.6) it follows that

tr{ x,x*) = a,at + aaf + a;a*

+2a,a* +2b,b* + 2¢,c*, (2.7)
t(yy*)=B,8Y +B.8%+B,8%
+2d,d%+2f, f%+2.8%. (2.8)

We can now regard 4 = (1/v/1 ) (a\,a,,@3,V2a,,,V2b,, ,V2c,)
and B = (1/VA)(BY, + BX.BY¥V2d*, VIf* Vig*)as vec-
tors in a 27-dimensional complex vector space C?’ with the
usual scalar product. If we put A = tr( x,x*) = tr( y,y*)

= tr( x,p), then (2.7) and (2.8) read: 4 and B are normalized
to one; and (2.6) reads: the scalar product of 4 and B is equal
to one. Using then the Schwartz inequality it follows that
A = B which immediately implies x = y*. This completes
the proof of Proposition 2.6.

Remark 2.2: As an immediate consequence of (2.7) we
have that tr( x,x*) is a real number, which is positive and,
being a sum of positive numbers, is zero if and only if every
summand is zero, that is if and only if x is zero. For this
reason we can use tr{ x,x*) for a normalization condition
on x.

Applying Propositions (2.1) and (2.6), the appropriate
normalization conditions in the various cases of Proposition
(2.1) are
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for case (i)  tr(xx*) =tr(yy*) =1, (2.9)
for case (i}  tr{ x,x*) = tr{ yy*) = 2, (2.10)
for case (iil) tr( x,x*) = tr{ y,y*) = 3. (2.11)

The normalized idempotent we get in the three cases is ( x,y)
with y = x*. We shall call the idempotents of case (i) satisfy-
ing the normalization (2.9) “primitive normalized idempo-
tents.” The reason why we call them primitive is that x can-
not be written as a sum of two orthogonal rank 1 elements in
J. We shall define later on the concept of orthogonality be-
tween idempotents and it will then be easy to see that a primi-
tive idempotent, as we have defined it now, cannot be written
as a sum of two orthogonal idempotents.

4.3. The Peirce decomposition

In analogy with the theory of quadratic Jordan Alge-
bras'” it is possible to define the Peirce decomposition of a
Jordan Pair with respect to an idempotent { x,p).'? Define
Fy =UU;F =V, ,6 -2UU,;

Fy =1d—V,_, + U U, with analogous definitions for
F;,i=0,1,2. Then F{ F{,F§ are orthogonal projectors
whose sum is the identity. Correspondingly we have the
decomposition

Ve=VieV{aV] whereFV°=V? (31
Denoting V, = (V 7,V ) we can formally write
V=V,eV 0V, {3.2)

Suppose now that ( x,y) is a primitive normalized idempo-
tent. Thatisx ¥ =y * =0, tr( x,x*) = 1, and y = x*. Then
the Peirce decomposition of ¥ * with respect to it is given by

F}rz=UU,z=trizy)x, (3.3)
Frz=(V,, —2U,U)z=z—trzyx — (xXz)Xy, (3.4)
Fiz=(xX2)Xp, (3.5)

for every zin J.
The derivation of these formulae is straightforward.
For example, if we take ( x,y) = (E,,E,), where

1 0 0
E,=|lo 0o o
0 0 0

and we have

Q
Q
o O

z=la a ,
b ¢ a,
then ~

a, 0 O 0 a b

Ftz=|0 0 0|, Ffz={a 0 0],
0 0 O b 0 O
0 0 O

Fjz=|0 a, ¢
0 ¢ a;

Given the Peirce decomposition of V with respect to the
idempotent ( x,y), the following results hold'*:

V., =Im(U,), (3.6)
UVj’Vj—aCVgivjr (3.7)
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where V 7 = 0 for i#£0,1,2.

We now come to the main result of this section:

Proposition 3.1: Let ( x,y) be a primitive normalized
idempotentof V,and V"=V {e V { & V § be the Peirce
decomposition with respect toit. Then V' § and V § are prin-
cipal inner ideals. V ;© {respectively ¥, } is the principal
inner ideal generated by x (respectively y); V ;" (respectively
V' 5 ) is the principal inner ideal generated by an element
beV s (resp. V ;) such that b* #0, N (b) = 0; in the case
y=Au(resp.x = Au) (where u’ =u,tru=1),b=1—u;in
the case x > =0, b = y + u (resp. x + u), where
u= —(xXy)and 4’ = u, tr u = 1; finally ¥V § is a maximal
proper inner ideal of J.

Proof: The fact that V' § and V' § are inner ideals is an
immediate consequence of (3.7). Equation (3.6) implies that
V ,t (resp. V ;) is the principal inner ideal generated by x
(resp. y). We investigate now V §.

{A) Suppose first that y = Au where u is a primitive
idempotent of J. Consider the element b = I — u, whichisa
trace 2 idempotent of J. We have that b ¥ = u#0 and
N (b) = 0by (1.16). Thus, by Proposition (2.3) given b, such
that tr(b #,b,) = 1 we can write

b=b%x(bXb)

We can choose b, = Ax, since

tr{Ax,b #) = tr( x,Au) = tr( x,y) = 1. Hence,

b="5b%X (b XAx) =y X (b Xx)so that beV ;" by (3.5). We
know already that V ;" is a proper inner ideal, therefore,
U,JCV " by definition of inner ideal. But it is a known
result?” that U, J is a maximal proper inner ideal whenever
b#¥£0,N(b)=0.Hence V ;- = U,J and the proposition is
proven in the case (A).

The result for ¥V ;5 is indeed analogous.

(B) By (2.3) and Proposition (2.6) the only case remain-
ingisy? =0 = x>. Wehavethatu = — xXy =1 — 2x-p has
trace 1 and is a rank 1 element by {1.20}; hence it is a primi-
tive idempotent of J. Furthermore, as we shall prove in Pro-
position 3.3, u-y = u-x = 0. Thus if we take b = y + u, we
have

b* =uxXy= —y#0 andN(b)=N(b*)'"?=0.

We can now repeat the conclusion of part (A) of this proof,

choosing b, = — x to show that bV ;" and, therefore,
U,J = V ; by maximality. The proof of Proposition 3.1 is,
thus, complete. O

Proposition 3.2: Let ( x,y) be a primitive normalized
idempotent and let x* = y*> = 0. ThenxeV ; ,yeV ", for ¥,
in the Peirce decomposition defined by ( x,y).

Proof : We shall prove that xeV’ 5, the other having an
analogous proof. We define u = — xXy. As we have seen in
part (B) of the proof of the previous proposition, 1> = u,
tru=1,and u-x =0. Thus (x Xp)Xx = — uXx = x; that
is, x€V 5 by (3.5) and the proof is complete. O

Remark 3.1: For ( x,y) as in Proposition 3.2, it follows
from part B of the proof of Proposition 3.1 and the previous
proposition thatu = — x X ybelongstoboth V' ;" and V' 5.

Proposition 3.3: 1If x# = 0, then ( x Xz)-x = O for every z
inJ.
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Proof: By (2.3) we can write x* = Ax, tr x = A, where
the range of A includes zero. Using the identity (1.24) we
calculate
(x X z)-x = 2(x-2)-x — x* tr z — (z-x)tr x — X tr(z:x)

+xtrxtrz
=U,z + x>z —x*trz — (z-x)tr x — x tr(z-x)
+xtrxtrz
= trix-z)x + x>z — x*trz
— (zx)tr x — x tr{z-x)
+xtrztrx
=Axz—Axtrz—Axz+Axtrz=0,

which proves the Proposition. a

Proposition 3.4: V ;" C{z:z.y = 0},where V" is the
Peirce decomposition with respect to a primitive normalized
idempotent (x,y).

Proof: It follows from (3.5) and the previous proposi-
tion. O

We examine now the subpairs composed of inner ideals
that we shall use in the next section to define the geometrical
objects.

Definition 3.1: A pair of submodules (W *,W ~) of
(V*,V " )isasubpairif U,.W — 7 C W°.

Proposition 3.5: The only pairsof V7,V ;
subpair of Vare (V7,V,79),i=0,1, 2.

Proof: 1t follows from the Definition 3.1 and from (3.7)
that we have subpairs if 2/ — j = /, that is, / = j, which proves
the proposition. O

We want to introduce the concept of orthogonality be-
tween idempotents. Before doing so we need the following
result, proven in Ref. 12:

Proposition 3.6: Let x = (x* x )and y = (y*,y~) be
idempotents of ¥ such that x” € V§( y), where V'§(p)is in the
Peirce decomposition defined by y. Then also, y” € V' 3(x) and
x+y={x*+p*x~ +y7)isanidempotent.
Furthermore,

|4 =V, , =V, .. =V,., =0 (3.8)

x'.y
Whenever x? € VJ( y) we shall write xeV( y).

~“whichforma

Definition 3.2: Two nonzero idempotents x and y are
called orthogonal if y € Vy(x).

It follows from the previous proposition that orthogon-
ality is a symmetric relation. It is also evident that primitive
idempotents cannot be written as a sum of two orthogonal
idempotents.

4.4. Geometry of V

Given a primitive normalized idempotent x = (x *,x )
in V, we associate to it

(i) a point x, = V,(x),

(ii) a line x ® = Fy(x).
We say that

(a) x4 is incident to y * (written x , [p*) if
Valx) C Vol ),

(b) x4 (x*) is connected to y, ( y*) (written
X4 =, (XX =pR)if Vo) C V() @ Vi(y)

(¢) x4 is connected to y * (written x, =y*)if
Valx) C Vol y) + Vi y).
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Proposition4.1: Letz = (z*,z7)andx = (x " ,x ") be two
primitive normalized idempotents. Then,

zt eV ix)ifandonlyifz” e V7 (x).

Proof: Suppose z+ eV 5t (x); then

z¥=tr(x ",z )x",

T =({tr(x,z" ) x " =tr(x*, z7)x eV (x).
Suppose now z* eV ;" (x); then,

zt =(x* Xz )xx",

7 =X T

= ((xT P XETPX )

=(x"Xz7)Xx"eVy (x).
From this it follows that if z* €V " (x), thenz~€V [ (x). The
same is obviously true inverting the signs; hence, the propo-
sition is proven.

This proposition allows us to choose as representative
of points and lines just the elements of J which generate V' ;-
and V.

As we did in the case of 4, we want to consider the
subgroup G of the structural group of J (which is isomorphic
to the automorphism group of the Jordan Pair V') which
maps primitive normalized idempotents into themselves.

The structural group of J has 79 generators, coming
from the three-grading of the (complex) Lie algebra of &'
Out of these 79 generators, 78 form the complex Lie algebra
E,,"” and the 79th is just a change of scale. When we consider
the subgroup G of Str (/) we obviously get from this last
generator the (compact real form) U(1), and from & 4 a sub-
group H such that, for any x in J,

(8 x)* =g _{x*) (4.1)
for every g, ,g_€ H, where (g, g_) cAut(V).

Proposition 4.2: Equation {4.1) holds for every primitive
normalized idempotent (x, x*) if and only if

trix, X*) = tr(g+(x)’ g+(x)*)' (42)

Proof: If (4.1) is true, then (4.2) follows because Aut(})
preserves the generic trace. Vice versa if (4.2) is true

tr(g , (x)(g + (x))*) = 1 = trlg_(x*),{g _(x*))*)
= tr(g+(x)vg~(X*))'
Hence by Proposition 2.6, g (x} = (g_(x*)}*, and the present
proposition is proved.

From Egq. (4.2) we derive that H must be compact. In
fact it follows from Proposition 2.6 that H must be a sub-
group of U(27), which is compact.

Furthermore if we denote by G and G _ the generators
ofg, and g_, we get

tr(G . {x)x*) = — trlx, (G (x))*) (4.3)

which implies that the Lie algebra of H is real. In fact multi-
plying G, by A we still have an equality, which implies A
real.

Therefore H = & ¢, (Ref. 23), the compact subgroup of
& ¢, generated by the compact real form E ¢, of Eq. & 4 o does
indeed preserve tr(x,x*) and is obviously the maximal com-
pact subgroup of & . E s, can be realized via Tit’s construc-
tion,?® as the Lie algebra of the transformations

x—{4,x,B) + iC-x, (4.4)
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where 4,B,C are traceless Hermitian matrices of the real .#
and( , , }istheassociator. If G is the transformation (4.4),
then

G_{x*) = (4,x* B) — iC-x*. (4.5)

The 27-dimensional representation of & , is complex and it
is not equivalent to its complex conjugate.

Remark: The compact real form E,, must not be con-
fused with the Lie algebra of the structural group of the real
%, which is also the collineation group of the Moufang
plane.> The latter is the noncompact form E, ;. of signature

~—26. & o has only real representations.?’

Proposition 4.3: If ge%  , & U(1), then xeV, (e) implies
glx)eV (gle)) (r = 0,1,2) for x,e primitive normalized
idempotents.

Proof: It follows directly from the definitions of auto-
morphism and Peirce decomposition. O

Defining the following natural action of & , & U(1) on
the points

g(xﬁ):(g(x))ﬁ’ (4.6)
it stems from Proposition 4.3 and the previous consider-
ations that &, ® U(1) preserves the relations in the geome-
try. [This is the reason for using &4, ® U{1) in Proposition
4.3, which is true YgeAut(V).]

Definition 4.1: Two points x, and y,, are orthogonal
(X Ly ) if xEP )

We now state the following important result, that we
shall prove in the Appendix B:

Proposition 4.4: & ¢, acts transitively on points and on
triples of mutually orthogonal points. The maximal sub-
group of & ¢, leaving a point invariant is SO(10) ® U(1);
therefore, the plane we are considering is the homogeneous
space % ¢ ,/S0(10) ® U(1).

[Here we have used the tilde over U(1) to distinguish
this as a subgroup of &, from the “overall” phase group
U(1) which is obviously outside &, ,. The action of U(1) is
written explicitly in the proof of Proposition 4.4 (see Appen-
dix B).]

To proceed with the discussion of the geometry, we re-
call the following definitions:

Definition 4.2: A collineation {resp. correlation) is a bi-
jective map of the points of a plane & onto the points (resp.
lines) of a plane Z’, and of the lines of & onto the lines (resp.
points) of Z’', preserving the incidence and connectedness
relations.

Definition 4.3: A correlation of Z onto itself is a
duality.

Definition 4.4: A duality of order 2 is a polarity.

Definition 4.5: A point x, in & is isotropic with re-
spect to the polarity « if x, |7{x, ).

Definition 4.6: A polarity with respect to which no
point is isotropic is called an orthocomplementation.

It is immediate to see that the correspondence we made
X, «>x* is an orthocomplementation.

This is 2 fundamental result we are going to use in build-
ing a quantum theory on the geometry we have defined. The
orthocomplementation is indeed needed in defining both the
proposition system and the states of the quantum logic.
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An orthocomplementation is an “elliptic’” polarity de-
fining an “elliptic geometry”.??

Planes, called Hjelmslev—Moufang planes, defined over
an exceptional central simple Jordan algebra on a split Cay-
ley algebra, and therefore including our complex J, have
been investigated in Ref. 30. We want to stress that the
Hjelmslev—-Moufang plane, obtained by complexifying real
#%," although similar to ours, is defined over a hyperbolic
polarity (i.e., a polarity admitting isotropic points). It is,
therefore, difficult to give it a quantum mechanical interpre-
tation. We shall compare the two planes in Appendix C,
where we shall also see how certain results valid in the
Hjelmslev-Moufang plane hold true in the plane we have
defined. In particular we can reproduce the following
results:

(1) If x4 &y, thereis a unique line incident to both of
them,

(2) If x, =y, there is at least one line incident to both
of them.

We shall see in the next section that two connected lines
intersect in more than one point, which shows that this ge-
ometry is not projective. To do this we introduce the concept
of point spaces.

5. THE POINT SPACES

We want to show in this section that the reason why we
have a nonprojective geometry (in the sense that two lines
may intersect in more than one point) is that in the structure
we are dealing with, the following three related facts occur:

(1) the existence of nilpotent elements in J (due to the
fact that J is defined over a split Cayley Algebra €);

(2} the existence of connected points;

(3) the existence of non-principal inner ideals in J.

To do this we must go back to the general theory of the
algebra 7 of the 3 X 3 Hermitian matrices over a Cayley
algebra % . There are just three kinds of inner ideals’” in #”:
(i) 5 (ii) B = b * X, where N (b} = 0,b * 0, (iii) Z *
= 0 (i.e., Z contains only rank 1 elements).

The first two ideals are the principal inner ideals gener-
ated by J (the identity in 5#) and b {resp.).

If % is a division algebra then the third one is of the
form @b, ¢ being the field on which ¢ is defined, and in this
case 4 = U,(#)}is principal.

The ideal Z ¥# = 0 is called a point space. If € is a
division algebra any point space is one dimensional. [The
proof of this statement is very easy. Suppose that b and b,
belong to a point space, then also, b + b, must belong to it by
definition of ideal. In particular (b + b,)¥ = 0, which im-
plies b X b, = 0. It is possible to show that the action of the
structural group of #° preserves the inner ideals, thus we can
take b = E|. The condition b X b, = 0 implies then,

a a ¢
b=la 0 0],
¢c 0 O
and b ¥¥ = 0 implies
n{a@)=n(c)=ac=0. {5.1)

If & is a division algebra it follows from (5.1) thata = ¢ =0
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and b, = b.] But if & is split, as in our case, the point space
containing b is not one dimensional. It is possible to prove?’
that starting from b we can build a point space whose maxi-
mal dimension over ¢ is either 5 or 6. These are called the
maximal point spaces of the first and second kind. For

b = E, these can be written in the form

iy E,+ %€[1,2] firstkind,

(i) E,+e<Z[1,2] + #¢[1,3]
where € is a primitive idempotent of € [therefore
dim, € € = 4 (Ref. 31)]. We have used the notation a[1,2] for
the matrix with entry g in the {1,2) position and @ in the (2,1)
position and all others equal to zero.

We can extend the definition of point space to our Jor-
dan pair just by doubling the point space in J with its conju-
gate. The group & 4, being a subgroup of Str (J} will then
preserve the inner ideals and in particular the point spaces.”’

Thus we get that the necessary condition for two points
x=(x*,x"}and y = (y*,»7) to belong to a point space is
x* xyp* = 0. From Appendix C it follows that the points x
and y are connected. Vice versa, if two points x and y are
connected, they can always be imbedded in a point space.

We show now with an example that the maximal point
spaces of the first kind (dim. 5) are just the inner ideals occur-
ring in the intersection of two connected lines. (Note that the
intersection of two inner ideals is an inner ideal). We take the
lines e, and a, associated to the primitive normalized idem-
potents e; = (E,,E;) and a, = (@*[2,3],a[2,3]), where
n(@) = 0 and a*a + Ga* = 1.

We want to write explicitly ¥ ;" (es) and V4 (a;). To do
this we note that xeV ;" (¢) if and only if

(e Xx)Xe  =x. (5.2)
It is easy to check that xeV s+ (e,) iff

second kind,

a, x; O
x=\|x, a 0],
0 0 O
and that xeV ;' (a;) iff
a, x; X,
x=|X, a, x,

2 X o
a, (x;a*a  (X,a*a

=|ala*x;) 0 t(@*x,)al, (5.3)
{@*x,) t{@*x,)a 0

using Eq. (5.2). We want to prove that (5.3) implies

i) a,=a,=0, (5.4)
(i) x, =Aaforany AeC, (5.5)
{ili) x, = pa for any ye¥ , (5.6
(iv] x,=azfor any ze%¥. (5.7)

Proof: (i) {5.4) is immediate.

(ii) From (5.3) it follows that x, = ¢ (@*X,)a; therefore,
x, = Aa for A = t(@*X); vice versa if x, = A for any AeC
then ¢ (@*x,)Ja = At(a@*a)J@ =A@ = x;, which proves (5.5).

(iii) x, = ya fory = x,@*; vice versa if x, = yafor every y
in ¥ we have, from the Moufang identity [( yx)a]x = y(xax),
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that [( ya)a*]a = y(aa*a) = yla(@*a + aa* — aa*)]

= ya — (ad)a* = ya, which proves (5.6). d
(iv) is analogous to (iii).
We can therefore write the two lines as

Ya Ca

C ¢ 0 c
viled=le ¢ of, viay=las o «ca
0 0 O a¢ Ca O
(5.8)

Since n{a) = 0 it follows that®' the dimension of Ca is 4.

It is therefore possible to read directly from (5.8) that
the dimension of the lines is 10 and that the dimension of
their intersection is 5. The intersection is therefore a maxi-
mal point space of the first kind. It is proven in Ref. 30 that
any maximal point space of the second kind can be obtained
by considering the set of points x, incident to a given line
y* and connected to a given z, which is itself connected to
y*.Thatis, {x, x| y*¥, x, =z, , where z,, =y*] con-
tains a maximal point space of the second kind. This result,
which is proved in Ref. 30 for the Hjelmslev—-Moufang
planes, can be translated to our geometry. We omit the
proof. In ending this section, and with it the description of
the mathematical framework of this paper, we want to em-
phasize that the point spaces are the new interesting object of
the whole structure. Although they do not show up explicit-
ly, neither in the geometry nor in the proposition system of
the quantum mechanics (as we shall see in the next section),
they are responsible for making the geometry nonprojective
and, consequently, the proposition system not a lattice.
Their appearance makes, in our opinion, this plane peculiar
and interesting..

6. THE QUANTUM LOGIC

6.1. The proposition system

The language of quantum mechanics has always been
identified with the language of projective geometry, the
points of the geometry being identified to the density matri-
ces of the (pure) states, and the lines and hyperplanes with
the propositions which are not atoms. The automorphism
group of the geometry—that is its collineation group—is,
however, larger than the automorphism group of the quantal
structure, because collineations need not preserve the traces
(which are the canonical measures defining the quantal
states) nor the orthogonality, which has no projective mean-
ing. In mathematical language we can say that the quantum
logic requires an automorphism group which preserves an
elliptic polarity. For this reason, for instance, the automor-
phism group of the quantum system described in Ref. 8 for
the Moufang plane is .5, ,, whereas the collineation group
of the plane itself is & ¢ o, which contains .% , , as maximal
compact subgroup. We need not investigate (although itis an
interesting task) the collineation group of our plane, since we
have determined the group which is needed in describing
automorphisms of the quantum system. This is the compact
group & ¢ ,® U(1), which preserves the trace tr (x,x*) and the
orthocomplementation (i.e., our elliptic polarity).

The possibility of giving a quantum mechanical inter-
pretation to our structure, despite the nonprojectivity, is
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therefore beginning to appear.

Let us define the proposition system. We obviously
identify the propositions with the geometrical objects: points
and lines (the principal inner ideals of the pair). They form a
partially ordered set, with ordering given by the set inclusion
of the inner ideals. The plane itself, which is the principal
inner ideal generated by an invertible element, is the trivial
proposition.

We have an orthocomplementation a—a* which is our
polarity a, «<>a™. Therefore, we can define orthogonality:

alb if a«b?,

which is symmetric.

We have, indeed, the basic building blocks for con-
structing a quantum logic. The only concepts of the standard
theory which are weakened are the concepts of greatest low-
er bound (“meet”) and of least upper bound (“join”). They
are not defined here for every pair of propositions. In fact, two
connected lines do not intersect in a unique point and the
“join” of two connected points is not a unique line (geometri-
cally the second is indeed the dual of the first sentence).
Therefore we do not have a lattice structure. But the subsets
made of nonconnected points and lines are sublattices of the
partially ordered set.

We want to stress, at this point, that the concept of
“meet” (with its dual “join”) is the only weak concept in the
axiomatics of quantum theory. In the standard theory,* to
define the proposition ¢ which is the meet of a and b we are
forced to consider an infinite sequence of propositions:
a,b,a,b, - - - . Indeed, if we just measure @ and then b we can
obtain a different result with respect to measuring b and then
a, because the measurement of a proposition in general af-
fects the initial state. This is just the peculiarity of quantum
mechanics. The only way to overcome this obstacle is to say
that c is true when the measure of the infinite sequence
a,b,a,b, - - - gives the result 1. It is not possible physically to
perform such a measurement; therefore, there cannot be any
experimental evidence for assuming the existence of the meet
of @ and b as an axiom for a quantum theory. Therefore, a
quantum logic which is not based on a lattice structure is
perfectly conceivable.

Remark: Although it would violate the geometrical
structure, and is not actually required for a quantum me-
chanics, one could still think of including the point spaces in
the proposition system, in order to save the lattice structure.
In this way one would indeed reach the goal of having a
“meet” for any pair of lines (for the connected lines it would
be a maximal point space of the first kind) but, at the same
time, one would lose the orthocomplementation. Contrary
to the concept of meet, the concept of orthocomplementa-
tion has an immediate intuitive meaning: it states the exis-
tence of the proposition “not a” for any proposition a.

The lack of a lattice structure affects the concepts of
superposition between two propositions. By using the anal-
ogy between geometric points and density matrices of pure
states, it is evident that the usual concept of superposition
between states in a Hilbert space is translated and general-
ized in geometrical language by saying that the point P, is a
superposition of the points P, and P, whenever P, is incident
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to the line incident to P, and P,. In our geometry if P, and P,
are connected points they do not define a unique line inci-
dent to both. Accordingly the concept of superposition of P,
and P, fails. But we emphasize again that this happens only if
P, and P, are connected (the existence of point spaces of di-
mension greater than 1 is responsible for this). If P, and P, are
nonconnected, indeed, there exists just one line incident to
both of them and any P, on this line is a weli-defined super-
position of P, and P,.

Remark: We stress that this kind of failure of the con-
cept of superposition has no analog in the usual quantum
theory. In that case the concept of superposition fails only in
the presence of superselection rules, which occur when the
lattice is reducible. When we have a superselection rule we
cannot define the superposition of P, and P,, for P, and P, in
two different irreducible components of the lattice, simply
because there is no way of defining it as a point. In our case
we have an irreducible proposition system (it is easy to see that
the center is trivial} and the superposition of P, and P, is not
defined if P, is connected to P, because it is not unique.
Roughly speaking, in a reducible lattice we have no superpo-
sition of P, and P,; in our irreducible proposition system we
have too many.

A similar unusual feature shows up when we consider
the sum of two connected points P; and P,. We get that
P, + P, is a point again. In the usual quantum theory the
closest analog to this happens only in a reducible lattice and
in this case the state related to the sum is a mixture of the
states related to P, and P,. But in our case we have an irredu-
cible system and P, + P, is not related to a mixture but to
another pure state. Once again the existence of point spaces
of dimension greater than 1 is responsible for this
peculiarity.

We now consider the concept of compatibility. This is
essentially the concept which makes the distinction between
a classical and a quantal system. In a classical system, in-
deed, all the propositions are compatible. In the language of
lattice theory, a classical system is described as a Boolean
lattice.'” In a Boolean lattice any triple of propositions a,b,c
satisfies the following distributive laws with respect to the
“meet” (A) and the “join” (V)

alh(bVe)=(aAb)ViaAc), (6.1)

aVbAc=(@Vb)AaVcl)

We shall define a subset .# of the proposition system & asa
compatible set of propositions if .# generates a Boolean sub-
lattice of Z.

It follows immediately from the definition that two con-
nected points are not compatible (because they do not even
generate a sublattice), and that two orthogonal points are
compatible.

We want to show that any two propositions a,b, such
that a < b, are compatible. If a < b, thenaV b = b and
a A b = a by definition. Furthermore, ¢ and b * are noncon-
nected, because they are orthogonal; therefore, a V b L
a'Vb,aNb', a' \b exist. Hence, a,b generate a sublattice §
and it is very easy to show, applying the usual arguments of
projective geometry, that S is Boolean.
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To the property of compatibility of two ordered propo-
sitions is given the name of orthomodularity or weak modu-
larity. We can therefore state that our proposition system is
orthomodular.

1t is well known™ that any projective geometry {of finite
dimension) has a property stronger than orthomodularity.
This is the so-called modular law:

aVibAc)y=laVb)N\c foralla<ec.

Itis clear that we do not have this property becausea V b and
b A c may not be defined. However, this law is satisfied by
any sublattice of our proposition system.

We stress again that the modular law has no immediate
physical meaning. It is even incompatible with the concept
of localizability in quantum mechanics, due to the infinite
dimensionality of the Hilbert space on which the position
operator is defined. A Hilbert space is indeed orthomodular
and it is modular only in finite dimension. The assumption of
the modular law in a quantal system has therefore no phys-
ical justification, even in finite dimension. A nonmodular,
but weakly modular, proposition system is perfectly
conceivable.

6.2. The states

There is no quantum theory without the definition of a
function (state) which “measures” the propositions in the
system and is invariant under the automorphism group of
the proposition system. Geometrically this function is relat-
ed to the invariant distance function between two points
(whenever it is possibie to define it). The distance between
two points x and y is interpreted physically as the measure
a, (y)of yin the “state” a, associated to x. In this case x
plays the role of the density matrix associated to a (pure)
state in the usual quantum theory of the Hilbert spaces.

In the standard theory the state «,, is a probability func-
tion, and as such must satisfy

(1) O<a,(y)<l1
2} afx)=1,

(3) a (¥ V y)=a,(y)+a.y) ifyly,.

Having defined points and lines by use of the Peirce
decomposition it is natural to associate them to the Peirce
projectors F, and F;, on the spaces ¥, and V. It is natural as
well to make use of these projectors to determine the “dis-
tance” between two points and between a point and a line.
What we have to do is to project one point on the Peirce
space defining the other point (or the line) and take the
square root of the trace. (The reason why we must take the
square root will be clear in the sequel).

We thus define for any point x the following *“measure”:

for every proposition y,
(6.2)

i) eyge)=(tr (U, Up- p* U Uy p7)'2 = Jtrlx™ 7)),

(6.3
(i) @, (yF)=(tr((p"XxT)X p~,(y~Xx7)X p* )2
Notice that x = (x™,x ™) is defined up to a phase, and so is y,
but (6.3) is independent of the phases of x and .

The “measure” (6.3) is manifestly €, ® U(1) invariant
and, because it is defined by projectors and x and y are nor-
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malized, clearly satisfies (1) and (2) of (6.2). Furthermore,
a.(y*)=1ifand only if x, [y™.

To have an example of how this “measure” works con-
siderx, agenericpointandy, = (e}, ,wheree, = (E,E)).
This represents also the most general case because of the
transitivity of & ¢ , ® U(1) on points and the invariance prop-
erty of our “measure.” In other words, we can always trans-
form y into e, (thus changing also x) and still have the same
measure. Writing x* as

a a b_
x*=la B ¢, (6.4)
b ¢ v

and denoting by F,,F, the projectorson F,( y), V{ y), we have
(see Sec. 4.3)

@ 0 0 0 0 0
Fiyxt=|0 0 o], Fix*=|0 B c}. (65
0 0 0 0 ¢ ¥
We therefore get
a(yy)=laa*)? =la|, (6.6)
a (y*)=(BB* + yy* +cc* +c*¢)"”
Lltrix*x~)2=1. (6.7)

From (6.7) and (2.7) it follows that &, ( y *) = 1 if and only if
a=a=>b=0,thatis, ifand only if x, |y *.

In particular, by taking x* and y™* as real octonionic
matrices [or such that can be mapped into real octonionic
matrices by an & ., ® U(1) transformation], then (6.6} and
(6.7) imply that a, restricted to the real octonionic case is
just the unique probability function defined in Ref. 8 on the
Moufang plane. In fact from (6.6) and (6.7), in the real octon-
ionic case,

ax(yﬁ) = |a| =a= tr(El’x+)’

a (Y ) =B +y +28' =B+ + 281" (63
=B+ y=trx".E, + E,),
which is exactly the measure defined in Ref. 8.
In showing (6.8) we have used the fact that for a trace 1,
real octonionic idempotent x* in the form (6.4), c¢ = By. To
see this suppose first that a = 1; then

1
xt={all ab) txt)=1
b
Therefore r(a) = n(b } = n{c) = 0 and in particular
¢c=0=B=y =Py If a#l, then either B or ¥ or both are
different from zero.
Suppose B # 0; then

a/v'B
x*=| VB
VB
which implies ¢¢/8 = ¥, that is, ¢ = By. This proves that
(6.8) is, indeed, correct.

From what we have seen so far the “measure” defined
in (6.3) is the most natural one and extends the probability
function defined in Ref. 8 on the Moufang plane. Let us now
consider the additivity property (3} of (6.2).

(6.9)

@vp vB c/vB) (6.10)
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Consider the line {¢,}* and the point x, where

Lo
x*==|1 1 o). (6.11)
0 00

Take in {e,)* the following two pairs of orthogonal points:
(€2)» (€3)x and ¢y, (c*),, wherec™ =a[2,3],
(c*)* = a*[2,3],aa =0, and aa@* + a*@a = L.

We then easily get

a,fle)™) =4 (6.12)
a.lledy) =4 a.lles),) =0, (6.13)
a.ley)=a,(lc*),)=0. (6.14)

This shows that, for our “measure,” the condition of ortho-
gonality of p, and p, in (3) of (6.2) is not sufficient to guaran-
tee the additivity. In fact (6.12) is equal to the sum of the
“measurements” in {6.13) but not of those in {6.14). The vice
versa would hold if we took, forinstancex, = c, . Itisclear
then that the condition for additivity must relate to the triple
X, y,, and y,. Since the measure is additive whenever we can
transform x, y,, and y, into “‘real octonionic matrices” (by
abuse of notation: x, y,, y, are related to pairs not to matrices)
then we know that @ { y*) is additive (because the probabil-
ity function defined in Ref. 8 on the Moufang plane is addi-
tive). This condition is achieved®* whenever

Xy =(9)* (6.15)

where ( )* is any of the lines determined by y, and y,, which
are

implies x, |(5)*,

vy (6.16)

A point is connected to a line whenever it is connected
to any point of the line. By the condition (6.15) x ., (V1) 4>
(¥2)g» V4 forma “four point” which can be imbedded into a
projective geometry, because (6.15) avoids any possibility of
having nontrivial point spaces.

This projective geometry is therefore isomorphic to the
Moufang plane and the restriction of the “measure” (6.3) on
it is additive. We can draw a picture for the condition (6.15):

(Y|){r 7 v

(6.17)

x, iseither incident or not connected to any line forming the
triangle.
In the language of propositions, denoting

X, =a, (Vilp =b, i=12, (6.18)

we have
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W) =bl y, =biAbL, y*=b,Vb, (619

(since b,1b,, b, V b, exists).

It follows that the condition (6.15) is translated in the
language of quantum logic by saying that the ‘“‘measure”
{6.3) is additive whenever the associated propositions g, b,
and b, generate a sublattice of the proposition system. Once
again the existence of connected points, or equivalently of
point spaces (of dimension greater than 1) which is a conse-
quence of having a nondivision algebra of coefficients, af-
fects the definition of quantum objects, causing, in this case,
this particular behavior of the “measure” naturally defined
in our system. We notice that also this unusual feature hasan
analog in the standard theory for a reducible lattice. In that
case the “‘join” of two points in two different coherent com-
ponents of the lattice is not a line and the additivity of the
states cannot be phrased as in the irreducible case.

But what is more striking and interesting for our ‘‘mea-
sure” is that it becomes the usual measure in a three-dimen-
sional Hilbert space when we restrict x and y to complex
matrices. In fact as an immediate consequence of the results
of Appendix A, any rank 1 element in J, composed just of
complex numbers, can be written in the form

Ay
x=|4; A A2 As)=IA ) (A1
Ay
Notice that we do not have complex conjugation in passing
from |4 ) to (4 |;therefore, |4 ) (4 |isnot the usual projector
in a Hilbert space which in the present notationis |4 *) (4 |.
Using x and y in the form (6.20) and because of associativity
we can write
Jtr{x*, y7)| = [tr(|A4 ) (4 {p*) (u)|
= ((A )2 AP =A% (6.2])
We also have that the restriction of & ¢, to purely com-
plex matrices gives SU(3). To see this we consider the generic
transformation of & :

x—(d,x,B)+ i Cx.

(6.20)

(6.22)

The only way we can obtain purely complex matrices is to
take 4, B, and C real. Then 4, x, and B associate under the
ordinary matrix product and the associator in (6.22) can be
written as a commutator:

(4, x, B) = {[[4, B].x] (6.23)
Denoting D = 1[4, B] we can rewrite (6.22) as
x—Dx — xD + (i/2)Cx + (i/2)xC (6.24)

when D is a real antisymmetric traceless matrix and Cis 2
real symmetric traceless matrix. Therefore (6.24) becomes

(D + (i/2)C)x + x(D + (i/2)CY". (6.25)
The matrix D + (i/2)C is a 3 X 3 skew-adjoint traceless ma-
trix and (6.25) is identified with the usual action of SU(3),
once it is taken into account that we do not conjugate the
complex numbers passing to the “dual space.” By taking the
tensor product of SU(3) with U(1) we get the group U(3). This
shows that the system we have been describing, having % oo
® U(1) as automorphism group, reduces to the usual theory,
in dimension 3, of a complex Hilbert space having as auto-
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morphism group the unitary group.
Itis well known that &, ; has a maximal rank subgroup

SU(3) ® SU(3) & SU(3). (6.26)

The only one of these SU(3) groups involving the imagi-
nary unit { is the one we have here described. The other two
are obtained by singling out an octonionic imaginary unit
and are subgroups of # ,,, one of which isin &, .

We conclude this section with three remarks.

Remark I: Notice the difference between the measure
we have taken for our example in Sec. 3 and the present one.
This difference (the appearance of a square root in the latter)
is linked to the fact that in Sec. 3 we were pairing a Jordan
triple system; here we are pairing a Jordan algebra.

Remark 2: Notice that we can have o, ( y) = 0 although
x4 isnot orthogonaltoy,, (forinstancetakingx™* = E, and
y* =a[l, 2]). This can only occur when x, =y .

Remark 3: The “measure” we have defined, when re-
stricted to the points [Eq. (1) of (6.3)] can be written as

a,(y)=Max[itr(x*y~ +y*x7)], (6.27)

where the maximum is taken over the phase of y (or of x).

Suppose, indeed, that tr(x*,y~) = A; then varying the
phase of y we get

Jtrx yTe "+ xTyte) = YA + ePA*),  (6.28)
and the maximum will be reached when @ is such that ¢ is
real and therefore equal to its modulus.

It has been claimed that™'?

btrxTyT +x7pY) (6.29)
[That is, (6.27) without the “maximum” condition) is a posi-
tive definite measure. We point out that because of (6.28), the
expression (6.29) is not uniquely determined on the points
(because of the arbitrary phase) and, furthermore,

—Idtrix*y™ + xph)KLL

We shall have further comments on this topic in
Appendix D.

(6.30)

6.3. The observables

We can associate observables to the generators of the
automorphism group & , ® U(1) exactly in the same way we
do in the usual quantum theory, namely, by multiplying the
skew-Hermitian generators by the imaginary unit ; to obtain
Hermitian operators. Consider, in fact, Eq. (4.3); denote the
generator G, by K and multiply X by i. Then

tr((iK x)x*) = — tr(x,i(Kx)*) = tr{x,{(iK }x)*) (6.31)

which shows that the operator iK =H is Hermitian with re-
spect to tr(x,x*) and that tr{(Hx,x*) is real.

In perfect analogy with the example of Sec. 3 {and with
the usual quantum theory of the Hilbert spaces), tr{Hx,x*)
defines the expectation value of the observable H in the state
associated to x, .

If we reduce the theory to the complex case, H becomes
a self-adjoint operator and, for x in the form (6.20), we get

tr(Hx,x*) = (A *HA ). (6.32)

The observables are also directly related to the pair via
the three-grading [L,,L _ JCL,. The elements of & ® C are
all generated by the set of transformations V. , , but out of
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these transformations only the skew-Hermitian ones are
generators of &, ® U(1) and to these are related the obser-
vables, via a multiplication by /.

Notice, however, that the spectral theory of the obser-
vables thus defined is completely different from the usual
one. The spectral family of an observable in this theory can
have at most three points. They can always be transformed
into e,,e,,e;, where ¢; = (E, ,E;), i = 1,2,3, which generate a
maximal Boolean sublattice. Therefore we can simulta-
neously measure only three eigenvalues of H, although H has
many more independent parameters in it ({the symmetry
group being of rank 6 + 1). This unusual behavior is already
present in the real .#5 case.®® Other problems affecting the
real .#3 case,*® however, are not present in this Jordan pair
theory.

The Hamiltonian of the system will be one of the Her-
mitian generators of &, , ® U(1). It will involve six indepen-
dent frequencies and will be shift invariant because of the
presence of the group U(1) of the “overall phase.” Time re-
versal can be consistently defined because of the presence of
the imaginary unit /. For a more detailed discussion of these
topics we refer to Ref. 35.
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APPENDIX A
We prove in this appendix the following two
propositions:
Proposition A1: Any trace 1 idempotent of J can be writ-
ten in the form
i
bl@be),
c

(A1)

where a, b, ¢ are complex octonions, one of which is a com-
plex number, and which satisfy

ag+bb+cc=1. (A2)

Proposition A2: Any nilpotent of J with nonzero ele-
ments on the diagonal can be written in the form (A1), where
a, b, ¢ are complex octonions, one of which is a complex
number, and which satisfy

ag+bb+cc=0. (A3)

Using the associativity of the subalgebra generated by
any two octonions (Artin theorem, Ref. 24} it is immediate to
verify that an element of J which can be written in the form
(A1) satisfying (A2) [resp. (A3)] is a trace 1 idempotent (resp.
nilpotent).

We now give the proofs of the two propositions.

Proof of Proposition AI: Consider an element of J in the
generic form
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a b

a
a g cl (A4)
b ¢ v

Then, in order to be a trace 1 idempotent, it must satisfy
(l)a® +ad + bb=a,
(2)B*+ad +cc=p,
B)V +bb+cc=1v,

(4) b¢ = ya,
(5) ac = Bb,
(6) @b = ac,
Na+B+y=1

We distinguish various cases:

(A) Suppose n(a) = n(b) = n(c) = 0. Then we get
a® =a, B = f, y* = y. Thuseither & or S or y must be equal
to 1. Because of (7), just one of them can be 1 and the others
vanish. Take @ = 1 and § = y = 0. Therefore, from (4}, (5),
and (6), b¢ = 0 = ac and @b = c. Hence,

1 1 a &
dllab)=|a 0 ¢
b b ¢ 0

satisfies the required conditions.

{B) Suppose now that n{a)s#0and n(b ) = n(¢) = 0. From
(1), (2), and (3) we get

a*—pB*=a—Landy=0,1. (AS)
Ify =1, then a 4+ # = 0 and, from (A5), a = 8 = 0 which
implies ad = 0, contrary to the hypothesis.

If y =0then a + B = 1 and from (1), (2), and (7) we
obtain ¢ff = ad (then a0, 8 #0) and from (4) b¢ = 0. Then

Va
a_ ; a a b
va |[va - —"2")=|a B ¢
_b__( \/a\/a) b 7 0
Va

satisfies the required conditions.

Notice that if @ = 1, condition {7) implies
n(a) = n(b) = 0 and we are back in the first case.

(C) Suppose now that only n(c) = 0. If ac #0, multiply-
ing (4) by ¢ on the right we get ¥ = 0 and, from (3), b6 = 0,
contrary to the hypothesis.

Ifac =0 then a + vy = 1 (being b #0 by hypothesis).
Hence, # = 0 and from (2) a2 = 0, contradicting again the
hypothesis. Therefore, case {C) does not occur.

(D) Finally suppose n(a)#0, n(b)#0, n{c)#0. From (7)
it follows that either & or S or ¥ must differ from 0. Take
a #0, then it is easy to see that

Va

a

\/ a (‘/ o a b )

b va Vva

Vva
satisfies the required conditions (1)~(7). This ends the proof
of Proposition Al. d

Proof of Proposition A2: For an element in the generic

form (A4) to be a nilpotent of J, it must satisfy the following
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conditions:
(1) @® + ad + bb =0,
2)B*+ad +ct=0,
(3) ¥ + bb + cc =0,

(4) b¢ = ya,
(5) ac = b,
(6) @b = ac,

(a+B+y=0.

We have furthermore assumed that there are nonzero ele-
ments on the diagonal. Suppose @ #0. Dividing (1) by a we
get

aa/a + bb /a = —a=8+v.
Multiplying (4) by b from the left we have
(bb /a)E = ye.

If c#0 we get bb /& = y and then 8 = ad/a; we can there-
fore write

Vva

a_ 5) a a b

va va & 2 )=|a B ¢ (A6)
L( va Va b T v

Vva

If ¢ = O then from (4) and (5) either 8 or ¥ must be equal to 0,
otherwise a = b = ¢ = 0, and would not have a nilpotent. If
y = 0thenf8 = — a and from (5), being ¢ = 0, it follows that
b = 0. It is easy to check that we can write {A6) in this case,
just putting b = 0. Analogously, for 3 =0, we geta =01in
(A6). This ends the proof of Proposition A2.0]

Remark A1: This way of writing the trace 1 idempo-
tents and the nilpotents with nonzero elements on the diag-
onal shows immediately that the projective dimensionality
of any rank 1 element is 16 (complex) (since any rank 1 ele-
ment satisfies, indeed, the same conditions). It also shows
that a rank 1 element behaves like a singlet and a spinor
under SO(10). This fits with the known split

27=14+10416
of J under SO(10) (Ref. 14).
If we take, for example, the element
Va
a/va
b/vVa
we can identify the spinor with (a,b ), with spinor norm**

(\/a T/% -—‘712;),

- 7
ad+bb= Y a,a, +byb,,
a=0

and the singlet with E,.

Extending these considerations to the pair, we get that
SO(10) is a subgroup of E,, leaving a point invariant. In the
example just shown, this is the point (e,), , where
e, =(E\, E)).

APPENDIX B

We give the proof of Proposition 4.4. We shall exploit
some results from the theory of the real .# %, for which we
refer to Ref. 8. In particular, we use the following facts:
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(1) F 40 is generated by the set of transformations
x—{A, x, B), when 4 and B are traceless matrices in the (real)
M%. Any element in the (real) .#} can be diagonalized by an
F 40 transformation.

(2) The maximal subgroup of .7 ,, leaving a trace 1
idempotent of .#§ invariant is SO(9).

(3) The maximal subgroup of # , ; leaving the diagonal
elements of any matrix of .#% invariant is SO(8). The action
of SO(8) on the off-diagonal elements is

a a b a dya dyb
sogd{a B c|l-lda B dc |
be v Nap de v

where d,, d,, d, are related by the principle of triality

(da)ldsh) =d, (ab); (B1)

givend,, the SO(8) actions d, and d, are determined uniquely
(up to a sign).

The following SO(8) actions obey the principle of triality
d,=R;, d,=L;, dy=L,R,, (B2)

where R, (L,) indicates the right (left) multiplication by a
unit real octonion « (i.e., aa = 1).

We want to show first that any trace 1 idempotent in J
can be brought into the form E, (and therefore into any other
trace 1 idempotent).

Let us consider a trace 1 idempotent u in its most gener-
al form:

a a b
u=1\%a B ¢ (B3)
b ¢ v

We can separate the real and imaginary parts of (B3) and
then diagonalize the imaginary part viaan # , , transforma-
tion. We thus get

a) + ia) a b’
u' = a Bl +iB; ¢ , (B4)
b’ & vi+ins

where a1, a5,81,85, 71, v; arereal and a’, b', ¢’ are real
octonions.

Having used an % , , transformation (B4) must stillbe a
trace 1, rank 1 element in J; therefore, we can apply the result
of the Appendix A and write

va
w=\a/va |Va' a/va b/vVa),
b'/vVa

(BS)

where we have supposed a’ #0 (we could do the same for
B'#0or y' #0). _

But we havethatc = @'b'/a' isareal octonion. This can
be the case only ifa’'eRora’ =b'=0o0ra’ =0,b'#0o0r
a’'#0,b’' = 0. Inthe first case, we have a real trace 1 idempo-
tent which can be brought in the form E, by an ¥, ; trans-
formation.® In the second case, we have already u’' = E,. The

remaining two cases are equivalent. Let us take, for instance,
b'=0. Then
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a a 0
, - ala—l
u' = — 0. (B6)
a
0 0 0

Writing a' = re”, it follows that a'a’/a' = se ~* where
s=d'a/|a'|eR.
We now apply the transformation generated by

—¢ 0 0
iC=il 0 ¢ 0], (B7)
0 0 0

which, according to (4.4} is definitely an &', transforma-
tion. In order to exponentiate (B7) we must consider it as a
27 X 27 matrix acting on the vector (a, a,, b,, ¢, , B, ¥) where
a,,b,,c, are the components of @, b, c. It is then easy to see
that a—e ~ “a, a—a, b—e = #/?b, c—e'*c,f—e"B, y—v.
The transformation (B7) is the generator of the U(1) group
leaving E, fixed. Under such a transformation %’ in the form
{B6) becomes real (octonionic) and can therefore be brought
into E, by an 7, , transformation.

Let us consider now a nilpotent y in J. We know from
Remark 3.1 of Sec. 4 that there is a trace 1 idempotent u of J
such that ueV ;" { y, y*). As we have just proved, we can
bring u into (a multiple) of £; so that y goes into

a a O
y=1a B 0]. (B8)
0 0 O
If y' is a multiple of an idempotent then we can bring it into
the form E,. If it is a nilpotent, then 8 = — a. We then split
(B8) into its real and imaginary part:
a, a, 0 a, a, 0
y=\la -a O|+ila, —a, O (B9)
0 0 0 0 0 0

and use next the SO(8) transformation d; = Ra,/|a,| bring-
ing the second matrix in (B9) into a real matrix that can be
diagonalized by a real rotation. Notice that in this way we
have not affected E,. We shall exploit this transformation in
a moment. We then use SO(8) again to bring the remaining
matrix into the form
A r 0
(B10)
0 0 0
when AeC reR.
Since y” is a nilpotent we must have
A2+ r~=0, thatis,A= +irand
1 +i O
y=Al+i -1 0]}.
0 0 0

We can now use the U(1) transformation (B7) with
¢ = F 7/2 and bring therefore y” into

(B11)

1 1 0
y'=+idjl1 1 0]}, (B12)
0 0 O

which can be brought into a multiple of E, by an %, ,
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transformation. O

This proves that &, is transitive on the rank 1 ele-
ments (up to a scalar factor). It follows then from Proposition
4.2 and the considerations following it that & 4, is transitive
on points. To show that & ; is transitive on triples of mutu-
ally orthogonal points is now very easy.

Suppose u,, u,, u; are the primitive normalized idempo-
tents generating the mutually orthogonal points (u,),, ,(1,) ¢ ,
{13}, - We can map u, into e;=(E,,E,) and then work with
SO(8), U(1), and with real rotations in the 22 “block”

V 5" (es), as we did in the final part of the previous proof, so as
to leave e, invariant and bring «, into E,. Once we do this it
necessarily follows that u,—E, and we have completed the
proof. |

We finally prove that SO(10) ® ﬁ(l) is the maximal sub-
group of &, leaving a point fixed. Combining this with the
previous result it follows that the plane we are considering is
the homogeneous space &, , /SO(10) @ U(1). We have noted
already that SO(10) and U(1) leave a point invariant. We thus
have only to prove that it is maximal. Consider the Lie alge-
bra of E,, in the Tits’ form

E.o = iJ% o Der(J®),

where J § is the set of traceless real octonionic matrices in J
and Der(J ¥} is the set of transformations
x—(4,x,B ), with 4 and B traceless real octonionic matrices.
We know that the maximal subgroup generated by a Lie
algebra in Der(J ®) (which is isomorphic to F, ), leaving a
point invariant, is SO(9), with 36 generators.

The maximal number of parameters we can get from
iJ § in order to leave, say (¢;), , invariant are the ten param-
eters of the transformation

a a 0
iIC=ila B 0|, a+B8+y=0,
0 0 vy

which changes ¢, just by a phase, thus leaving the point (e;)
unchanged.

We have therefore proven that the maximal subgroup
of &, leaving a point invariant has 46 generators, which is
the number of the generators of SO(10) ® U(1). Therefore,
these two groups coincide and the proof is complete. O

APPENDIX C

We want to compare the geometry we have defined in
Sec. 4 to the Hjelmslev—Moufang plane defined in Refs. 25
and 30. This is defined on an exceptional Jordan algebra J
over a split Cayley algebra. We shall, of course, make the
comparison with the case in which the split Cayley algebra is
the complex octonion algebra % . The definition of the
Hjelmslev-Moufang plane is the following.?* For any rank 1
element x of J let x« and x* be two copies of the set
{ax|aeC/{0}}. The plane is then defined as the set of points
X« , and lines x* , and the following relations:

x ly¥ iV, =0,

xg=y, xF=p*
*

il

ifxXy=0,

*
x g=p* iftrix,y) =0.
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In view of Proposition 4.1 we can compare these rela-
tions with ours by restricting our pairs, just to the ¥ * part.
We have the following results, whose proof we shall give at
the end of this appendix (* will be associated to the H-M
plane, ¥t to ours).

Proposition C1: Letx = (x* . x")and y = (p*,p7) be
two primitive normalized idempotents. Then V,(x)C V,( y)
(e, x, y¥)ifand onlyif ¥,. , =0.

Proposition C2: x , =y, (x*=p®)if x* Xy* =0.

Proposition C 3: x, =y® iff tr(x*,p~) = 0.

It is clear from these results that there is a very close
relationship between our plane & and the Hjelmslev—Mou-
fang plane &' thus defined. This relationship is given by
associating points of 2 to points of & by

xa=V,(x)
and lines of 2’ to lines of # by
=V (xo),

where x° = (x ~,x ™). The objects, points, and lines (as well
as the point spaces) are, therefore, essentially the same;
hence, we can reproduce the following results:

(1) If x,, s£y,, there is a unique line incident to both of
them.

(2)if x,, =y, thereis at least one line intersecting both
of them.

However, a big difference shows up when we consider trans-
formations on points and lines. We have much more struc-
ture to preserve, namely, the pairing of a rank 1 element with
its complex conjugate. This is reflected in the preservation of
the standard polarity 7: x , —x* we have chosen, and which
is preserved by the group mapping points into points. In
other words we can say that the geometry we have defined is
a Hjelmslev—Moufang plane, carrying a further structure to
be preserved: the standard (elliptic) polarity .

We now give the proof of the preceding propositions.

Proof of Proposition C I: It follows from Proposition 4.1
that V,(x)C V,(y)ifand only if x*eV 5 (y). If x eV (p)
then, from Proposition 3.6, V.. . = 0. Vice versa, suppose
that ¥,. , = 0. Itiseasy to see that this implies V', .. =0
and, therefore, V- ,. y~ =0. Thatis U, x* =0and
tr(x*, y~) = 0. Now let us calculate

Vel yt
=trlx* +y*,y7)xT + 7)) — T XyT)XyT —p*
=x* - (x*Xy* )Xy~ =0.
Therefore
xT=ETXy)XyT,
that is x*eV ;" { y) and the proposition is proven. a
Proof of Proposition C2: We have
Xp =P (x¥=p¥) iff (xTXxpT)xp=0.

Take g, €&, such thatg (y™*) = E,. It follows from Pro-

position 4.3 that if x*e¥ ;" (y) @ V' [*( y) then

g.x"eV (g(y)e Vi (g(y), whereg = (g, g_) There-

fore, (g (x )X E )X E, = 0. Denoted =g, (x*) X E,.
Notice that d ¥ = 0 [from (1.20)] and d-E, = 0 by Pro-

position 3.3. Hence,
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O0=dXE, = —E trld)—d+Itr(d);
that is,
d =tr{d )(E, + E,).

But E, + E, is not of rank 1; therefore, tr(d) =0and d = 0.
That is,

(BT )XENXE, =0=g (x*)XE, =0

Acting now with (g, )~ ' and using the fact that the Freu-
denthal product is € ¢, convariant, we get

xTXYyTIXyT =0=xT Xy* =0.
The vice versa is obvious and the proposition is proven. O
Proof of Proposition C 3: We have that

V,(x)C Vy( y) ® V( y) implies that the component of x on
V,(y) = 0; that is, tr(x*,p~) = 0 and vice versa. O

APPENDIX D

A possible quantum mechanics on a complex .#5 has
been already investigated by Giirsey, ' from a different point
of view. Although some results are similar, the survey of the
structure in Ref. 13 is different from ours, being oriented
towards the physical consequences and interpretations of
the &, symmetry rather than the rigorous examination of
the quantum mechanical formalism. Because of the physical
relevance of Giirsey’s paper, it seems to us worth while to
clarify some contradictory points in its mathematical
formulation.

In Ref. 13 the states are related to the projectors
U, U, ,(x*)* =0, which are in our Jordan pair language
the Peirce projectors on the V ;' (x) space. They seem there-
fore to be the same as ours. However, the distance function
between x and y is defined as

a, (y)=4trlx¥y” +pTx7)
which, as we have seen, is not positive definite and does not
actually give a well-determined value on any given point.
Any point, indeed, is defined only up to a phase.

As a consequence the definition of orthogonality in
Ref. 13,

xly if a,(y)=0

is not well posed.

Another weak point in Ref. 13 is the definition of super-
position. A point x, is the superposition of x, and x, if

tr{x,,x, X x,} = 0. D1
We argue that if x, and x, are connected, x, X x, = 0 and
{D1) holds for any x,. The concept of superposition is not
well defined by the condition (D1).

Finally, we notice that there is no discussion in Ref. 13
about the group U(1) of the “overall phase” which is definite-
ly a symmetry group of the system.

The paper by Giirsey is physically ingenious and path-
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breaking; we are indebted to this work for providing ques-
tions and techniques which have been incorporated in our
work here.
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Linear invariants of a time-dependent quantal oscillator
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Explicitly time-dependent invariants, linear in x and p, are found to simplify the solution of the
Schrodinger equation with oscillator-type Hamiltonian. As an example, exact dynamics is
obtained of the time-dependent quantal oscillator, with damping and subject to external force.
The invariant and hence the solution of the Schrodinger equation involve only the amplitude of
the classical damped oscillator. The identity of our solution with a recently obtained result is
illustrated. A digressive remark on quadratic invariants and the Dirac operator formalism is

added.
PACS numbers: 03.65.Ge

I. INTRODUCTION

Exact dynamics of the time-dependent quantal har-
monic oscillator (one with time-dependent frequency pa-
rameter) has recently been obtained, using the theory of ex-
plicitly time-dependent invariants."? Owing to the simple
relation between the eigenstates of the invariant and the so-
lution of the corresponding Schrodinger equation, there
have also been attempts® to obtain general invariants, par-
ticularly for oscillator-type Hamiltonians. In the above
works, the invariant is constructed as a quadratic function of
x and p, originally by inspection of classical trajectories. "
The invariant involves a single function p(t ), related to the
amplitude of the classical free oscillator; p{t ) satisfies a non-
linear differential equation, which should be solved in practi-
cal applications. The spectrum and eigenstates of the invar-
iant are obtained using an operator formalism analogous to
Dirac’s.*

We note that the solution can be accomplished, some-
what more directly, using invariants linear in x and p. In the
first place, the linear invariant is readily diagonalized and
involves only the amplitude & (¢ ) of the corresponding classi-
cal oscillator. The spectrum of the invariant is continuous,
but with a suitable choice of the initial phase and initial con-
ditions on b (t ), the evolution of an arbitrary state can be con-
veniently obtained through the usual Fourier expansion. Itis
hoped that the use of linear invariants will simplify problems
with more general quadratic Hamiltonians.

In the following section, we consider, as an example, the
Hamiltonian appropriate to a damped oscillator, subject to
external force. The invariant is constructed as a linear func-
tion of x and p, its eigenfunctions readily found and the
Schrédinger wave function compared with the recent re-
sult.? In Sec. 3, a remark on quadratic invariants and the
Dirac operator formalism is made, which is of related
interest.

Il. THE INVARIANT AND SOLUTION OF THE
SCHRODINGER EQUATION

We consider the Hamiltonian?
Ht)=e "p /2 + e {o(t)x?/2 + xf(1)}, (2.1)
where r is the damping constant, « the time-dependent fre-

quency parameter, (¢ ) the external force, and the mass has

1346 J. Math. Phys. 23(7), July 1982

0022-2488/82/071346-03$02.50

been set equal to unity. We wish to construct a Hermitian
invariant of the form

It)=alt)x +b(t)p +c(t). 2.2)
Requiring that I obeys the equation
AI/dt + (1/if)[ILH] =0, (2.3)

we are led to the conditions

a = be"w’(r),

b= —ae"",

¢ = be"f(t). (2.4)
The first two of these equations combine to read

b+rb+ oX1)b =0, (2.5)

which describes the amplitude of the classical damped oscil-
lator. Any particular, real solution of this equation gives an
invariant

I(t)=b(t)p — be"x + clt), (2.6)

where
ct)= fdt "h(t)e" flt).
!
Any real number A is an eigenvalue of 1 (¢) and the corre-
sponding eigenfunction

Yalet) = (71:%)1/2 exp(ziﬁ—{be"xz/z +A— c)x});
(2.7)

we have

(Y ()|galt)) =64 —4). (2.8)
The theory of explicitly time-dependent invariants' has
shown that the eigenfunctions of the invariant, rephased by a
time-dependent phase factor a; (¢ ), satisfy the Schrédinger
equation, where o, {t ) are determined from

da, _ 0 _
ﬂ;;—(%(rnzﬁa—t Hl%(f)}- 2.9)

The matrix elements on the right hand side can be found
from the explicit form of ¥, in Eq. (2.7). We get

da}t - _ [/{ —‘C([]]Z e {210}
dt 24
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The following rephased eigenstates of the invariant satisfy
the Schrodinger equation:

YA;x.t)
=y, (x,t)eia'l(']
= (172m#b )" >x exp{i[a;(ty) + 4 (£})A* — Bt — C(t]}
X exp (i/b#){be”"x*/2 + (A —c)x 1), (2.11)
where the first exponent represents the integral of Eq.
(2.10) and a, (t,) is an arbitrary initial phase. Note
A (t)) = Bt,) = C(t,) = 0, 1, being the initial time.

When the amplitude b (¢ ) vanishes, say at time ¢, the
eigenstates of the invariant (2.6) reduce to

—rt,/2 —~ "
Valx ) = ——.—5{x et =Ae g
Vbt bt)
which satisfy Eq. (2.8). This is also the limiting form of Eq.
(2.7) as b (¢t }—0. The divergence occuring in Eq. (2.10) is
resolved as follows: a, diverges® as (t — z,)~* and hence
fi=a,{t)b(t) is finite at all times. Invoking this in Eq.
{2.10), we have

bf, — bf, = — [(A —c(t))*/2%]e " (2.13)
The first term is easily seen to vanish at ¢ = ¢,, leading to

A—clt)P _.
fulty = Bl o
2#b{t,)
The rephased eigenstates are

YAx,t)

(2.14)

exp {#[be"xz/z + A —cx+ falt )h]].

(2.15)
When b (¢ ) vanishes, the eigenstates can be cast in the form
of the delta distribution as in Eq. (2.12). In practical appli-
cations, Egs. {2.13)-(2.15) will be operative in place of Egs.
{2.10) and {2.11), for all times.

The evolution of a general Schrodinger state is de-

scribed by a linear combination of the solutions in Eq.
(2.15):

Yxt) = f dAg, YAm.t),

where
B2 = (¥, (8) |1¥: (o)),

|#h(2o)) being the initial state. As a convenient choice, let
Salto) = bltg) = clty) =0 and b{z,) = 1,

whence from Eq. (2.15), we see
1 * ,
A f . dx exp( — iAx/Aj(x,z,),
which are the Fourier components of the initial state.
Since choice of the invariant does not influence the
solution obtained,' we can illustrate the identity of the
above solution with the one recently reported? using qua-
dratic invariants. Consider, for the initial state, a simple
case
l/)(x,to) — Ke"'”‘z”.
The mixing coefficients are then

or = (41)" ()
4 V2r \r P r/

= Vb

(2.16)

Pa= (2.17)

(2.18)
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where # is set equal to 1. The solution of the Schrédinger
equation (2.11) reduces to

lx,t) = K(m)”zexp(i[g— —cft)— T(I—ri_zr;)_])’

where

=x2(bin__.__’_.__)+_x_(__’_fi__2c).
b W1 +rd)) b \1+r4

This is in complete agreement with the time-evolving Gaus-
sian form given in Ref. 2.

1ll. REMARK ON QUADRATIC INVARIANTS

It is clear that one can construct a quadratic invariant
as a product of two linear ones, corresponding to the linearly
independent solutions of Eq. (2.5). Let I, and I, be the invar-
iants in the form of Eq. (2.6}, corresponding to solutions b,
and b, of Eq. (2.5); their commutator

K, =[1,,1,] = ifi{b,(t)b,(t) — bs(t)B,(t )}e", (3.1)

is independent of time. This property of Eq. (2.5) is also re-
quired, since the commutator is (trivially) an invariant. Scal-
ing down I, and I, by (K,)"/? we have [I,,],] = 1. One can
choose II, + | as the required quadratic invariant, I, and 7,
being the annihilation and “creation” operators. Note, how-
ever, that one should not limit b, and b, of Eq. (2.5) to real
solutions to obtain a Hermitian quadratic invariant. As the
usual prescription, one can demand I, =7 *, which is ac-
complished with the choice b,(¢) = b ¥(t). We now have the
quadratic invariant in the standard form, for which the
Dirac operator formalism applies. '

For the free, undamped oscillator [r = 0,f(¢t) = 0], C(¢)
can be chosen to be zero [Eq. (2.4)], when we get a homogen-
eous quadratic invariant by the above procedure. In the
more general case we considered, the quadratic invariant
would be an inhomogeneous function of x and p. These are
the forms used in Refs. 1 and 2, respectively, albeit starting
directly with the quadratic form.

Below we present a digressive note on the Dirac meth-
od* of obtaining the spectrum and eigenstates of the
Hamiltonian

Hy = (p* + 02x3/2. (3.2)

Our aim is to show that the results can be deduced from
considerations of the time-dependent invariants of the prob-
lem. The two linear invariants of this simple example, corre-
sponding to the independent solutions of the classical equa-
tion [Eq. (2.5) with » = 0, w{t) = ), are
I, = (p — iwpx)e™”,

(3.3)

L = (p + iwgx)e ~ !,

which are mutually adjoint and proportional to the conven-
tional annihilation and creation operators, respectively.

Let |1) be an arbitrary Schrédinger state, expanded in
the complete orthornormal set of stationary states:

[#) = Je,|n)e B (3.4)
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The energy eigenvalues E, and stationary states |#) will be
deduced from the invariant operators. The expectation value
of the invariant in the above state should be independent of
time, for arbitrary C,. The expectation value of I, is

Sete, (m| — -2 — iogx|n)

E,—E,
Xexp{i(—'"—ﬁ———-f—w(,]t!. (3.5)
This implies that either

(m\ - iﬁ—a— — iwyx
ax

n> =0 (3.6)

or
E, —E, + #fiw,=0. (3.7)

Since @, > 0, Eq. (3.7) cannot be fulfilled if £,, > E,, .
Therefore,

(m

We note that the spectrum is bounded from below (H,, being
positive definite) and is discrete (due to bounded motion of
the particle). If |0) is the ground state, by Eq. (3.8)

(m

Since the stationary states constitute a complete set, Eq. (3.9)
implies
d
Fi—— + wox Jolx) = 0,
ox

which determines the ground state. If [1) be the first excited
state, Eq. (3.8) requires

iﬁ—a—— + iwox
Ix

n> =0 ifE, >E,. (3.8)

iﬁ;— + ia)(,x\0> =0 for all m. (3.9)
X
(3.10)

<m)iﬁ—a—+iwox (3.11)
dx

1> =0 if m50.

One possibility is that (i#(3/0x) + iwyx)|1) = 0. However,
the ground wavefunction is uniquely determined by the
same equation {3.10). Hence we must have

<O!iﬁ~—¢—9—+iwox 1);60, (3.12)
ox
whence Eq. (3.7) gives
E =E,+ fw. (3.13)
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Equation (3.11) and (3.12) imply

(iﬁi + iw(rx)¢l(x) = cihylx),
ax

where ¢ is determined by a suitable phase convention and
normalization. The adjoint form of Eqgs. (3.11) and (3.14)
leads to the useful equation

(1 = oo o) = c*u

which gets us the first excited state. The procedure is contin-
ued for higher states similarly.

The above results are readily deducible, starting from
any invariant not proportional to the creation or annihila-
tion operators. For example, one might consider the Hermi-
tian invariant

(3.14)

(3.15)

I, = p coswt + xw sinwt. (3.16)

Constancy of the expectation value (1|/,|¢) in the arbitrary
state in Eq. (3.4) again leads to Egs. (3.6) and (3.7), on requir-
ingthat(d /dt ) (y|1,|y) vanishidentically. This completes our
remark on quadratic invariants and the Dirac procedure.

IV. CONCLUSIONS

Solution of the Schrédinger equation for oscillator type
systems can be obtained rather directly using linear invar-
iants. We consider the case of a damped oscillator, acted on
by an external force and illustrated the identity of our solu-
tion with a recent result. A way of contructing quadratic
invariants in the standard form, starting from linear ones, is
noted. As a point of related interest, the spectrum and eigen-
states of the ordinary oscillator Hamiltonian are deduced
from consideration of time-dependent invariants.
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We find the most general form of the key function for an .#-%"space whose curvature on the

right side is algebraically degenerate.
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I. INTRODUCTION

X3 spaces are the complexified Riemannian struc-
tures which fulfill the Einstein equations and have algebra-
ically degenerate conformal curvature from one side, e.g.,
the self-dual part (the “left side”). The structure of such
spaces is determined by a potential function W, the key func-
tion, which must satisfy a certain nonlinear differential
equation.

All the algebraically degenerate real solutions of the
Einstein equations correspond to a real slice of an #°7%#”
space whose curvature is of the same algebraic type on both
sides. Also, as Rézga' has shown, a necessary condition for
the existence of a real slice with signature (+ + + —)ofa
complex solution is that its algebraic type be the same from
both sides. Therefore, employing the theory of 7#7% spaces
in constructing algebraically degenerate real solutions, it is
of particular interest to determine the 777 spaces which
also have the right side algebraically degenerate.

This paper constitutes an introductory step towards
this end, by determining the most general form of the key
function which makes the right conformal curvature alge-
braically degenerate.

In Sec. IT we give a brief description of the results and
formalism for #°#” spaces and deduce the basic equations.
In Secs. IIT and IV we find the form of the key function for all
possible special algebraic types on the right side.

Il. THE » FUNCTION

As was shown in Ref. 2, and in a more detailed form in
Ref. 3, the algebraic degeneracy of the conformal curvature
of one side, together with Einstein’s vacuum equations, im-
ply the existence of a congruence of two-dimensional sur-
faces which are totally null (“‘null string”). In fact, if @, isa
multiple Debever—Penrose spinor for the left conformal cur-
vature, i.e., Cypep = =, agBcyp,, where C 5, are the
spinorial components of the self-dual part of the conformal
curvature, then the system of differential equations®

a,g'%=0 (2.1)
defines a null string.

Associated with such a null string there exist® canonical
coordinates ¢* and p” such that the metric has the form

ds’= —1g.s 8 8", (2.2)

“On leave of absence from the University of Warsaw, Warsaw, Poland.
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with

g = —vip ~*dg’

v . y (2.3)

g'= —V2dp* — Q"%dg;).
The null string is then defined by dg” = 0. Einstein’s vacuum
equations imply that ¢ = J; p* + k, where J; and k are
functions of g only, which can be made constant by using
the freedom in the choice of the canonical coordinates. Then,

if K ; is another constant spinor such that r=K 4] ; does not
vanish

Q%= — (@' W) + /KK (24)

where p is a function of q” only. The key function W must
satisfy

44 20 BVA(L 2T N . Hla_:"‘i
196 A6 )i 9 (a':)

— 1,6 ~'0,0 ' W
+-L [nJC—(¢+k)KC]%= iy (2.5)

272
with the abbreviations
n=K"p,, =3a/3p" 3, =(1/7)K"3/3p", and where N,
and y are functions of ¢* only.
The anti-self-dual part of the conformal curvature in
the tetrad (2.3) is given by

Cinco = ¢ (W — (/4716 0 inco - (2.6)

Therefore, if the conformal curvature is also right-degener-
ate, the key function must be such that

v KB 2 2)
|/ e ne =, ap o 2.7
( 47_2¢ 7 sen (4 sBevn, (2.7)

This relation restricts the dependence of W on p* only. Thus,
at this stage, we can ignore the dependence on ¢, which has
to be determined through the hyperheavenly equation (2.5).

Since we are interested in the p* dependence only, and
since in two dimensions each vector is proportional to a gra-
dient, we can write

W isco =hihsBerp, (2.8)

where W =W — (./47%)¢ *7* and h is a function such that
h 4 #0. The integrability conditions for (2.8) are
W iscp'” = 0, therefore, contracting with 4 4, we have

0= h"Wapep® = (h "W incp) — h APW i5ey (2.9)

© 1982 American Institute of Physics 1349



or
Hh Bk shevs, + (Vb sh B 1P
—h ’ADh_(A' h,EBC?’D) =0. (2 10)

If both spinors 5, and y,; are proportional to 4 ;, Eq.
(2.10) implies

hish h®=0. (2.11)
If either one of B, or ¥, is proportional to / ,, say B, ab-
sorbing the proportionality factor in y; and contracting Eq.
(2.10) with 4 %, the condition (2.11) is obtained, Finally, if
none of the spinors 8, or 7 is proportional to 4 ,, contract-
ing eq. (2.10) with 4 A, one obtains, once again, Eq. (2.11).

Since the anti-self-dual part of the conformal curvature

is algebraically degenerate, there exists another null string
defined by

hsg®=0, (2.12)

with g*2 given in (2.3). The two null strings intersect each
other along a congruence of complex null geodesics which
have a tangent vector defined by

V=h" _3_ .
ap?
If follows that v[/ ] = O; therefore, the congruence of geode-
sics is given by ¢ = const., & = const.
The twist of this congruence is determined by the 3-
form

(2.13)

T=eAde, (2.14)
wheree = H ; ,dq”. Thus
T= —h  zh"dp® Ndg' Ndg* . (2.15)

We shall now integrate Eq. (2.11). First we write it in the
equivalent form

hgh?=Ahy, (2.16)

where A is some function; multiplying this equation by de,
one has

—hsdh; +hidhs; =1dh. (2.17)
By assuming H 5 #£0, Eq. {2.17) can be written as
dihi/hs)= —[A/th;)]dh (2.18)

which implies that 4 ; /A ; is some function of 4. Therefore,

we can write
hi/hs = —a¥h)/a\h), (2.19)

where a” (1 ) is a nonvanishing spinor.

By setting a; = b, (a dot denotes derivation with re-
spect to & ), Eq. (2.19) takes the form b ; = 0. This means
that the 1-form b dp" is closed; therefore, there exists, local-
ly, a function b such that b dp* = db. Thus

db—b,p')+b,p dh=0. (2.20)

This implies that b,=>b — b, p" is a function of 4. Substitut-
ing b, in (2.20), we get

(bo+bip*)dn=0. (2.21)
Remembering that b; = a; and denoting b, as a,, we have
Ah)=a,;h)p* +ayh)=0. (2.22)
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Differentiating (2.22) with respect to p*, one has

A +aih)=0, (2.23)
where
A(r)=d,(h)p" + dolh) (2.24)

is assumed to be different from zero. Under this last condi-
tion Eq. (2.22) defines 4 as a function of p* giving the general
solution of (2.11). In fact, from (2.23), it follows that

hgh?=[(Ind)h ;]h,. (2.25)

_ This solution has two branches: the general, G, where
a? d; #0, and the special, S, where a'd; = 0. Due to (2.15)
and (2.23), branch G corresponds to 7" #0 while branch S
corresponds to 7 = 0. In the case S, there is a function o{4 )
such that @, = oa,, and therefore a; = v(h |H ;, where H
is a nonvanishing constant (i.e., p"-independent) spinor and
v{h )#0. Hence in branch S, the solution is given by

Alh\=H, p" +aih)=0, (2.26)
provided that

A (h)=d,(h)#0. (2.27)
lIl. THE CASES N AND lil

In this section we consider the case where the right con-
formal curvature has, at least, a triple Debever—Penrose
spinor; therefore

W asco =hyi haheBo (3.1)
where 4 is given by (2.22). By using Eq. (2.25), the integrabi-
lity condition W 3¢5 = 0 reduces the equation

BsPhy +3Bs k5 + 6hP(ind),; B, +3h,;B;°=0.(32)
By using the identity
B =8B + B4, (3.3)
Eq. (3.2) takes the form
6[Bs il +hP(ind); Bi ] +4Bs"h i — 3h"Bs) 4 =0,

(3.4)
which, as a consequence of Eq. {2.23), is equivalent to
[~ 1285(ind ) + 64 /A 1By h " + 45, ]
Xh ;i —3Bsh?),; =0, (3.5)
where
A=d; p*+d,. (3.6)

Therefore, Yy=18,h 8 is a function of A. If ¢ = 0,8, is pro-
portional to 4 ; and the right conformal curvature is of type
N. In this case, by writing 8, = — r4 *h ;, Eq. (3.5) implies
I"BhVB =O, (37)
i.e.,  is a function of A.
Using Eq. (2.23), we have

W isep = rih)aagzach p

h
- U Ait)a (gt aclt) e | (3.3)
Hence, if A (¢) is defined by
Alt)=a,(t)p* +alt), (3.9)
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it follows that, since 4 (h ) =

W aaco = {(1/3) f ANt | ipen - 310
Thus, if the right curvature is of type N,°
j A ())Pde + 2, (3.11)

where

=(1/30 3¢ p'P"pC + (1/20B3p"p" + C; p* + D
(3.12)

and 4 jz¢,B,5,Cj, and D are functions of the q"‘ only.

If 450, the right conformal curvature is of type III.
Within the branch G one can write ¥ as

Y=a'a,s, (3.13)
where s is a function of 4. Recalling the definition of ¢, (3.13)
implies that 8 must be of the form

Bi= —4sda, + [sA —5A +r'd*la, , (3.14)
where ' is some function. Substituting (3.13) and (3.14) in

(3.5}, one concludes that # is a function of 4. By proceeding
as in the previous case, it follows that (setting r = /)

w=(1/2) fh s(t)[4

XJ re)A@8)Pdt+ 2.

£)]*dr +(1/3))

(3.15)

In branch S the function 4 is given by (2.26), and ¢ can
be represented as

= —ds, (3.16)
where 5 = s(# ). Introducing now a spinor /; such that
H, =1, (3.17)
one can express 3 as
Bi = 4sdl 1; + [(sdy — Sag)l; p® + r"a2 1H,; . (3.18)

Equation (3.5) implies that r” is a function of 4. Dropping
primes, one finds that, in this case, W must be of the form

= (1200, 2% [ ), 5 + a P
+(1/3!)f AV [H, o' + agft) Fde + 2 . (3.19)

IV.CASESD AND li

We shall now assume the right conformal curvature to
be of type D or 1I. Therefore,

W isco = hih sBevs, , (4.1)

where 4 is given by (2.22), and 4 "*B8; and A4 **y; do not van-
ish. Using Egs. (2.25) and (2.23) and the identity (3.3) for the
derivatives of 8, and ¥, in the integrability condition of
(4.1), and contracting then with 4 %% <, one has

R 2 {(h %y e)[2Bp + (Ind ) 585
+(hBe)[2rps + (Ind) 5751} =0 (4.2)
This last equation implies that X =% A%hh DBy p is

a function of 4. Within branch G the function X can be writ-
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ten as

X=—(a%\Vu, (4.3)
where u is a function of 4. This means that B¢, is of the
form

v .o u N
ﬁ(C?’D) = — 12—A.—ac-ab —4711((_4097
A /| .
+ 4[3Al; -2 % + u]aw-ab,
uA AVu  Au i
+[ A2—3(A)3 F—7+w]acab’
(4.4)

where v and w are some functions and 4 = & pR + dj,.
Substituting (4.4) in (4.1), we have, after integration of
the terms with u, u and &,

-
Wisco = [f u(t )4 (t)dt] s +h 4 hzhebs,,  (4.5)
A

where
5y = —A(dvdy + way). (4.6)
Thus

h
[W_ | u(z)A(t)dt] = huhghebs,  47)
,ABCD

but this is precisely the problem solved in Sec. II]; therefore,
we conclude that

h h
W:f u(t)A(t)dt+(l/2!)f s(t){A (£)]2 dt

1/3')f

for some functions s and r.
In branch S, writing X as

A4 de+ & (4.8)

X=—adu, {4.9)
where u = u(h ), one finds that 8-y, must be of the form
Bevs) = — Ruddlels + [8dolls pP)usde) + v]H els,

+ [ — dolls P51 /dolu/do)) + wHeH (4.10)
for some functions v and w. It follows that
. h
[W‘ s PB)ZI u(t)[H,; p* ' a(t)] dt { isco
=h ihzhcbp),
where

(S'D = —dO(UID' -+ M)HD');

therefore

(4.11)
(4.12)
W= (1, 0P f u(t)[H, p* + agle)1de

+ (/205 9%) [ e LB + alt) Ve

h
+(1/3z)f ne)[H,; o+ ayt)Pdt+ 2 . (4.13)
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Expressing #, s, and u as

r(t):i(—ii>3R(:)

dr\  d, dr

d( 14dY

df 1d
)= ~aa) U

and integrating by parts (4.13}, one obtains
W=Uh)p®P+Sth)ls p?) +R(h)+ 2 . (4.15)

V. CONCLUSIONS

The general expressions for W given in (4.8) and (4.13)
amount to the solution of a rather involved system of partial
differential equations of fourth order, in two variables. This
system is obtained from (2.6) by requiring that the Penrose
polynomial

PEE=(/E" Capen 6167667 (5.1)
has multiple roots. For example, if the Penrose polynomial

(5.1) has a triple root (i.e., the right conformal curvature is of
type III), W must satisfy the system of equations

Wi Wiz  Wiiiz
Wiiis Wi Wiiii|=0 (5.2)
Visss Wiz Wiin

and
”:’,im V:I_;,iiii _ ‘vfiiii ﬁ:’,mz 53)
Wisss Wiiss Wi Wiisn
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If the 2 X 2 determinants in (5.3) vanish, the right conformal
curvature is of type N.

Our method has permitted us to solve these conditions
determining the analytic dependence of W on the variables
p'—related to the affine parameters of the string—leaving
open the dependence of W on the variables qR, which re-
mains to be determined through the 77’5 equation (2.5). We
have undertaken this task for various algebraic types on the
right, and the results will be published elsewhere.’

ACKNOWLEDGMENT

One of us (G.F.T.dC.) acknowledges the Consejo Na-
cional de Ciencia y Tecnologia for financial assistance
through a doctoral fellowship.

'K. Rézga, Rep. Math. Phys. 11, 197 (1977).

’J. F. Plebanski and S. Hacyan, J. Math. Phys. 16, 2403 (1975).

3C. P. Boyer, J. D. Finley, I11, and J. F. Plebanski, in General Relativity and
Gravitation, edited by A. Held {Plenum, New York, 1980}.

*The linear differential forms g** form a basis for the cotangent space; their
scalar products are given by g*#.g“° = — 2¢7%€””.

%]. D. Finley, 111, and J. F. Plebanski, J. Math. Phys. 17, 2207 (1976). See
also J. D. Finley, III, and J. F. Plebanski, J. Math. Phys. 18, 1662 (1977).
*The expression of W, which makes the right curvature be of type N, was
formerly obtained by J. D. Finley, III, and J. F. Plebainski (private
communication).

"In particular, the complete solution of (2.5) was obtained by Finley and
Plebanski when the right conformal curvature is zero. See J. D. Finley, II1,
and J. F. Plebanski, J. Math. Phys. 22, 667 (1981).

J. F. Plebanski and G. F. Torres del Castillo 1352



The investigation of some self-similar solutions of Einstein’s equations
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New application of self-similar generalizations of homogeneous cosmological models is shown in
the problem of nonstationary nonspherically-symmetric accretion of self-gravitating gas on the
center. For self-similar Bianchi types II and I11, solutions of the system of Einstein equations are
reduced to some dynamical system of small order. A number of exact solutions in empty space and

for the stiff equation of state of matter is found.

PACS numbers: 04.20.Jb

1. THE MAIN EQUATIONS

In this paper we consider a class of solutions of the Ein-
stein equations, for which the metric on the space-time mani-
fold M * has a three-dimensional group of scale
transformations:

G:M*-M*, G, ds’—f(G)ds’. (1)
Here the map G—f(G ) is a homomorphism of the Lie group
G into the multiplicative group R ' . As was shown at first
by Eardley,' for every three-dimensional group G of Bianchi
type I-VII, there are self-similar generalizations of the kind
(1) of homogeneous cosmological models, for which the
group G acts on M * with three-dimensional spacelike orbits
and the homomorphism f(G) is a nontrivial one. In Ref. 1
solutions of type (1) were applied only in cosmology, as gen-
eralizations of homogeneous cosmological models. In this
paper we investigate another application of solutions of the
type (1) to the problem of nonstationary and nonspherical
accretion of a self-gravitating gas onto an accreting center in
general relativity.

Let us consider two metrics on M *. The first metric is

ds’ =g, 0*w", p,v=0,123, 2)

where w* are one-dimensional forms and ' = dp ( p is some
function on M%), and 8,.. are the metric components. The
second metric is

2 2
ds* = e“*g, 0", (3)
where a is a constant. Let a)’, and Z&’, denote the connection

components of the metrics (2) and (3} which, as is well
known,’ satisfy the following equations:

do' 4+ 0, Aw’ =0, (4)
dg; = w; + ;. (5)
We obtain

Lemma 1:The connection components @'; of the metric
(3) are connected with connection components o', of the
metric (2) by the following relations:

ok, =", +ab’ dp — agt'g, 0", {6)
@* =" +aw* —agh'g,o’, (7)
@', =0', -ag''g,o, (8)
@' =o' +2adp —ag''g,,o" 9)

* Permanent address: V. A, Steklov Mathematical Institute of Academy of
Sciences of USSR, Moscow, USSR.
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where 2, v#1, ¥ =0,1,2,3.

The proof of Lemma 1 consists simply in verifying the
relations (4) and (5) for the connection &', and the metric (3).
As it is well known,? the curvature forms R*, of the connec-
tion @#, have the following form:

R¢, =do*, +0*s Nw?,, (10)

R*, = R* 0% Nw?, (11)
where R#__; is the Riemann tensor.

Lemma 2: The curvature form R*, of the metric (3)is

connected with the curvature form R*, of the metric (2) by
the relations

R =(R* — a’%¢"w* Ao’ + ag"'dp A"
—a’g"dp Nw* + agPv* Ne'y
— ag"Po’ Ne'gle =2, (12)
where i, v, = 0,1,2,3.

The proof of Lemma 2 consists in direct verification by
using definitions {10) and {11) and relations (6), (7), (8), and
(9). Note that the differential forms @ * in general are not
closed and

do®= ~C® 0"\ (13)

The connection components w’; of the metric (2) have the
following form?:

CL)#V = %gug(gﬁv,a + gﬁa,v - gva,ﬂ )a)a
-+ %( - C“va +g“ﬂ(gvycyﬂa +gay 7,Ev))a)a)
(14)
where g, denotes the corresponding Lie derivative.

In the following we suppose that the metric (3) possesses
a three-dimensional group of transformation (1), acting on
M * with three-dimensional orbits, and the differential forms
w* areinvariant under this action. The homomorphism £(G )
has the form

f1G) =410, (15)

where A (G }is some homomorphism G—R '. Under these as-
sumptions the basis of G-invariant differential forms o * may
be chosen in such a way that

8= t 1, 8o =0, 8 =gij(x0)’ i, J,#0,

and the orbits of the Lie group G are given by the conditions
x° = const. In this case the coefficient C . fora,u,v#£0are
the structure constants of the Lie group G. By using the

formulas (12) and (14) it is possible to derive the Ricci tensor
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components R |; = R “*;, for the metric (3) and the Einstein
tensor components, which have the following form:

R% — iR = e~ (™ " v%5 — ¥*, x"s) — 4 P%;

+ a’g! — 2ag'VCBYﬁ}, (16)
§0x = - %(Xyﬁcﬁyx "nycl‘,uy) +aX1x’ (17)
R*, —16%,R =2 (P~, — g™(1/2lg|""%)(|g|"*x",)

+ aZ( _ zgllsxy + 28;151},)

+ a2u”, + g'7C* ;z5%,)

- %axy (P BB - gm)u.’gﬂ

+ 4%y +X7X"))

—6a’g" + 6ag'’C* )} (18)
Herg: we use_the following notations: B,y,u,v,x,y = 1,2,3; ¥75
= 83,8""; 8po = dgp,/dx’ g =det (g, ); the Py is the
Ricci tensor of the metric g, , restricted to the orbits of the
Lie group G:

Py = —I%, I, +C, T, (19)
FXBY =4 —-C"%, +878:C%, +£,.C")h (20)
Uy =18"185C"), +8,5C" ), 21)
w, =1g"C", +87g,C",). (22)

Note that the Einstein tensor for the metric (3) has been cal-
culated at first by Eardley,' by using another method. From
formulas {16), (17), and (18) it follows that in the case under
consideration the Einstein tensor components depend on
only one variable x°, If the distribution of matter is also G-
invariant, in the sense that the stress-energy tensor T); de-
pends only on one variable x, then the whole system of Ein-
stein’s equations is reduced to some system of ordinary
differential equations.

The hydrodynamical equations

Tki;k :8kai —rmikam +rkkami’ (23)

for the G-invariant solutions under consideration, have the
following form:

N (e
g\ ax®
+2aT"', ~CP,T7, =™, T*,. (24)
The last term in (23) has the form
Iy T, =W T%, (25)
r~,. 7%, =al+rm,T*, (26)
Fmakam =fmaf<Tkm’ (27)

where o = 2,3 and
rmyk = %( - Cmyk +gm§(gyxcx6k +gkax57))' (28)
Note that C'; = 0if one of i, j,k equals zero.

The procedure for deriving the system of ordinary dif-
ferential equations from the Einstein equations

RY —1'R=T", (29)
for the hydrodynamical stress-energy tensor 7, consists in
the following: from the equations R,; = T, and
Ry, — § goo R = Ty, we derive the expressions for the veloc-
ity components ' and the energy density through the metric
components g ., and their first derivatives g ,,. Then after
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substitution of the derived expressions into Egs. (29) for

i, j,#0 we derive a closed system of second-order equations
only for metric components. This system may be trans-
formed by a standard way into a dynamical system (system
of first-order equations) and determines completely the evo-
lution of the self-similar metric (3).

2. THE MODELS OF NONSTATIONARY ACCRETION

In the paper by Eardley,’ self-similar solutions of the
type (3) were considered as generalizations of homogeneous
cosmological models. In this case it is supposed that
800 = + 1, that is the variable x° is interpreted as time and
the metric g;; depends essentially upon the time. In this work
we consider also the other case, when goo = — 1, the func-
tion e “* has the meaning of a radial coordinate R = e*" and
the metric g; depends essentially on the spacelike coordinate
xY% dependence on the other coordinates is determinated by
the structure of the group G. For explanation of the physical
meaning of these solutions, let us show two solutions in emp-
ty space for groups of Bianchi types I and III:
ds’ =R ?cos®x°dt* —dR*— R *d (x°)* + sin® x° d¢ ?),

(30)
ds’=RZ%sin?x°dt* —dR? — R*d (x°)* + e'sin> x° d¢g ?).

(31)
From the exact form of these solutions it follows that the
variable xis an angle variable ( — 6 /2<x°<8/2) and that the
metric of space at infinity (R— oo} is the Euclidean one. In
the following we shall consider also self-similar solutions, for
which the variable x° is an angle variable and the variable
R = e“?is aradial coordinate, and which are nonstationary,
i.e., they depend on time . So we are interested in solutions,
which depend on three variables: x° R = ¢, and r. These
solutions may be applied to models for nonspherically-sym-
metric accretion of gas onto the center. In these solutions the
increasing of the gas mass in the neighborhood of the center
as a result of gas accretion, leads to the nonstationarity of the
metric. This nonstationarity may have, for example, the
form {31). Note that such self-similar solutions have no self-
similar analogs in Newtonian theory, because in Newtonian
theory all self-similar solutions, which depend essentially on
the angle coordinate, are stationary (there are the conical
flows of gas). Let us find which nonstationary self-similar
solutions of the form (3)atg,, = — 1 can exist. For that we
use the list of generators and invariant differential 1-forms
for three-dimensional Lie algebras G.” Let £, &,, &, be the
basis of generators in G.? For construction of self-similar
solutions the presence of a homomorphism

f.:G—R' (32)

is necessary. For this homomorphism f, [G, G] = 0. For all
models of types IV-VII the generators £, and &, belong to
the commutator subalgebra (G, G], so £, (£,) = 0 and

[+ (&,) = 0. Therefore, for models of types IV-VII there ex-
ists only the homomorphism f,, (§;) = @. The self-similar
metric (3) in these cases has the form

ds* = &g, (x)o'w’, (33)

where all forms ' depend on the coordinate x' (see the list of

O. I. Bogoyaviensky and G. Moschetti 1354



generators for three-dimensional algebras in Ref. 3). There-
fore in these solutions (33), the metric depends on only two
spacelike variables R = e~ and x°.

For groups of Bianchi type I all differential forms are
@' = dx'; therefore, the self-similar metric (33) for model of
type I is also stationary.

Let us consider now models of types II and III. The
generators of the corresponding Lie algebras have the fol-

lowing form:
typell: £, =8, §,=705 &=49, + %05,
w,=dx* —x'dx®, o’=dx’, o =dx',
do'=*Ne®, Clyy= —C'y,=1. (34)
type ll: £, =08,, & =05 &=, +x0,,
w'=e *dx%, o'=dx}, o’=dx',
do'=w'Ne?, C'i3= —C'y=1. (35)

For these two algebras the commutator subalgebra
[G, G] is one-dimensional: all generators have the form
[G, G) = ué&,. So there exist two essentially different
homomorphisms:

FUE) =0, £LE) =0, fLI&:)=0, (36)
SAE) =0, fNE) =0, fLE)=0, (37)

The self-similar metrics, corresponding to the homomor-
phism /2, have the form

ds2 — eZax-‘gij(XO)wia)j’ (38)

where the differential forms o' depend on the variable x' [see
{34) and (35)]. Then these metrics depend on three variables
x% R = e and x'. If the variable x' is timelike then these
metrics are nonstationary. Therefore only the self-similar
metrics of Bianchi types II and ITI may be used for modelling
self-similar nonstationary accretion of gas onto the center (in
a nonspherically-symmetric case). In the following sections
we begin to study self-similar solutions of Bianchi type II
and III in the most simple cases.

3. THE EINSTEIN EQUATIONS FOR SELF-SIMILAR
BIANCHI TYPE Il SOLUTIONS IN EMPTY SPACE

In this section we consider self-similar Bianchi type II
solutions {3) with one nondiagonal metric component
£231%5). The metric in this case has the form

ds = e*(good (x°) + £11(x°) dp® + g3(x°) dt?
+2855(x%) dr @ + g33(x°)@?))s (39)

where @® = d@ + Bt dp, do’® = — Bdp Adt = — Bw' A&?,
C?,, = B. For the metric (39) we shall reduce Einstein’s
equations in empty space to the simplest possible form,
prove that the variable x° for which g,, = — 1 has the
meaning of an angle coordinate [that is the determinant
g = det(g,;(x°)) has two zeros], and show some exact solu-
tions for gog = 1.

The Einstein equations in empty space for metrics (39),
due to equations (16}, (17}, and (18}, have the form

R' = —1B7g"g"g;, —8*(1/2lg]"*)(lgl"*x")
=0 (40)

— 1B g%%g,5 — 81728} *)|g]'*x%)
~ 228" + aBg''g7%;, =0, (@1)
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3= 1B%" g%, — g™(1/2(g|" ) |g] " *x ®

—2a’g" — aBg''g?%g,; =0, (42)
R’ = B%''%¢"%,, — (1/2Ig(”2}(lg)” )
+ aBg''(2 — 822822) =0 (43)
R% = —(1/20g/ gl )+ aBg g =0,
(44)

R% =R =" x"X’s — X"X)
+£(£Bz 'g%%gs; + 207%¢"") =0, (45)
R%= —g"Bx% + "% —2a%" =0,  (46)
R= —g%x" + HXa"Ys" + Xa"X5%)
_ %B ZglngZg 6a2gll =O, (47)
Ry = %BX st+ay', =0. (48)
From the equation R %, = 0 it follows that there are no solu-
tions with g,, = 0, so it is necessary to consider the nondia-
gonal case g,,#0. The two equations R %, — } R =0 and
R,, = Gdonot connect second derivatives of metric, so these
two equations are constraints. All other equations are equi-
valent to a system of four independent differential equations
of second order. Note, that the constraint R, = Qs satisfied

by virtue of the other Einstein equations, because the follow-
ing identity holds:

aR' +1BR? = —g™(1/2)g|'?)|g|'"
X{ay' + 3By%)
= —£%(1/2/g"?(lgl'*Ry) =0.  (49)
Let us suppose that the coordinate p is spacelike,
&1 <0, and introduce the new independent variable 7:
dr
dx°
In the new variable 7 we deduce, from Eqgs. (40)—{49), the

llll/2

=g = l/lgul”z- (50)

following system (here X = dX /dr, g, = |g2,83; — &5 |):
— 1B %%, + g*(1/281%)g*")) =0, (51)
—iB 2322833 +g00(1/2gl/2)(81/2 z )
— 2%+ aBgz 2,,=0, (52)
_ 532g2 I/Zg /2)(gl/2 3 )
—2a* - aBg g23 =0, (53)
g°(1/2817)g\"*x%) + aBg¥’g;; =0, (54)
Bg%gy +g™(1/281%)(8V "y,
+aB(2— 322322) =0, (55)
égm(zlz’ll(zlfzz +x%) + 2% 1% = 2% %)
— 1B g —a?=0. (56)
By adding Egs. (52) and (53), we obtain
g°(1/287)gY (X2 + x5 — 4a® =0, (57)
which is equivalent to the equation
g (gl/z) V2 _ 407 =0. (58)

For g” = — 1 all solutions of Eq. (58) have the form
g, = Csin®(2a(r — 7). (59)

So all solutions of system (51)—(56) have two zeros of g, at
7= 7y and 7 = 7, + w/2a. Hence the variable r, and there-
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fore the variable x°, also for g,, = — 1, has the meaning of
an angle coordinate and all solutions of system (51}—(56) are
determined on the segment 7, <7 <7, + 7/20.

Equation (51) separates from the others, which deter-
mine a closed system in the space of two-dimensional matri-
ces (with coordinates g,,, £33, £23). Equation (51) follows from
this system at the level of constraint R, = O:

Xll = —(B/2a)’, (60)

Let us introduce in the space of two-dimensional matrices
the following coordinates:

823 81 = 82283 — 85 h=823/85 (61)
In these coordinates we have

X =hess /8, (62)

Xo=h—hg /g +2hgs/en—hhs/g,  (63)

Xzzzgx/gl —333/833+f1hg§3/gn (64)

X =833/85 — h hghs /8. (65)

The order of the system (51)-(56) falls after the transforma-
tion into the following new coordinates:
x=h+(B/4alg./g,), 2=8/8, u=g%/8: (66)

Equation (56} (equation R °, — 1 R = 0} is equivalent to the
equation

1 1 u)
)
4 £ 4\u
00 2
+ (3;—6 2 a2>(4‘%2- u+ 1) =0 (67)

All other equations (51)-(55) are equivalent to the following
system:

-~ o
gooi(_u_) + g % — g%ux? +g°°—B—uxz
u u 2a

2Nusy o
_B (é’__zz _ az) -0 (68)
a? '\ 16
g()() ) gOO 00 X u B 00 u
S x4 2—xz4+g"¥ —— — —g7z—=0, {69
2 4 § 2 u Sag u 9
00 z g 2
— + =—22—4a*=0. 70
g5+ (70)
From the system (68), (69), and (70 it follows that
X= —zX, (71)

where X is determined by expression (67). Therefore the
equation (67)is a constraint which is preserved by the system
(68), (69), and (70). From Eq. (67} it is easy to find an expres-
sion of variable # through the variables x, z, and u/u:

64a’
_ 16a2g00x2 + gOOB 2z2 _ 16a2B2

G-

After substitution of this expression into system (68),
{69), (70}, we derive a closed system of three differential equa-
tions in the variables x, z, and u/u. The last equation (for z)
separates from the others and may be easily integrated:

o= —1L

z = 2a cot 2ar. (73)
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After substitution of this solution into Egs. (68) and (69), we
obtain the following system of two differential equations:

y= — 2a(cot2arly + 2ux® — 4B (cot2ar)ux
+ (2B?*/sin’ 2ar)u, (74)
x = — 2alco2ar)x — xy + B(cot2ar)y, (75)
where
u 1 2sin’ 2ar
r=% ' xzsinz(ZaT)—Bz(Mz— * 4 )

(76)
This system completely determines the evolution of all self-
similar Bianchi type II solutions of Einstein equations in
empty space.
Note that the system (68}, (69), and (70} for g,, = 1 has
the singular point

z = 4a, u/u=0. (77

The following exact solution of Einstein equations in empty
space corresponds to this singular point:

x =0,

ds* = ez"p[d (x°)? — (x° + a,)*dp’

8a%a, . , o )
+ ex ( In(x” +a
p (Bal)z ( 4)
16a’a?
% [ — (9_2_ + az(ln(xo +a,) + a3)2) de?
a Ba;

i %‘a"_lz (In(x’ + a,) + a;) dt *> — al(w3)2”:(73)

where a, >0, a, > 0, a5, a, are constants.

4, SOME EXACT SOLUTIONS FOR SELF-SIMILAR
MODELS OF BIANCHI TYPE | AND Il

The metric of the Bianchi type III self-similar solution
with one nondiagonal term g,, has the following form:

ds’ = &(good (x°) + £11(x°) dp’

+ £15(%%) dt dp + 8,,(x%) dt * + g33(x°)(@?)?). (79)
where

©* =P dp, do’=Bw*Nw®, C’,= —B. (80)

Einstein’s equations for metrics (79) in empty space have the
form

R',= —g™(1/2/g]"%(lgl'"*x')) —aBg'?=0, (81)
R 2l — —g°°(1/2|gi”2)(Igl”zle)' + 2azg12 — O, (82)
R'y= —g®(1/21g]"lg]"*x"s) — B> =0, (83
R%= —g™(1/2g|")lg]" ¥

. 2a2g” _ Bzg22 - aBglz =0, (84)
R = —g™(1/2]g]"*(g]"*s)

—2a%" — B%*? —3aBg"? =0, (85)
Ry, =aX‘1 +%B/}.’21 =0, (86)
Rozz%B(Xzz‘X33)+aX12:O’ (87)

R% — IR = 1g™((x".) — X X%)

+a%" + B%g? + 2aBg'? =0,  (88)
R= ~—T= - OO(/.'(aa +XaBXﬁa)

an ety — aBg" =0, (59
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The system (81)~{89) is equivalent to a system of four differ-
ential equations of second order, because of three constraints
Ry, =0, Ry, =0,R% — } R =0. Conservation of the two
constraints R,, = 0and R,, = O by this system follows from
the identities

W(Rzz*R33)+aR21
= —g*(172]g]|""*(|g|"MUB (x* — x*5) + ax'2))

= —g™(1/2/g|"*)lg]'*Re) =0, (90)
aR',+ 1BR?, .

= —g%(1/21g]"*)lg]"*(ax" s + BY*)

= —g™(1/2/g|"*)lg]"*Ro1) =0, (91)

Conservation of the third constraint R °;, — 4R = 0 follows
on the levels Ry, = 0 and R, = 0 from the identity

(R°%—JR) = —(g/8)R%—iR). (92)
In the whole, the system (81)-(89) may be reduced to some
system of four equations of first order.

Diagonal solutions of the system (81)-(89) are reduced
to exact solutions (30) [for type I {B = 0)] and to (31} {for type
III). Let us show some exact diagonal solutions of Einstein’s
equations with a hydrodynamical stress-energy tensor. Such

solutions, at g,, = — 1, exist only for #' = #*> = 0. Indeed,
two Einstein’s equations
R';=(p+ €uu’, (93)
R =(p + €ju’, (94)
for diagonal metrics are identically equal to zero. But for
800 = — | we have u,#0; therefore,

u, = u' = u, = u* = 0. Further, in the diagonal case, from
the equation
Roy = (p + €ugu, =0, (95)
we deduce y', = 0. From expressions (81)~(89) it follows in
the diagonal case that R ', = 0. So from Einstein’s equation
RY=T" —4T=(p+euu'+ip—e¢ (96)

and u, = 0, we deduce the necessary condition p = €. Thus,
for goo = — 1 the diagonal solutions exist only for
u' = 1 =0, p = €. In this case the metric (79) has the form

ds® = e*(—d6* + g,,(0) dp?
+ 82,(0) dt? + g55(0)e*® dg ?). (97)
The 4-velocity vector of matter has the form ' = (1°,0,4%,0)
p = €. Let us denote
8n=2 u=12/2, v=I,83/8s (98)
From the equation R,, = 0 it follows thatg,, = — 47

= const. All other Einstein’s equations are reduced to the
system

z=uz, (99)
u= —u® — ;1—2-
N -
(100)
b= —u —uu—;z;——zz—z. (101)
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Energy density and pressure have the form
B? 22K? -1

=p= 2 _(y—? 102
€=p 2zz(u v) 7 (102)
where
B? 1
L=uv——zT+—A—2
B LY B, )
i((uv 22+A2) Su—v) (109
K= — —L (104)
Bu—v)

The components of velocity of matter have the form
O =1/2K =) w2=1/2K*—1)"%  (105)

Exact solution (31) may be obtained from the system (99),
{100), (101) at u — v = O and sign { — 1) in Eq. {100). For self-
similar Bianchi type I (B = 0) diagonal solutions, from ex-
pressions (81)-(89), we have R, = 0, so from Einstein’s
equation Ry, = ( p + €)ugu, it follows (at g,c = — 1) that
ug = 0. Together with #' = u” = 0 it means that the motion
of matter in these solutions is absent. Einstein’s equations in
this case have the following exact solutions:

ds’=e¥(—d0® — A% dp® + g,(0)dt” + 85,(0) dé %),
(106)

where

dz
322=(z(0))2: g33=a3g§<0: gn= — A% = const (107)

and function 2{6 ) is determined from the integral

dz
=80 — 6, 108
f (a, + 2a,In(z) — (1/4 2)2)'"? ¢ (198)
Energy density and pressure have the form
e=p=a,/2, a>0. (109)

Note that at g4, = 1 there exist diagonal self-similar solu-
tions of Bianchi type I and III with motion of matter

[4'= (1°u',0,0)] and every equation of state [ p = ke,
0<k<1]. Such solutions of Bianchi type I at g,, = g, were
investigated in Refs. 4 and 5. Let us show the new exact self-
similar solution of Bianchi type III for go, = 1, p =€,
u'=0:

ds’ = e*(dt + g, dp® + 8yt ) d2° + g5,(t }**ds ?),

(110)

where
g1 = —A?=const, (111
82 =1B?4% + C, exp(2/At) + C, exp( — (2/4 1) <0,
(112)
&3 =Cgn C5>0, (113)
p=€=(4/47g;,) (% B*4* - C\C,). (114)

The physical condition €30 denotes the permissible domain
of constants values

C,C,< AB*4°.
For
C,C,=LB*4"

(115)

(116)
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we deduce from Eqs. (111}115) the exact solution in empty
space, depending on three constants C,,C,, and C,.
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Electrovac generalization of Neugebauer’s N = 2 solution of the Einstein

vacuum field equations ®
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We show that the N = 2 Neugebauer solution of the Einstein vacuum field equations is easily
reproduced by employing two successive Kinnersley—Chitre (K~C) transformations of a type
considered earlier by I. Hauser. Furthermore, by employing two successive K—C transformations
of a type considered recently by C. Cosgrove we are able to produce a new electrovac
generalization of the N = 2 Neugebauer solution. In principle, an analogous approach could be
employed for the explicit construction of electrovac generalizations of Neugebauer solutions

corresponding to higher values of N.
PACS numbers: 04.20.Jb

I. INTRODUCTION

Not long ago Neugebauer' published a family of new
solutions of the stationary axially symmetric vacuum field
equations, which he had obtained by using a newly disco-
vered Backlund transformation for the Ernst equation. His
new solutions were, among other things, generalizations of
the Tomimatsu—Sato (T-S) solutions. They also provided
what may be called “multiple Kerr solutions.”

Recently Cosgrove,” using the homogeneous Hilbert
problem (HHP) formulation of Hauser and Ernst,’ identified
a Kinnersley—Chitre (K—C) transformation which provides
an electrovac generalization of Neugebauer’s Biacklund
transformation. Using this transformation Cosgrove was
able to derive the charged Kerr solution for a* + €% > m?.

In as yet unpublished work Hauser* developed a K-C
transformation which yields the uncharged Kerr solution
not only for a > m, but for @ = m and a < m as well. This
transformation, it turns out, was identified earlier by other
methods. However, before we turn to Cosgrove’s transfor-
mation, we shall illustrate our approach by showing that
Hauser’s transformation, when repeated twice, yields pre-
cisely the N = 2 Neugebauer solution. Then we shall evalu-
ate for the first time the result of applying the Cosgrove
transformation twice, thereby obtaining what may be consi-
dered to be an electrovac generalization of the N = 2 Neuge-
bauer solution.

Our new solution should prove useful for finding elec-
trovac generalizations of the Tomimatsu—Sato § = 2 solu-
tion analogous to the vacuum generalization which Kinners-
ley and Chitre’ found. In this paper we shall show how the
K-C generalization can be obtained from the N = 2 Neuge-
bauer solution by an appropriate limiting process. How the
(T-S) solution itself can be obtained was shown earlier by
Kramer and Neugebauer® and was described fully by Sato.’

*IResearch supported in part by National Science Foundation grant PHY-
79-08627.

YA more complete description of the research upon which this paper is
based will appear in Mr. Guo’s thesis, to be submitted to the LL.T. gradu-
ate School in partial fulfillment of the requirements for the Ph.D. degree.
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It remains a curious puzzle why no one has yet been able
to solve an HHP for an electrovac transformation generaliz-
ing all three of Hauser’s transformations.

li. KINNERSLEY-CHITRE TRANSFORMATIONS

The specification of a K-C transformation corresponds
to the selection of a 3 by 3 matrix function v(7) of a complex
parameter 7, such that

VI(r)Gu(r) =€, detwv(r)=1,

where
0 i 0
=y —-i 0 O
0 0

The parameter T is related to the previously used complex
parameter ¢ by 7 = 1/(2t), while the matrix v(r) is related to
the previously used matrix u(z) by

1/t 0 0 t 0 0
oir)=] 0 1 Oo)ur)fo 1 o
0 0 1 0 0 1

Considered as a function of the complex parameter 7, v(r)
must be holomorphic in an open neighborhood of 7 = 0.

The v(7) which we shall consider in this paper have an
exponential form

v(r) = exp[Jn(7)],
where J is a constant 3 by 3 matrix and (7} is a real scalar

function of the parameter 7. The group conditions require
that J satisfy

CGJ+JE=0, TrJ=0.

By explicit construction of the most general J we found that
the relation

JP+aJ+ibl =0
is satisfied, where @ and b are real scalars. By rescaling 7(7)
one may always arrange thata =1, 0, or — 1.

In the vacuum case considered by Hauser J was of the
form
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j 0
=(2 o)
0 0
where ;2 = I, 0, or — I, and where Hauser considered

N(7) = (Ynf(r — K,)/(7 — K)]
fora =1, and

nr)= — @in[(r — K)/[r — K¥)]
fora= — 1. ThiscorrespondstoJ* —aJ = 0,i.e.,tob =0.

Thus far we have had no success solving the nonva-
cuum HHP withJ* — g J =0 and

n(r) = G)nl(r — Ko)/(r — K, )]
or

7(r)= — Qn[{r — K)/(r — K*)].

If one specializes J so that the minimal polynomial is of
the second degree attempts to solve the resulting HHP, then,
barring the discovery of a new method of solution, one is led
to consider the transformation discovered earlier by Cos-
grove, which with

yr)= —in[(r— K)/(r —K*]
corresponds to

JP+ Wi+ @I=0.

One may, in fact, write Cosgrove’s J in the explicit form

J= ()il + (2/E)hh '€,

where 4 is an arbitrary 3 by 1 constant matrix, and where
E =2ih'Gh.

lil. THE N = 2 NEUGEBAUER SOLUTION

Applying Neugebauer’s Bicklund transformations,
Kramer and Neugebauer obtained from Minkowski space a
vacuum solution corresponding to a £ potential which they
expressed in the 4 by 4 determinant form

S S S S,
1 1 1 1
K, K, K, K,
K? K, K K/
S, S, S, S4
1 1 1 1
K, K, K, K,
K.S, K,5, K5, K,S,
where the K, (i = 1,2,3,4) are arbitrary real constants, where

Si = exp(ia)i )ri)
and where
r=[z—K)+p*]"%

The w, are arbitrary real phases.

In order to obtain from the N = 2 Neugebauer solution
the generalization of the vacuum T-S solution discovered by
Kinnersley and Chitre, one may proceed as follows. Select
the phases w, so that

expliw,) = (p + iqexp(id Zo),

explio,) = — (p — iglexp(id,z,),
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explios) = ( p + iglexplidsz,),

expling) = — (p — ig)exp(id z,),
where p and g are constants with the property p*> + ¢*> = 1,
and the A, are arbitrary constants. Then select the K, so that

K4: — mp — 2,

where m is an arbitrary constant (the mass parameter). If one
now takes the limit as z, goes to zero, one obtains the &-
potential of the K-C generalization of the T-S § = 2 solu-
tion. The K~C parameters « and f3 are related to our A, by

a=(1/4)A, — A, — A5+ A, )mp,
B=(1/8)A; + A, — A; — A )mp.

IV. THE HAUSER TRANSFORMATION

In order to show that we get precisely the N = 2 Neuge-
bauer solution by applying Hauser’s transformation twice in
succession to Minkowski space, we shall have to describe the
as yet unpublished Hauser transformation in some detail.
For j* = I it is equivalent to the double Harrison® transfor-
mation, and for /2 = — [ it is equivalent to the two-soliton
transformation of Belinskii and Zakharov.®

As was remarked earlier, we now prefer to work in the
7-plane rather than the ¢-plane. Accordingly, in describing
the HHP we shall introduce new symbols Y, (r) = X _(t )and
Y_(r}=X_(t), as well as

t 0 0
P =F@)lo 1 of,
0 0 1

in place of the symbels which were employed in the earlier
Hauser—Ernst papers. If the seed metric is Minkowski space,
then (suppressing the third row and column)
(~(r—7+z) i(r+r—z)>

—1I | ’
where r = [(z — 7)? + p*]'/% The inverse of this matrix is giv-

en by
_ -1 ilr+7—2
Py(7) ‘= ( . ) .
-1 r—T7+z

The HHP consists of finding Y (r) and Y_(7) such that

Y, =Y_P,exp(jn)P,~".
Y . (7) is holomorphic in 7 except at the places where 7(r) has
singularities, and Y _(r) is holomorphic in 7 except at the
places where Py(7) has singularities; namely, at the branch-
points of the function #{7). Furthermore, Y_(7) goesto / as 7

goes to infinity.
By introducing the 7-dependent matrix field

Py(r) = (1/(2r)

y=PyP,~ L
one can reexpress the HHP in the form

Y, =Y_exp(yn),
or even better, one can write
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Y_=Y, exp(—yn)
where

exp( — yn7) = [(I — ¥)/2)expy + [(I + ¥)/2]exp( — 7).
Hauser’s solution of the HHP for the case j* = I and

7(r) = (1/2)n[(r — K,)/(r — K,)]
is obtained by setting

Y, =N°A4expn+Bexp(—nll

where 4 and B are r-independent matrix fields such that
A+B=1,

Al -pK)1=0,
B{I+vKy)I=0,
and where

N?=1lim exp[(yn)]

as T goes to infinity. The explicit evaluation of the matrices
N°, 4, and B is very straightforward.

There are, of course, many ways to parametrize the con-
stant j matrix, and which is best depends upon one’s objec-
tives. To facilitate comparison with the results of Kramer
and Neugebauer we chose to express the j matrix of the first
Hauser transformation in the form

. 1 0Y), _
J‘=U‘(o —1)U' L

U ( sin a, sin &, )
"""\ +cosa, l+cosa/’
and the j matrix of the second Hauser transformation in the
form

1 0
Y — U .—l
L=U; (0 = 1) 2

( sina, sin a, )
U,= .
1+cosa, l-+cosa,
For the first Hauser transformation the real function #(7} is
given by
7, = Wn[(r — K,)/(r — K))],
while for the second Hauser transformation
N, = (i)l“[(T — K )/(r— K3l
We shall also employ the notation
?,n (T) = POjnPO_ “
(Note especially the subscript O rather than n — 1 on P.)
Under the nth Hauser transformation the P potential is
transformed from P, _, to
Pn = Ng [AnexP'Un + Bnexp( - nn)]Pn — ]exp( _jnnn)'
The & -potential is easily obtained from
& = lim [27P,(7)].

T+ 00
The actual calculations were carried out after having
introduced certain quantities Q; (i = 1,2,3,4) which can be
defined in terms of the eigenvectors
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() () () e ()
1771 1 1
of y,(K,) corresponding to eigenvalue — 1, of ,(K,) corre-

sponding to eigenvalue + 1, of

exp[ — ¥\(Ks)m, (K 1v2(Ks)exply (K3 )m(K;)]
corresponding to eigenvalue — 1, and of

expl — 71(K ) (K )ly2(KJexply (Ko (K4)]
corresponding to eigenvalue + 1, respectively.

After a single application of the Hauser transformation
to an arbitrary vacuum spacetime, we obtained the complex
% potential

& = & (seed) — 21K, — K;)/(Q) — Q)),

while using two applications of the Hauser transformation to
an arbitrary vacuum spacetime, we obtained the complex & -
potential

0 & @ &
1 1 1 1
K, K, K, K,
Kl 2 K22 K32 K42

& = &(seed) — 2i
Q, Q. @ O
1 1 1 1
K, K, K, K,
KlQl KZQZ K3Q3 K4Q4

In the case when the seed metric is Minkowski space and
& (seed) = 1, one finds that the Qs have the form

Qi = i[expliw,)r, + Ky —2)],
where w, = a, and w, = a,, while @, and @, are more com-
plicated functions of the a’s and K ’s. The important thing to
notice is that the @’s are unconstrained real constants, just as
they were in Neugebauer’s solution. In fact, it is quite easy to
see that our result using Hauser’s transformations is in com-
plete agreement with the result of Kramer and Neugebauer
using the Bicklund transformation approach. In the case of
a more general seed metric, our way of writing the & -poten-
tial in terms of 4 by 4 determinants is an alternative to Neu-
gebauer’s manner of expression in terms of 5 by 5
determinants..

V. THE COSGROVE TRANSFORMATION

While we are not quite sure how Cosgrove himself
solved the HHP corresponding to his transformations, we
had no trouble reproducing his results, including the deriva-
tion of the charged Kerr metric with

a4+ e*>m
In particular, the HHP can be solved by noting that if
v = Lyl(r — K *)/7 — K )]

+Ly((r— K )/t — K*)]*7,

where

L, = (2i/E)hh '€
and

Ly=I-L,
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are projection operators onto one and two dimensional sub-
spaces, respectively, then one may reasonably expect Y, to
have the form

Y (r)=NA[(r—K)/(r - K*)]"?
+N°B[(r —K*V/(r - K)]*7,

where 4 and B are 7-independent matrix fields such that
A + B =1 In fact, if one writes out

Y = Y_,_POU_lPO_l,
and

v™! = exp( — Jn),
one sees that two of the terms have simple poles unless 4 and
B are chosen so that

APK*)L, =0, BPIK)L,=0.
These conditions are easily seen to require

_ _EPK*)L\PyK)~"
2h YiGPYK )~ 'Py(K *)h

and A = I — B. This is, in fact, the solution of the HHP.

Carrying out two successive Cosgrove transformations
is a little more tedious than carrying out two successive
Hauser transformations, because one deals in the electrovac
case with 3 by 3 matrices, and because one must evaluate not
only the gravitational complex potential but also the electro-
magnetic complex potential @. However, the method we
used was basically the same.

The nth Cosgrove transformation corresponds to the J
matrix

J, = (1/3)il + (2/E, )h,h,'G,
where

E, =2ih, 'Gh,,
and where 4,, is a constant 3 by 1 matrix which is completely
arbitrary. For the nth transformation we also write
v(r) = exp{/,,7,,), where

Na(r) =iln[(r — K3)/(r - K, )],
and we introduce the notation

Yalr) = PoJ, Py
Under the nth Cosgrove transformation the P potential is
transformed from P, _, to

Pn = Ng [Anexp(”?n/3) + Bnexp( - 2”7»1/3)]

XPn— 1 exp( - Jnnn )

The & and @ potentials are easily evaluated using

(—i,#,@) = lim (0,27,0/P(r).

As in the vacuum case, our actual calculations were per-
formed after introducing certain quantities Q;,R; and S|
(i = 1,...,6) which may be defined (up to obvious linear com-
binations) in terms of the eigenvectors
Q:
¥ = R;
S;

Here ¥, is an eigenvector of 7,(K,*) corresponding to eigen-
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value — 2i/3, ¢, and ¥, are eigenvectors of y,(K,) corre-
sponding to eigenvalue -+ i/3, ¢, is an eigenvector of

exp[ — ¥i(K $)mi(K 3)] 72K $)exp [ 71K $)m,(K )]
corresponding to eigenvalue — 2i/3, and ¥, and ¢ are ei-
genvectors of

expl — 71K (K)lya(Kolexply (Ko)m,(K>)]

corresponding to eigenvalue + i/3.

We applied two successive Cosgrove transformations to
an arbitrary electrovac seed solution with & - and @-poten-
tials denoted by & (seed) and @ (seed), respectively. After a
quite substantial calculation we obtained the & - and ®-po-
tentials of the new electrovac spacetimes in the form

& = &(seed) — 2IN /D, & = P (seed) — 2N '/D.
After the first Cosgrove transformation we obtained
D=4, N=(Kt—K )R 4y,
N'= (KT —-K,)R,4 "5
After the second Cosgrove transformation we obtained
D= 44234156(K2 - Kl)(KZ* —K7)
+ d5234,64KF — KK, — K'T)
+ A63d 145K T — KK, — KY),
while
N= A4S6A32RI(K1 - KY)(KI - K;)(Kf - K;)
+ A43465R (K, — K T)K, — K2)K, — KT)
+ 4523461 R4(K) — KTIKE — K \)K, — K )
+ A2345 R(K, — KT)K, — KF)K, — K %)
+ 413465Rq(K, — Ko)K, — K 2)K, — KF)
and
N' = A6l 2R (K ~ KT)K, — K3)KT - K))
+A4234 '6sR (K, — K T)K, — K3)K, — KT)
+ Aspd "6 Ry(K, — KT)K T — K))K; — K7
+ A2l 5 R4(K, — KT)K, — K3)K, — K7)
+ 41234 '6sRo(K | — Ko)(K, — K T)(K, — K 7).
In these expressions we have used the 3 by 3 determinants
Aijk = det(¢; ¢j ¥y)
and the 2 by 2 determinants

R, R,
st
and
A = o ¢ ‘
v R, R,

It should be observed that the former satisfy the identity

A423A 156 + ASZSA 164 + A623A 145 = A 123A456‘

It is not difficult to evaluate the Q@’s, R ’s, and S’s in
terms of the components 4/ (f = 1,2,3) for the two successive
Cosgrove transformations. In the special case when h> =0
for both transformations, and when the seed metricis a vacu-
um space-time, we may set

Q3=Q6=R3=R6=S1=S2=S4=SS=O’
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R|=R2=R4=R5=S3=S6=l.

The fields Q,, Q,, Q,, and Q; then correspond to the fields Q;
(i=1, 2, 3, 4) which we encountered in the consideration of
the double Hauser transformation.

VI. POSSIBLE APPLICATIONS OF THESE RESULTS

While our new solution of the electrovac field equa-
tions, obtained by using Cosgrove’s transformation twice in
succession upon an arbitrary electrovac seed metric is per-
haps interesting in its own right, since it is a natural general-
ization of Neugebauer’s N = 2 vacuum solution, we antici-
pate that the solution will be of interest primarily as a source
of additional electrovac solutions involving rational func-
tions. In fact, it is our intention soon to publish T-S like
solutions which are obtainable by limiting processes from
our solution when the seed space-time is ordinary Min-
kowski space as well as generalized Plebanski~Demianski
solutions which are obtainable from our solution when the
seed space-time is Minkowski space but an alternative pair of
Killing vectors is focused upon. Naturally one may also con-
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template the future construction of electrovac generaliza-
tions of Neugebauer’s vacuum solutions with N> 2, al-
though we shall probably leave that for someone else to do.
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New exact solutions to Einstein’s equations are given which are spherically symmetric and static
with perfect fluid distributions satisfying a linear equation of state p = np and n€(0,1].
Heintzmann’s generating method is then used to build up a family of new solutions for each value

of n.

PACS numbers: 04.20.Jb

I. INTRODUCTION

Exact solutions to the equations of general relativity
which are static, spherically symmetric, perfect-fluid distri-
butions of matter have been considered in the literature (a
review has been given by Kramer et al.') to represent the
interior of a relativistic star in equilibrium.

To get a semirealistic relativistic stellar interior, one
should start with a reasonable equation of state for the distri-
bution of matter. However, in practice most of people as-
sume an ad hoc analytic expression for one of the compo-
nents of the metric tensor or the density and then obtain the
equation of state via the field equations. This computational
method has the incovenience that one can easily obtain un-
physical equations of state.

To avoid the last difficulty, we shall assume from the
begining the equation of state of the distribution of matter; in
fact, we shall consider a linear density-pressure relationship
of the form p = np, ne[0,1]. After Einstein’s equations are
put into a form suitable for analysis, we obtain a particular
solution (new as far as we know) for each n€(0,1]. Next, we
apply a method for generating a (possibly) new solution from
another known solution due to Heintzmann'? and obtain a
one-parameter family of new solutions for each value of
ne(0,1]. Finally, some remarks concerning the regularity of
these families are made, and we conclude with the hope that
the solutions mentioned can be used as relativistic models in
certain regions of the star.

il. BASIC EQUATIONS

The gravitational field being static and spherically sym-
metric, coordinates may be chosen so that the metric takes
the form

ds’ = —e¥dt? + e¥(e®dr +dn?),

d2’=d0* + sin’6dgp?, (1)
where v and 3 are each functions of the coordinate 7.

As we are interested in perfect fluid distributions, the
energy-momentum tensor is

Ty =(p+pluu, +pgu (2)
where p is density, p is pressure, and u © is velocity.

In the obvious orthonormal tetrad (@° = e*dt,
o' =e " Pdr, w® = e'df, w* = e’sinf dp ), Einstein’s equa-
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tions then are equivalent to the following set (87G = ¢ = 1):

u' =8¢, (3)
p=e ioap s - =2, (@
dr

p=e Ay — P 4+ 1), (5)
Vi Vi— 2+ B =148 -’ (6)
By assuming a linear density—pressure relationship

p=np, nel0,1], (7)

Eqgs. (4) and (5) imply

p=2(14n)"le Py 4 ) ®)
v =nB'+ Y1 + n)e’ - 1). (9)

Thus, the problem of finding a static, spherically sym-
metric solution for a perfect-fluid distribution with a linear
equation of state is reduced to obtain a solution for v and
satisfying the ordinary differential equations (6) and (9).
Once a solution has been found, the density and pressure are
calculated via Egs. (8) and (7), respectively.

IN. EXACT ANALYTICAL SOLUTIONS

A.Casen=0
For a dust distribution of matter ( p = 0), Eq. (9) gives
B=1In(1+2v). (10)
Thus, by substituting Eq. (10) into Eq. (6), we obtain
v=0 or v'= —V(1+2)
and these two equations obviously imply 8" = — v/, i.e,,

p=0 taking into account the expression (8) for the density.

Therefore, there exists no solution corresponding to a dust

distribution such that p > 0. This is a very logical result from
a physical point of view, because for such an equation of state
there are no pressure gradients that can balance the attrac-
tive gravitational forces.

B. Case n<(0,1]

A particular and simple solution to Egs. (6) and (9), for
any value of n, is given by

v=2n(l+n)"'r, B=4In[1+4n(1+n) *].(11)
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The corresponding density, obtained from Eq. (8), is

p=[1+i1+n)n" "] le (12)
and the line element (1) then reads

ds? = —edt? +e¥[(1 +4%n "\dr* +d27,

A=2n(1+n)"". (13)

On choosing Schwarzschild (or canonical) coordinates,
obtained making the change ¢ "—r, our exact solution is

ds? = — pi+m 'dt?2 4 [1 4 4n(l +n)"2]dP? + rdQ?
(14)
p=[14+[1+n"n""17"r"% p=np, ne0,l1].
As all the solutions violate the condition of regularity at the
center insofar as the density and pressure become infinite at
that point while g, vanishes there, they can be considered
unphysical solutions with regard to the possibility of repre-
senting stellar interiors globally. However, they can be used
locally, then representing only certain regions of the star.
We shall comment that the 3-geometries ¢ = ct ob-
tained from (14) can be embedded in four-dimensional Eu-
clidean space. By setting x* = 2(n)'/%(1 4+ n)~'r, one trivially
obtain a surface that is a three-dimensional cone C,CR*.

\V.GENERATION OF NEW SOLUTIONS

By applying Heintzmann’s generating method'+ to our
exact analytical solution given by Eq. (14), we have obtained

ds?= — "+ de2 4 g1 — Carr+? ]~ 1dr?
+Pd0RY ne01],
p=4nl+n"a 'r24+CQ3+b)* (15)
p=4n(1+n) "% r 2= C[1+4n(l+n)"17"
where
a=1+4n(l +n)7% b=4n(l —n)(1 +n)" (1 +3n)~",

and Cis an arbitrary constant. Each solution obtained in this
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form is obviously new, being the old solution recovered for
the value C=0.

We mention that this C-family of solutions, for each
ne(0,1), violate the condition of regularity at the center be-
cause p and p become infinite at that point and g, vanishes
there (observe that all the solutions of the family behave as
the C = 0 solution near the center).

Obviously for C <0, the assumption p > 0 implies that
the solution (15) can be used only in the region

r<[}Cl1 +nPa3+b)n~'17% d=2+b)"",

while, for C > 0, the assumptions p > 0 and g,, > 0 imply the
following region of validity:

r<min{(Ca) =4 [1Ca(l + n)(1 + Sn)n—2] ~ 4},

d=2+b)""\.

Finally we remark that for the particular valuen = 1(a
stiff equation of state for the old solution), Eq. (15) reads

ds* =r(—dt* +d02% + 201 —2CA)~'dr,

(16)

p=ir"2+3C, p=4r"2-3C=p—6C.

The solution generated in this form with C > 0is exactly
the irregular solution found by Buchdahl and Land® in their

study of the most natural relativistic analog of the classical
incompressible sphere.
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The static field equations are investigated within the framework of a general class of scalar—
tensor theories of gravitation proposed by Nordtvedt. In the Brans—Dicke and Barker theories, it
is shown that in vacuum g, is functionally related to the scalar field. Two families of exact
solutions are also obtained for a static spherically symmetric gravitational field in the Barker

theory.
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1. INTRODUCTION

Nordtvedt' (1970) proposed a general class of scalar—
tensor theories of gravitation in which the w parameter of the
Brans-Dicke theory is allowed to be an arbitrary function of
the scalar field. This class includes the theories of Jordan?
(1959) and Brans~Dicke? {1961} as special cases. In a recent
communication Barker* (1978) considered another special
case where w = (4 — 3¢)/(2¢ — 2}, which ensures that the
Newtonian gravitational constant G does not vary with time
and also the strong principle of equivalence is not violated.
In the same paper Barker discussed some interesting possi-
bilities of the proposed theory and obtained an analytic solu-
tion for an empty universe from the standpoint of the theory.

Studies of static space-time within the framework of the
general class of scalar—tensor theories have also received
considerable attention in recent years. So far as the present
paper is concerned, immediate reference may be made to the
work of Banerjee and Bhattacharya® along with Dutta
Choudhury and Banerjee® who, in their respective studies of
static fields, in the Brans—Dicke and Barker theory, obtained
expressions for go, as a function of the scalar field, assuming
beforehand that they are functionally related. Studies in this
regard are presented in Sec. 2, where it is shown that the
functional relationship between g, and the scalar field in
each theory follows directly from the corresponding field
equations, without any prior assumption.

In Sec. 3 we have considered the case of the static
spherically symmetric field about a point mass with o in
Barker’s form. The field equations are investigated and the
metric coefficients are at first expressed explicitly as a func-
tion of either the scalar field alone or both the scalar field and
the radial coordinate. By virtue of these expressions, the
whole system of field equations is effectively reduced to a
single differential equation involving only a known function
of the scalar field as the dependent variable, which on inte-
gration yields two families of exact solutions, which are
probably the only known solutions in the present case.

2. THE STATIC FIELD EQUATIONS AND g,, — ¢
RELATIONS IN THE BARKER AND BRANS-DICKE
THEORIES

The field equations in the metric formulation of Nordt-
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vedt' can be expressed in the form

8 @
G,=— —T, — =¥, —18.¢.0°
) 5 w_(t/f U, — 8. 0.0
- 7}(% v — & O, (2.1)
— 87T _ (da)/dlﬁ) @ 2.2
Qw+3)  (0+3) vad 2

Equations (2.1} and (2.2) can be combined to yield'

w I3 T v (2 3) g/“
(dew/dy) e _ Ly . (2.3)
+ —‘——2( 3) ¢.a¢ guv ‘I)w-# B4 Lt

The line element for a static space-time can be written
as

ds® = goo dt* + gupdx‘dx”, (2.4)
where g, and g, are functions of space coordinates only,

and @ and b run from 1 to 3. For the static metric (2.4) it
follows from the definition of R, that

ey

Ry =F'F, (2.5)
where
F*= oo (2.6)

and an index following a colon indicates covariant differenti-
ation with respect to the metric tensor g,,,. Further, the field
being static ¥, = 0, and one obtains

w=F " 'F"Y,. (2.7)
In view of (2.4)-(2.7) it follows from Eq. (2.3) that
Fldw/dp)y ¥*
81r{T3 BCha) T]F: _ e, 4 DA
(2w + 3) 22w + 3)
(2.8)

Equation (2.8) can also be written as
gﬁ[Tg _lo+0 | g

(2w + 3)
= —vuFr - A ([P,
Fldo/dyl .¢° 29)
220 +3)
© 1982 American Institute of Physics 1366



where g* denotes the determinant of the g, matrix. Multi-

plying Eq. (2.9) throughout by ./ — g*, one obtains

8"[” N ({;:L)J:rls))TN_‘g

(dew/dPW ¥V —g .
- —([=g*oF<),. (.10
W 13 (J—g*¥F<),. (210

Again, in the static case under consideration, Eq. (2.2) yields

8nTV —¢ _ - stdo/dii .y + (J—g*Fp),.

(20 + 3) (20 + 3)
2.11)
Subtracting Eq. (2.10) from (2.11) one obtains
FV(FD) + (do/dpy _ 877[ @+2) . Tg],
22w + 3) 2w + 3)
(2.12)

where V is the covariant Laplace operator in the three di-
mensional, subspace whose metric tensor is g,,. It may be
noted here that when w = constant, Eq. (2.12) reduces to the
corresponding form in the Brans-Dicke theory (Buchdahl,’
1973).

When T, = 0 and o = (4 — 3¢)/(2¢ — 2) (Barker’s
form), Egs. (2.2) and (2.12) reduce, respectively, to

D(J(vﬁ —-1j=0, (2.13)
4F T'VFY =g — 1) 'Y ¥, (2.14)

where ¥ now refers to the Barker scalar. Introducing now a
new variable f{¢) by means of

v—1=f (2.15)

one may express Egs. (2.13) and (2.14), respectively, in the
following forms:

(17 —glg* || — g*Fsec® f£,).. =0, (2.16)
1/ — g*)[g""\/;(F‘,,seczf + 2Fsec® ftan ff, |, =0.

tan™!

(2.17)

From Eq. (2.17) it is easy to see that

! (g**.] — g*Fsec* ff,) ( ol + 2tanf)

— g bla Ffb

+ g%sec? ff (F‘b +tanf> =0 (2.18)
N =\, .
Ff:b «a
which in view of Eq. (2.16) yields

g”’(tanf),(F,/Ff, +tanf), =0. (2.19)

Since, by hypothesis, ¢ is not a constant, Eq. (2.19) implies
that

F,/Ff, +tanf =n, {2.20)

where 7 is an arbitrary constant. Relation (2.20) shows that F
and f are functionally related or equivalently, in view of
{2.6) and (2.15), g, and ¢ are functionally related. This re-
sult, which appears as an assumption in the work of Dutta
Choudhury and Banerjee® (1980}, is thus found to be a natu-
ral consequence of the field equations. By virtue of this result
one may write F = F( f) and express Eq. (2.20) as
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[in(Fsec f)] = n, (2.21)
where a prime indicates differentiation with respect to f.
From Eq. (2.21) one immediately gets

Fsecf = A,e"/, (2.22)
where 4, is an arbitrary constant of integration. Finally, in
view of {2.6), (2.15), and (2.2}, one obtains

Gooth = Ae*™ 'V 4 — const (2.23)

which is the explicit relation between g, and ¢ previously
obtained by Dutta Choudhury and Banerjee.®

Next, we consider the corresponding case in the Brans—
Dicke theory, where w is, however, a constant. In a vacuum,
Egs. (2.2) and (2.12) reduce, respectively, to

Oy = 0, (2.24)
F~'V(Fy) =0, (2.25)

where i now refers to the Brans-Dicke scalar. Again, Egs.
{2.24) and (2.25) may also be written as

w7/ —e)(g* [—g*Fu,), =0 (2.26)
and

1/ -8 L —g*Fw, 1, =0, (2.27)
respectively.

From Egs. (2.26) and (2.27), one obtains

Y, (Fo¥/Fipy) 0 =0, (2.28)
which in turn implies that

F,¥/F, = const, (2.29)

since 1 cannot be a constant by hypothesis. Relation (2.29)
shows that g,,( = F?) and ¢ are functionally related. This is
the promised result. With Eq. (2.29) at hand, it is a simple
matter to prove that the functional relationship is of the form

goo = C¥, (2.30)

where C, and C, are arbitrary constants. The relation (2.30)
in the Brans-Dicke theory was obtained earlier by Banerjee
and Bhattacharya.” However, it may be noted that the proof
of relation (2.30) given here follows directly from the field

equations and does not presuppose functional dependence of

8oo ON Y.

3. STATIC SPHERICALLY SYMMETRIC FIELD ABOUT A
POINT MASS IN BARKER’S THEORY

We consider the line element in the isotropic form,

ds® = e'dt? — e"(dr* + r*d0? + r* sin’0dg 2), (3.1)
where 1 and v are functions of r alone. Then with
@ = (4 — 3¢)/(2¢) — 2} the field equations (2.1) and (2.2) take
the form

L T ) N e 4
A
- _._.ﬂ___ 3.2)

2= 1)’ >

M” 'V” v'2 #; + Y
2 2 + 2r
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_ (4 — 3y ¥ o eY Y? 313
W Tm T w  mw—y Y
cLH LW A=3R | vw
Tt PRRRTVERR Y,
- __ﬂ;__, (3.4)
2Y(—1)
W WY . Y
r + 2 +Y 20— 1) 331

where ¥ is a function of r and a prime indicates differenti-
ation with respect to .
Equation (3.5), when ¢’ #0, can be written in the form

2L W) Y

+ , 3.6

r 2 ¥ 21 )
which in turn yields on integration

Pew+ v)/2¢' =a(y— 1)!/2, (3.7)

where a is a arbitrary constant of integration.

Again, the operation 2 X Eq. (3.3) + Eq. (3.2)
— Eq. (3.4}, in view of Eq. (3.5), yields

” vllpl 1pll ( , ¢’)(V’ VI 2 )
vVid — + — + |V+—|l=—+ -+ —]=0,
¥ 2 YI\2 2 r
(3.8)

which on integration gives

Pty ) = b, (3.9)
where b is another arbitrary constant.
By means of Egs. (3.7) and (3.9) one easily gets

v+ ¥ _ (i) ___'f'___ (3.10)

4 v —)

The integration of Eq. (3.10) gives

€¢ Ae (b /a)tan ‘(df—lp (311)

where A4 is an arbitrary constant Although we are consider-
ing the spherically symmetric case, relation (3.11), which is
already derived in Sec. 2 under general consideration, holds
irrespective of any symmetry condition.

Again, in view of relation (3.11), Eq. (3.7) yields

o Mm—vw T)] % 0man o=
(3.12)
which is another useful relation in this case.
Now, defining a new variable f (i) by means of
tan~' Yy —1 = f {3.13)

and substituting for the derivative of v and w in Egs. (3.2}~
(3.5) their corresponding expressions obtained from (3.11)
and (3.12), it follows that Egs. (3.2)-(3.4) reduce to

J%;+%J}_ _ (1 +_’;2i)f'2=o, (3.14)
_ff_+/;22 ‘f" ( 2) —0, (3.15)
»§;+—¥ﬂ4(1+b)f =9, (3.16)

respectively, whereas Eq. (3.5) is identically satisfied. Again,
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Eqgs. (3.15) and (3.16) together can be reduced to Eq. {3.14).
This may be easily verified by multiplying Eq. (3.15)
throughout by 2 and then subtracting the resultant equation
from Eq. (3.16}. Thus, by virtue of relations (3.11) and (3.12),
integration of the field equations (3.2)—(3.5) is reduced to the
task of solving the differential equation (3.14).

By the substitution ¢ = r [, (3.17)
Eq. (3.14) may be expressed in the form
(r¢ /76 ) =1+ m?¢?, (3.18)
where m*> =1 4+ b*/a>. (3.19)
Equation (3.18) in turn yields
d¢ — (3.20)

S
When the positive sign in Eq. (3.20) is taken, the solution is

¢ = 2Cr/(m* — C*1?), (3.21)
where C is an arbitrary constant. The negative sign gives

¢ =2Cr/(m*r* — C?). {3.22)

When the expression for ¢ in (3.21) is substituted in (3.17),
one obtains after integration

- (=),

(3.23)
m—Cr

where B is another arbitrary constant.

Again, when the expression given by (3.22) is used in (3.17)

one obtains

o597

Both families of solutions satisfy Eq. (3.14). Accordingly, we
also have two families of solutions of the field equations
{3.2)-(3.5), which are now obtained from (3.11)—(3.3) by
means of (3.23) and (3.24), respectively. These are as follows.

"= AB 2“’/“’(-———’" + Cr)zb/maCoszln[B (—-——’" + C’)"’"]

(3.24)

m—Cr m—Cr
(3.25)
ot — 4 1B - uad *(m? —szz)z <m+Cr>—2”/’"“
16C m—Cr
1/m
Xcoszln[B (: - g: ) ] (3.26)
i/m
b= seczln[B (’; J_r g) ] (3.27)
e’ =AB ZW")(___m’ - .g—)Zb " cos?In [B (mr — g)vm},(3.28)
mr + mr+
ot 4 —1B ~ 26/, a*(m*r* — C%? ‘ (mr— C)_Zb/ma
16C *r* mr+4 C
P /m
XCOSZII‘I[B <”:: n g)l ], (329)
—_ 1/m
v= seczln[B (’"’ — g) ] (3.30)
mr
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The solution of the Markovian master equation for the quantum open system of n degrees of
freedom is formally written in terms of a path integral and the stationary phase approximation is
discussed. The exactly soluble models with generators quadratic in position and momentum
operators are investigated and the explicit expressions for the space~time propagators for one-

dimensional systems are derived.

PACS numbers: 05.30. — d

1. INTRODUCTION

In recent years many problems in nonequilibrium sta-
tistical mechanics were formulated and solved using the
quantum Markovian master equations.'™ It is rather com-
monly believed that the dynamics of a quantum open system
interacting with the environment can be approximated by
the so-called completely positive dynamical semigroup un-
der the assumption that the relaxation times of the correla-
tion functions of the reservoir are much shorter than the
natural time scale for the open system.

The dynamical semigroup {exp ¢L, t>0] fulfills the
Markovian master equation

dp(t) _

— Lp(t), (1.1)
where p(t ) is a density matrix of the open system and L is the
generator of the semigroup.

Lindblad proved* that the general form of the bounded
generator L is the following:

3 2]

+ [V..oV2], (1.2)

where H =H*and V,, 2, V*V, are bounded operators on
the Hilbert space /# of the system.

This form is assumed to be valid (with A, ¥, generally
unbounded) also for the unbounded generators for the phys-
ically interesting examples.>>¢

The #i dependence of the dissipative partin (1.2} which is
important for the semiclassical expansion’ may be estab-
lished by taking into account the method of derivation of
(1.2). Namely, the origin of this part is a double commutator
with respect to the interaction Hamiltonian'? (it gives 1/4°)
and elimination of bath’s variables gives the factors of the
following form:

[T catemar an (13)

1
Lp=—[Hp]+
if

“Work supported in parts by the Alexander von-Humboldt-Stiftung and
the Polish Ministry of Higher Education, Science and Technology, project
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where
A, (t)=exp[li/fiHpt | A, exp[ — (i/A)Hgt ],

A, —bath’s operators, H, —Hamiltonian of the bath, and
(--)—mean value with respect to the bath’s state. The inte-
gral (1.3) can be formally written as

ﬁ<[w,, —m T Jc) 4

and therefore we finally obtain the 1/ factor.

Consider an open quantum system of n degrees of free-
dom. In this case we assume that the operators H, V,, V' * in
(1.2) are generally unbounded functions of position and mo-
mentum operators {§,, §, } fulfilling the conditions of Ref.
6.

The solution of the equation of motion is described by
the space-time propagator A,(¢”, " |¢’, ') in the Liouville
space which is defined by the requirement that the density
matrix of the system p, (g, ) evolves in time according to the
integral transformation

pila" ") = f A" 3ld> 7)

Xpolg', 7)dg'dq, (L.5)

where =492 -954d=1q, 92 Gn ). By the semi-
group property one can formally express the propagator A,
in terms of the path integral on the product phase space
I XTI = {(gx, §x; Pr>Pi)s k = 1,2,...,n}. Such a formulation
is presented in Sec. 2 in a formal way and we do not discuss in
detail the problems concerning the discretization and limit-
ing procedure in the definition of the path integral because
they are similar to those in ordinary quantum mechanics.®"!

We are able to calculate the path integral for a few sys-
tems only, so various approximative methods are invoked.
We apply here the method of the stationary phase approxi-
mation®''~'* which in our case of the dissipative quantum
system leads to the notion of the complex extremal trajector-
ies in the ficticious complex product phase-space (Sec. 3).
These trajectories are the solutions of the corresponding
“semiclassical” ordinary differential equations.

In some applications the Hamiltonian of the system can
be approximated by the quadratic form and the dissipation
effects are “linear,” which means that the operators { ¥, } in
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(1.2) are linear functions of {5, §}. For such *“quadratic”
open systems the path integrals are Gaussian and the station-
ary phase approximation gives an exact result, so the prob-
lem of evaluation of the propagator A, reduces to a solution
of ordinary linear nonhomogeneous differential equations
(Sec. 4). We solve such equations in the case of one degree of
freedom and obtain the explicit expression for the propaga-
tor for the harmonic oscillator with damping and pumping
{Sec. 5) and the Brownian particle in a constant field strength
(Sec. 6). The similar one-dimensional models were already
studied”” in the Heisenberg picture and the dynamics were
described by the expressions for the time evolution of Weyl
operators W {x, y) = exp i(xp + y§), but the manifest form of
the propagators was not known.

Although the investigation of quadratic systems can be
done without path integrals and stationary phase approxi-
mation we treat the presented results as a first step towards
the investigation of more complicated nonlinear dissipative
quantum systems. A nonlinear toy model is studied in Ref. 7.

2. PATH INTEGRALS IN LIOUVILLE SPACE

We study the quantum physical system described by the
Hilbert space #°. It is convenient to introduce the so-called
Liouville space'® which is the Hilbert space .¥" (%) of all
Hilbert-Schmidt operators acting on #° with the following
scalar product:

{(4|B) =tr{A*B), A, Bc.ZY7). 2.1

Liouville space contains both the mixed states of the
system (density matrices) and those observables which are
represented by the Hilbert—~Schmidt operators.

Let us consider the quantum system S of n degrees of
freedom with a configuration space R". The Hilbert space is
isomorphic to L *(R") and the Liouville space as a space cfl

dape.q) i 0P
o= - ;f(Q, P,Q, Plp.(¢, 9)

where

Z(Q,P,0,P)= {HP,Q)— AP,

square integrable integral kernels is isomorphic to L *(R*").
We introduce the following notation and definitions.

plg)q)—density matrix or alternatively the arbitrary
vector of the Liouville space L %(R*"), (2.2}

Q.,P., 0., P, k=12, n—self-adjoint operators
on Liouville space defined as

(@« Pig 9 = 9. Plg, G),

P plar D)= — if 3‘9 @ 3
q «
(2.3)
(Q-k P)(q» q—) = qk p(qr q),
P, plig: @ = -2 pig, &)
an

\g, @), |p, P)—improper eigenvectors of (Q, @), (P, P).
Equation (1.2)for H =H (§, §)and ¥V,=V_ (p, §) can be writ-
ten as a differential equation for the density matrix p, (g, g):

d d _ 4d

- MY =L("_, 9——)1) . .

atp(qfi) q P % p.9,9 (2.4)
Let A =4 (p, §) and B =B (p, §), then

pllg, ) = A ( - iﬁ% , q)a{q, 2 =4 (P, 0pla. )
(2.5)

(.3 —
(B *¥a. 1) = B (i = 7pla. 9 =B(P, Cla. 2
(2.6)
where if B (, §) = Za,,,p™§" then B (5, §) = 2a,,, p"§" with
a,,, the complex conjugate of a,,,, and {p, §} denotes here

{$. 4}, (P,Q},0r {P,Q}.Onecan write Eq. (2.4} in a follow-
ing form:

2.7)

)} +idY (2V, (P, @)V, (P, Q) — VX(P,Q)V.(P, Q) — V(B Q). (P.0)). (28)

Following the analogy between standard Hilbert space (Schrddinger equation) and Liouville space [Eqg. (2.4)] one can repre-

LA~

sent the propagator A,(¢", §"|¢’, 7') = (¢", §"|exp{ — (i/h).Lt }|¢’, ) as the formal path integral '

"q . t
A T1gT) = f Dth?DpDﬁexv[% [ drtos g - zr]], 2.9
C (o]

where £"=.%""(g, p, g, p) depends on the limiting procedure'>~'* or discretization ¥ and differs in general from the “classical

Liouville function”
Lalg, P, § D) = L (Q—q, P~p, 0§, P-p)s_,

=Hy(p,q) ~ Hy(B,9) +iAY {2V, (b, 9V, (B, D — |Vo(p, 9)* = |V..(5: 32}

by terms of order #.

(2.10)

For example, if H (3, §) and V, (5, §) are given in antistandard ordering (p at the left-hand side of §) then the path integral

(2.9) can be defined as a formal limit
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- F1e ) = lim [ ] el dp dp (i N[ g0 =gVt g =g
A", §"lg,q) = lim dq'dg? . ex {__ [ (A _5r4 q — H(p'h ¢'»
’ Novoo ,g, ,-IJI 2rhy 2rfy T ,-; d p € v a7
+ H(l-,'m, qm) +il Z 2V, (p(ﬂ, q(j~ ”)Va(p_m, q(j— 1)) _ Va(pm, qm}Va(pm’ qu‘A 1)) . Va(ﬁm’ qm)[?a(ﬁ(ﬁ’ q(j- lb)”’
O _—, " AO__= (IN+ Ve AN U=n t
q, 9 =q, =q, =q, €= 2.11
q 7, q q"s § o (2.11)

The existence of the limit (2.11) is of course a major problem
also for the standard path integrals in quantum mechanics so
we only note that the path integral (2.9), because of an imagi-
nary part in the “classical action,” possesses the properties of
both Feynman and Wiener integrals. This imaginary contri-
bution may regularize the oscillatory behavior of the Feyn-
man integral but a more rigorous treatment remains to be
done.

3. STATIONARY PHASE APPROXIMATION

Very few path integrals can be evaluated exactly so we
need various approximate methods. One such approach is
the so-called stationary-phase or semiclassical approxima-
tion.*%!'~** In this approach the propagator A, is approxi-
mated by the expression A **, which can be treated as a
leading term in the formal expansion of A, with respect to
the “‘small parameter” #. The formal but systematic ap-
proach to this problem is given in Refs. 11-14. Summarizing
these results we can write for the case of Eq. (2.7)

A flass{qﬂ’ q’u |q,’ q—r)
0.

= A" Tl e
where W_,,, is a stationary value of the generalized action

extr

wit) =f0 [pd — Pd) — (g, p+ G P)] dt”

which fulfills the equation §W (¢ ) = 0 and is given by substi-

L Wextr
#i

(3.1)

(3.2)

tuting in (3.2) the solution of the following equations'>’:

. 0Ly 3.L

i = 9, v Pk = — 34, )

(3.3)

. 0Ly . 9Lq

YT M,
with the boundary conditions ¢(0) = ¢, §(0) = 7', q(t) = q",
qt)=q".

The pre-exponential factor .#”, contains the well-
known Van Vleck’s determinant'' and some extra terms also
(see detailed discussion in Refs. 12-14). The construction
(3.1) relies on the existence of a unique classical solution of
(3.3). Here the classical solution is complex and not unique.
The similar problem was studied by Knoll and Schaeffer'” in
the case of the complex potential'® and they have met the
phenomenon that whereas for multiple real classical paths a
simple summation has to be performed'' for multiple com-
plex classical paths the set of paths that contribute has to be
determined separately. We expect here that for a large class
of systems at leastin the case of weak dissipation (small A ) the
main contribution is given by the unique path with finite
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[action in the limit A—0.” The application of the full formulas
(3.2) to the simple toy model and the discussion of the classi-
cal solutions are presented in Ref. 7. In the present paper we
study the quadratic systems for which all difficulties disap-
pear: the path integrals are Gaussian and therefore can be
well defined; the stationary phase approximation is exact
and the classical solution is unique, the pre-exponential fac-
tor 4", depends only on ¢ and can be easily calculated using
the trace preserving property

qu Alg, ql9’,q)=6¢ —q)

However, even in this case the formulas (3.1) provide the
simplest method to derive the manifest form of the
propagator.

(3.4)

4. OPEN SYSTEMS WITH QUADRATIC GENERATORS

Consider the quantum mechanical system of n degrees
of freedom, the dynamics of which is described by the dyna-
mical semigroup (1.2) with quadratic Hamiltonian (we use
summation convention)

H(p,§) =4 ay pubr + Yuwdid,

+ WBrd +4.8) + orbi + K14 (4.1)
and operators { V_} linear in 5, §,,
Vo =aipe +b%4s. (4.2)

The Liouville function (up to some irrelevant constant) is
given by the following expression (4 =1):

f([?,qw,ﬂ:H(P,Q)—H(ﬁ’q—)
- é {4 pup: + DiDi — 2P4D))

+ Bylgeq, + 9k 9 — 29.9))
— 2iM (P9 — P« 1)

+ 2K, (peq; + PiQ; — P91 — Pe9i)}s  (4.3)
Here
Ay =4y, =ZGZ5}’, B,, =By -Ebfb—}’,
‘ (4.4)
K, =K, =R625‘Zb7, M, =M, ——ImEﬁZb‘,’

In order to evaluate the propagator for the quadratic system
one must solve the “semiclassical” equations (3.3). Introduc-
ing the more convenient new variables

Ee= +a@) 1= — i)
(4.5)

7 =P +Pi) Ok = Bk — Pi)h
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one can obtain the following equations:
e = A — Mal + (@ + 450,

{4.6)
b, = — (u + B — Au + M6,
£ = (A + My )6, — 2K,ym,
+ (@ — id 3)ym — 2id 3,6, + 20y,
(4.7)

e = — (g — IBYE + 2By
— A —M)m + 2K,6, — 2k,
Here B “ (or A *) denotes the antisymmetric {(or symmetric)
part of the matrix.

We provein the Appendix that the extremal value of the
generalized action W, (¢} is given by a very simple
expression,

Wene(t) = 3,210, () — £,(0)6,(0)
+ ity (t) — 7, (O}, (0)}

—4o, J; O, (r)dr — 1} ka; N ()T (4.8)

5. QUANTUM HARMONIC OSCILLATOR WITH
PUMPING AND DAMPING

We apply the results of Sec. 4 to a system of one degree
of freedom (harmonic oscillator). The special examples o_fJ

such systems (with some simple choice of parameters) were
studied in several papers using the operator formalism and
the Heisenberg picture.>*

The Liouville function for our model is given by

ZLp,q\p,q) =HIp,q) - H (D, g
—(i/2){a*p — PV + b g — G
+ 2k (g — @)p — P) — i2ulpg — Pg)},

(5.1)
where
Hip, q) = (1/2m)p* + ymw}q® + Apg
+ op + kg, (5.2)
0<w,, 0Km, 4, o, &, a, b, k, ucR, and the matrix
[ a’ k+ ip]
k —iu, b?

is positive definite. Therefore, the semiclassical equations
are the following.

7=0A—pm+(1/m)b,

6= — majyn — (A +p)f,
(5.3)

E=(A +p + (I/myr + 2ikn — 2ia*8 + 20,
7= —mayé — (A —u)r + 2ib*n + 2ik0 — 2.

One can solve these equations and put the solutions into the expression for the propagator (3.1). Using (3.1), (4.7), and (3.4) we
obtain the following final result for the underdamped case (w§ >4 ?):

Alq", q"q’, §) = (mwe ~* /2ir|sin wt |)exp[—;— Wit )],

where

(5.4)

Wit)=(moy2sinwt){((g" —2)° — §" —zf]cosiwt + @} + (¢ — 2 — (7 — 2/’ ]coslwt — @) ~ (¢’ + T — 22)(g" — ")
Xe“cos @ — (" — §" — 2z)(q’ — §')e ~*‘cos @} — (im/dsin*wt)

X {4t u e x ¥)g”
and

;= 104 —p) —K/m]
a)2+”2

’

—q VAl —p —@, ~x, Vg —~TV+B(t)g" —7")g — T} (5.5)

(5.6)

At p, @, y, ¥) = {I cos (wt + @ Jcos(w? + y) — Te*'cos @ cos y — D cos(wt + )sin wt }

B(t) = {Ie*cos g cos(wt — y) — I'e ~*'cos g cos(wt + y) + Le#cos y cos(wt — @) — e ~*cos y cos(wt + @)

+ D (e + e~ *)cos ¢ sin wt }.

Here
A =wsing, ©=wxcosp, @el0, 7/2],
o X
Fcosx=———~—[kw(,u—/1 +ma2[ 2+ uop — A ] — ]
(@ + pP)u ) ; H e I+ m
. 1 wz b’l
Isiny = [k(l~u +maz[a)2+/1 - =] - ——},
o +u? ) ( # 2 2m
(5.7
1 A 2 _#2 maz 2
Dcos ¢ = [k - wwA — p) — A }
(@ + p)u @ 2 wold = u) 2ma, o+ Hf
. 1 A + p)@® + An) | ma’ b?
Dsiny = l —k + 2 __ 2 2
(@ + w2 gl —uh) o Lot + 2]
I, D>0
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As was pointed out by Lindblad,’ if <0 then we have the damping oscillator with the asymptotic stationary state Po-
Therefore, for any initial state p we have

limA,p=p_. {(5.8)

— o

It is equivalent to the following relation for the propagator:

LA~ 1

imAl¢". ¢4 T)=p.l¢".7"la" - 7). (5.9)

One can check after long but simple calculations that for our example, if # <0, w2 > A ? then

1
p,,(q,iﬂ=( —_—
4I" cos @ cos y

macos @ )1/2 «p % [cos
— fir cos y 44i lcos
X [ sin’(p — x ) + D cos’) + 2D (sinfg — Plcos y + siny — ¥lcos p)]lg — 7
N i[sin{p — y ) + DI" ~‘cos ¥] (
cos y

The formula (5.10) describes a well-defined density matrix because the conditions iz <0, w3 > A > impose cos @3>0, cos y <0.
If 2 > 0 we have a pumping oscillator and the energy grows to infinity. This describes the interaction with the reservoir at
the negative temperature (e.g., laser).

P g+7—227—
X

q+i—k)(q—¢7)}. (5.10)

6. QUANTUM BROWNIAN PARTICLE IN A CONSTANT FIELD STRENGTH

Consider a quantum particle in one dimension being under the influence of a translationally invariant reservoir described
by the quadratic generator’ and the constant force f. It follows that

p=—4, w,=0 o0=0 «= —f {6.1)

Moreover we assume for simplicity k = 0. The free Brownian particle was studied by Lindblad in the Heisenberg picture.® We
have the semiclassical equations

N=yp+(1/mb, 6=0, €=(1/mmr—i2a®0, 7= —ywr+i2b>n+2f (6.2)
Here y = 24.

Using the method presented in Sec. 4 we obtain the following propagator:

LA~ oAy — my L 6
Alg", "9, 7) ——————Ml_e_y,)exx){ﬁ W(t)], (6.3)
where
Wit)=—02 _
2e” — 1)

» ’ — -~ »” e d ’ - t Zf 1 ” - T ’ -
Xillg"—¢V+@ —qllg"—7")— (g —q)eY]+;;2—[(e’—1—7t)(q —q")+(1—e"{1 —1t)g —q)]]
—il2re” — 11l —e ")~ b2Ayt) —dm*yre =" )ig" — "V + [b2A(— v, t) — &®m*Pte" g’ — T
+ [ " —e" 4 2yt) + 2°m*Pt Nig" — @)’ — 7). (6.4)

Here
Art)=He "+e" =2+ e (1 +yr)—1]. (6.5)

These formulas can be checked by comparison with some particular simpler cases'®?® (one can find that there are a few

mistakes in a propagator for the particle in a linear stochastic potential given in the author’s paper?® which, however, do not
change the physical suggestions).

In order to have a more physical picture one can evaluate the density matrix for very large f assuming that the initial state
is a pure state given by a Gaussian packet with a mean position equal to zero.

For sufficiently large ¢ and for > 0 (damping case) we have

pla D=t exp| - [ (g4~ 2y - (g +a- %r)(q—«ﬂ— iyﬁ—(q—mf—y;—(q—mzn, (6.6)

where @ = 1b% + 1a®m*y%.
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The probability distribution in a position space has the
classical form

P(g) =p.(9,9)
=4V exp { — ’:a)f/itz (g — vot )2], (6.7)
Vg = ——.
my

One can transform the density matrix (6.6) to the momentum
representation and obtain the probability distribution in mo-
mentum space,

Pipi= g exp| — <o —pol?.
where p, = umv,, u = (1 — b?/4a), } <u < 1. Comparing
with the classical results we have the diffusion constant

D = #ia/m?*y?
and temperature kT = #ib 2/2my.

Therefore, the classical relations

D=kT/my and

are never fulfilled exactly for this model because here
kT /my = D21 — u).

(6.8)

(6.9)

u=1
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APPENDIX

The generalized action (3.2) for the quantum open sys-
tem can be transformed to the following form:

Wit) = Mpiqx — Px2i)lo
+J; {5[(Pk‘h — PiGi) — Pud "ﬁqu)]

- jcl(p’ q'ﬁ’ q)] dt’.
For quadratic systems one can introduce the notation

x = (XX 1 ={P1s 9 Prs Ty k= 1,2,...,n}
and the action W (t) can be written as

(A1)
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W(t) = 4piq — Prdi)lo

+ J (WapXaXp — 4B gX X5 — Cox, ) dt’,
0

(A2)
where

Ja = _‘Jpa, Baﬁ =BB¢1'

Consider an extremal trajectory {£,(t ')} for which
6W (t) = 0. Therefore, if x, = X, + x, with the boundary
conditions 6x, (0) = 8x,,(¢) = O we also have

0=56Wi()= J- {(JB,,)?(, — Bg,x, —cplbxg} dt'. (A3)
o]
It follows that
JpaXy — BgaXy — g =0.
Substituting (A4) into (A2) and remembering that

cgXpg = OkDr — Pi) + Kilgi — @)
[c.f. (4.1) and (4.3)], we finally obtain (4.7).
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Elementary considerations are used to solve the inverse problem in linear transport theory for
the case of variable illumination over the surface of a plane-parallel layer. The developed
formalism yields as a special case the inverse solution for the classical searchlight problem.

PACS numbers: 05.60. 4+ w

. INTRODUCTION

The inverse problem in radiation transport theory is
concerned with the determination of scattering and absorb-
ing properties of a medium from a set of measurable radi-
ation quantities. In the past few years considerable work re-
garding exact solutions of such inverse problems has been
reported.'™® However, all of these papers'~® have dealt with
the case of an infinite plane-parallel layer illuminated uni-
formly over each of the two free surfaces. From a practical
and/or experimental point of view, such problems cannot be
easily realized, and so here we report a solution for a class of
inverse problems that allows the incident radiation to vary
over the surfaces.

We employ a notational scheme similar to that used by
Rybicki® in a study of the searchlight problem, and thus we
write the radiation transport equation as

1100+ 0210 Q) + 12, p )
oz ap

- < Q-2 O
= fff(z,p,mp(nmdn, (1)

where z and p, which lies in the x-y plane, locate in optical
units the position in the homogeneous medium and

Q = Qu, ¢ ), with u = cos (6), is a unit vector that defines
the direction of propagation (see Fig. 1). In addition, o is the
projection of £2 in the x—y plane and ¢ < 1 is the albedo for
single scattering. We consider that I (z, p, ) satisfies Eq. (1)
subject to the boundary conditions

1(0,p, Q) =1I)(p, ), p>0,¢el0, 27], (2a)
and

l{a, p, ) =1Iy(p, R), 1<0,¢el0, 27], (2b)

where I,( p, ©) and I,( p, ) are assumed to be given and to
have two-dimensional Fourier transforms. Expanding the
scattering law in terms of Legendre polynomials, we write

Q)= 3 5P (QQ), B,=1, (3)
I=0
or, if we use the addition theorem,

PO = 5 S BTPIUIPT) cos [ ¢~ 6]
=0 (@
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Here we use P["(u) to denote the associated Legendre func-
tions,

PIW) = (1= < P (5
and
m_ {{ —m)
BF == b0, L0, (6

We assume that, in general, the quantities 7 (0, p, £2), for
# <0 and ¢€[0, 27], and I (a, p, Q), for x> 0 and ¢€[0, 27],
can be determined experimentally, and we seek to express
the single-scattering albedo ¢ and the coefficients 5, in the
Legendre expansion of the scattering law in terms of these
quantities.

Il. ANALYSIS

We can multiply Egs. (1) and (2} by exp (fk- p) and inte-
grate, for fixed z, over the x—p plane to find

FIG. 1. The geometry for {2, w, p, and k.
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#%W(z,ﬂ,¢)+ [l — if e, 6)1% (2 o, 6)

27 1
== Wiz, ¢ (0 )du'dp’ (7)
4T Jo J_1
and, for 1 > 0 and ¢€[0, 27),
YO,ué)="¥wu¢) (8a)
and
Vi, —u,¢)= ¥y, ), (8b)

where we suppress the dependence on the vector k, which is
in the x~y plane as shown in Fig. 1, and write

Wi 6)= [ [11e. 0, e vdp 9

U\ d)= f f L1 p. Qu, 6)1e* *dp, (10a)
and

wz(p,¢)=”12[p,m—y,m]e“"vdp- (10b)

In addition,
flu, d)=ko =k(1 —p?"*cos (¢ —¢), (11)

with £ = [k|. We now follow an earlier work® and let

F(z,#,¢)=/t§;!1’(z,#.¢) 12)

so that we can change u to — u in Eq. (7) and write
F(Z, —‘,ur¢)+ [1 —lf(,u,(ﬁ)]W(Z, ‘_tu’¢)

o

{
=7f7; Y X (=1

0

N~

X_[) ¥z, ¢')cos [m{d—¢')]d o', (13)
where

Uiz, )= f P 6 (14)

Wecan multiply Eq. (13)by ¥ (2,4, 4 )and integrate overally
and ¢ to find

2 1
T(,(z)+f0 f_‘[l il ) (2t ) (2 — s Vs d

= ii 12(—1)""‘37‘[C7‘(Z)+S,"'(z)], (15)
4 =6 m=o

where

cre = "7tz 8 cos (m 6146 ), (16a)

srie) = [ iz, ) sin m ¢ 1as ) (16b)

(¢]

and

ria= [ [ ews e —moun ds (10

If we now differentiate Eqgs. (15) and (17) and use Eq. (13) we
can deduce that T,(z) is a constant, and on considering Eq.
(15) at z = 0 and z = a and subtracting the two resulting
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equations, we find

So= =% S (—1f By

87 =6 m=o

% [CT(0)— CTia) + STO) ~ ST@)],  (18)
where
So=fo L[l—vw,wnwo,u,mmo, — . d)
—¥ia,u d)¥a —pu ¢)lduds. (19)

As we consider I (z, p, ©2) to be known on the boundaries,
z =0and z = q, the unknowns in Eq. (18) are ¢ and the coef-
ficients {3,]. Thus we define

Ki=(2 =8, )1y -md=mt
( + m)!
X [CT(0) - CTla) + ST(0) — STia)]  (20)

and write Eq. (18) as

S !
S, = {; {[w(,(O)]Z— [%(M]H;ﬂ, > Kz"’], 21)

m=20

where
wie)= [ [ Wiep o) ds, 22)

Clearly for the case of isotropic scattering 5, =0, />1, and
Eq. (21) yields the concise result

¢ = 8m{[¥(0))* — [¥4(a)]*} ~'So. (23)

On the other hand, if we assume that 8, = QO only for /> L,
then Eq. (21) is a single equation for the L + 1 unknowns ¢
and {B,}. As the equation is linear in ¢ and {¢, ] we clearly
can consider utilizing L + 1 different experiments, L + 1
different values of k, or a combination of the two to generate
L + 1linear algebraic equations which, in principle, yield
without approximation the desired solution of the inverse
problem.

To complete this section we note for k = 0 that Egs. (7)
and (8) reduce to forms previously considered'~® and thus
that in principle several solution techniques may apply, for
example, in the event that a sufficient number of indepen-
dent experiments is considered, that the boundary condi-
tions lead to a radiation field that has sensitive dependence
on the azimuthal angle, or that the scattering law is limited
to three terms. By developing a solution here for the & 520
case we clearly introduce the possibility of determining the
required scattering coefficients from a single experiment, for
a general class of boundary conditions and for a scattering
law more general than the three-term model.

ill. THE SEARCHLIGHT PROBLEM

As a special case of the foregoing we now consider the
classical searchlight problem. We thus write

1
I(p, Q)= —8(p)6{p — 108 ¢ — B0} (24a)
2mp
and
L p, @) =0, (24b)
C. E. Siewert and W. L. Dunn 1377



where we use the polar coordinates p = | p| and a to locate a
field point in the x—y plane. Using Egs. (24) in Egs. (10}, we
obtain

Vi, @) =08 — 1o)d (¢ — ¢0) (25a)
and

Y, 6)=0, (25b)
so that Eq. (19) becomes

So = [1— if (o, $o)1 ¥ (0, — o, Bo)- (26)

Equations (16) now yield
Ccro)y= (P Plito) cos (may) + (— 1)~

27 ) 2
x j f v, —u,¢)P;"wcos(m¢)dyd¢), 27a)
$710)= (P 7o) sim )+ (— 1/~

x f (0, — ¢ )PT) sin (md )du di ) (27)
27l
cr(a)=(fo J \"(a,#,¢)P?"vz)008(m¢)dﬂd¢)2, (28a)
and
2 1 2
sr<a)=( f j W, 1, )P sin (mb ) d¢), (28b)
and Eq. (21) can be written as

871 — if (o, Bl ¥ (0, — por d0)
=c[cso—cie+ $6, 3 &7 29

m=0

IV. CONCLUDING REMARKS

For the searchlight problem we note that Eq. (29) is our
basic result for finding ¢ and the coefficients {3,} in terms of
the intensities on the two surfacesz = Oand z = a. To use the
equation we must in general be able to measure
I[0,p, @ —u,¢)] and I [a, p, Qu, ¢ )], for u€[0, 1] and
#€[0, 27, experimentally and compute the quantities
C70), Ca), ST'(0), and S ["(a) with reasonable accuracy.
As a first test of the solution we have considered the case of
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isotropic scattering and used the Monte Carlo method to
solve, for given values of ,, @, and c, the direct problem.
For numerous cases studied we found that the value of ¢
computed from

¢ =81 — if (g, do)] ¥ (0, — a0, $0) [C5(0) — CF(a)]

(30)
agreed with the given value, for various choices of k, with an
accuracy consistent with the accuracy of the Monte Carlo
results for the exiting intensities. More complete testing of
the general formulation is clearly required in order to evalu-
ate the extent to which basic results for practical experi-
ments can be extracted from this exact solution.

It is clear that the inverse solution developed here for
the infinite plane-parallel case requires that the incident ra-
diation be specified over the entire boundary and that the
exiting radiation be measured experimentally over the entire
surface. However, in the event that there is absorption in the
layer and the incident radiation is sufficiently localized (as,
for example, in the searchlight problem} the case of a plane-
parallel body finite in the transverse directions can be well
approximated by the infinite plane-parallel case, and the de-
veloped inverse solution can be used with confidence.
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Let F be the curvature of some connection on some principal bundle over R*. I show that if F

decays as fast as (#Inr) ™' as r tends to infinity, then
1
8r°
is an integer. If F decays like r™
R?"(n > 2), although it fails for R>.

PACS numbers: 11.10.Np

teF 2

1. INTRODUCTION

Let G be a compact Lie group and let p: G—U(N ) be a
representation. Let Fbe the curvature of some connection on
some principal G bundle over S *. The Chern number of the
associated vector bundle is

1
=55 LJtrp{F)z.

According to the theory of characteristic classes, this quanti-
ty is always an integer.

Now consider the curvature Fof a connection on a prin-
cipal G bundle over R*. In this paper, we prove

Theorem 1.1: If

|F|<C /P nr,

for some constant C, then

r>2

1 s
trp(F )
82R4rp()

is an integer.

This formula is of interest in quantum field theory be-
cause the curvature F is the same as a Yang-Mills (gauge)
field over Euclidean space. For discussions of related mat-
ters, see Refs. 1, 2, and 3.

If G is abelian or N = 1, the integer obtained in Theo-
rem 1.1 mustbe zero. If G = SU(N ) (N > 1), any integer value
is possible.

It is not known whether the hypothesis of Theorem 1.1
can be relaxed to the energy fg. |F |* being finite, although
this is suggested by Refs. 2, 4, and 5. However, it is shown in
Sec. 6 that (1/877)f g«p(F )* may not be an integer if we as-
sume only that |F |<C /7. This example is equivalent to the
one given in Ref. S, and has infinite energy.

Theorem 1.1 is proved in Secs. 2, 3, 4, and 5. Section 3
gives a holonomy formula similar to the one in Ref. 6 and
may be read independently of the rest of the paper. Section 7
shows how to handle dimensions other than four.

2. OUTLINE OF THE PROOF

For the proof of Theorem 1.1 it suffices to consider the
associated U(V ) bundle. Hence we may, without loss of gen-
erality, take G = U{N) and suppress mention of p.

Relative to some trivialization of the bundle, the con-
nection 4 is a one-form on R* with values in u(N ). The
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2, any real value is possible. There is an analogous statement for

curvature

F=dA+4?
is a two-form on R* with values in u(¥ ). The Chern-Weil
formalism (Ref. 7, p. 114) tells us that

trF? =dtr{AF — 14°)
Let S} be the sphere of radius rin R*. If | F |<C //Inr. Then
trF? is integrable on R*. By Stokes’ theorem,

1
87 Ju:

Givene>0and r suﬂigently large, we will show that
there exists a smooth map 7 S} —U(N ) such that

1 . ~
— ) trf{AF—14° — T ~'dT)
If we choose 7 large enough such that

1 1 €
2 f A 3 l
P RJtrI: e s:tr( F—14?%| <

then it will follow that
1 1
— | uF*—
81T2 R* 1T2 s?
We now recall a special case of Bott’s work on periodic-
ity in K-theory®.
Theorem 2.1: For N>2 we have an isomorphism

7, U(N )~Z given by assigning toa smooth map 7S *~U(N)
the integer

o0

trF? = lim—iz— s]tr(AF— 147).

€
<—
2

(7~ dTP| <

(T ' dT)
o | P
Thus for € > 0 there exists an integer # such that
1
trF? —nf <e.
17'2 R*

Hence (1/877)f p.trF 2 must be an integer.

3. THE HOLONOMY PROPAGATOR

Let M be the sector in R? described by polar coordinates
(r, 8) with 0<r<r, and 0<8<6,. Suppose we have a connec-
tion 4 on the trivial principal G bundle. For this paper we
can assume that G is U(NV ), although Theorems 3.1 and 3.2
hold for any Lie group. A is a one-form on M with values in
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u(V). The curvatureis F=dA4 + A .
For xeM let ¢, : [0, 1}—M be the curve
c (t)=1tx, O<e<l.
A section u: M—C" of the associated vector bundle is paral-
lel along ¢, iff it satisfies
c¥du + Au) =

The fundamental solution to this differential equation is the
path ordered exponential

Pexp( - [ 4 )

If u is parallel along ¢, then

ulx) =P exp( — ch )«u(O).

x

Pexp — (f, A }is called the holonomy from 0to x alongc, . It
may also be defined as a product integral (Ref. 9, p. 15).
Theorem 3.1: If

Tx)= Pexp( — «LA )

then

Ax)= —dTT '+ T(f T“‘FT)T”‘.

x

Proof: Plugging in the vector 3 /dr, we get

a(2)-- Lo,
ar ar
which follows from the definition of 7. The vector d /90 gives

= - Ly T(fT“'F(,Tdr)T",
30 b

where
A=A dr+ A, do,
F=Fdrhdé.

To prove this, we first observe that

_ %zi(iT_ T_.)

a6 a6
2
= aT T_l__ _aIT'_l_a_TT"
a6 or or 06
Hence
2o fur 7]
ar a9
aTr dA aT
= T ' T '4,T+ T '=2T+ T '4,—
ar + a “ar
_p-idTp T T
ar a6 ar 96
=T '4 4 T+T“3A2T
r
JA
T 'AAT—-—T'=LT
A aa
=T 'F,T.

Continuity of 4 and dT-T ~' at O requires that
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llmAZ = 0,

llm—éZT"=O,
(7]

r»0

SO
T"( 2 +£T")T=J T 'F,Tdr
a6 0

which gives the formula we wanted.
Theorem 3.2: The holonomy from O to O along dM is
given by the @-ordered exponential

Pexp( —-f T"FT).
M

Proof: Let

8 nr
Vir,0)= Pexp(J. J T"'F(,Tdrdé)
0 JO

with the ordering over 6, so

Vir 6,) = Pexp( - J T- 'FT).
M

By Theorem 3.1,

0,
V=Pexp[ —f (T"A2T+ T"—(;%) dﬁ].
O

We compute
g —(TVHTV)"! ——Tii—/-V*'T‘I +QZ—T"
o6 v a6 a6
ar
= —T|{T'4,T T"—)T“‘
( Y
ar
e
+ a9
= —A,,

s0 by the uniqueness of solutions to this ordinary differential
equation, there must be some W: M—G independent of
such that

6
TV=Pexp(— f A, dH)'W
(4]

Writing T'= T (r, ) and letting 8 = 0 we find that W
=T(r,0), so

o
T(r,@)\W(r8)= Pexp( — f A, d0) T(r,0)
o
Setting » = r, and 6 = 6, gives
90

V(re, o) = T (ro, o)~ ‘P exp( _fo 4, do) T(r,, 0)

which is precisely the holonomy from 0 to O along dM.
Proposition 3.3. For any one-form B and any curve ¢,

Pexp(J;B) <exp( C[B l),
(ii) (1~ Pexp(_[B)l <J;]B ]exp(J;lB ])

Proof: Straightforward.
Corollary 3.4: If H is the holonomy along JM then

(1— H|<JM|F|-expr[F|.

(1)
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4. ESTIMATES IN THE RADIAL GAUGE

We now choose a gauge in which there is no holonomy
in the radial direction. This means that 4 (3/dr) = O where r
is the distance to the origin in R*. Define G: R*—U (N ) by

Gx)=P exp( — LA ),

where
c ft)=1tx, O<egl.

Proposition 4.1: (i) Replacing A by G ~'4G + G ~'dG
(and Fby G ~'FG) gives us a radial gauge.
(ii) In this gauge,

AM=£E

(i1i) If C is a constant such that
|F|<C /P Inr

for r>2 and
[4{<(C/e)Inin3

for r = e = 2.718--., then for >3 we have
|4 |<2C({In Inr)/r.

Progf: (i) and (ii) follow from Theorem 3.1. For (iii),
write F = F,dr Ad#, so

A= (j F, dr) dé.
0

Since |d€ | = 1/rand |F| = |F,|/r, we have

fﬂ)dr fﬂ)dr
0 e

C 1" C
<—InIn3 + —f rdr
¥ r Jo Plor

= (C/rinIn3 + (C/A)ln Inr
<2C(In Inr)/r.

|4 1<

\d6 | +

|d6 |

Proposition 4.2: For r>>3, there exists a constant K, such

that
j trdF
s

Proof: The volume of S} is 277, so

J. trAF <f [tr AF |
s s?

<yfuum
s}

<N 277 2C [{in Inr)/r](C /PInr)

<K, In lnr'
Inr

=4wm4¥ﬂ. m
nr

Proposition 4.3: Suppose r>3. If
2C

rinr

then there exists a constant K, such that

1 2
f trA’—f trB* <K2-—(—n~l£)-—.
s} 5! Inr
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Proof: We have
|B|<|B—4]|+|4]
<2C /rinr + 2C (In Inr)/r
<4C(In lny)/r
and
A>— B =A%4—B)+ A4 —B)B+(A—B)B?

SO
4? — BY|< 2C 3(4C In ]nr)2
Finr r
__96C*(In Inr)?
Plnr
Thus
J trA3—f trB?|<N| |4°—B?|
s3 S 52

<N 277 96C 3(In Inr)2/Plnr.

5. THE HOLONOMY AT INFINITY

In this section, we restrict attention to S ? for sufficient-
ly large r. C,, C5, ..., C,; will be constants independent of r.

Fix some “north pole” peS?, and some great circle I”
from pto — p. If xeS? is not on the “equator” §2, let ¢, be
the shorter great arc from + p to x. (There is a unique great
circle in §'? passing through + p and x if x# + p.} For x in
the “northern hemisphere,” let 7' (x) be the holonomy along
¢,. Forxinthe “southern hemisphere”, let T'(x) be the holon-
omy along I concatenated with ¢, . T'is discontinuous on the
equator S2.

Lemma 5.1: There exists a constant C| such that if T,
T, are the two limiting values of 7 at a point x in .S2, then

T, — T,|<C,/Inr.

Proof: Choose a surface Sin S} having area <2 and
boundary the union of I” with the great semicircle from p to
— p through x. Then

f|F |<2mr* C /Pnr = 27C /lnr.
Y

The holonomy around dSis T, T, !, so by Corollary 3.4,

T\~ Tal =11 = T\ < |Flesp [ F|
N S
We now choose C, so that for large 7,
2nC (277C) C
ex

<
Inr

Inr Inr

Let ¢S }—R be the distance top along S}. Let @ = (6 ',
6 %) be local coordinates on S 2, extended to S ? by requiring &
to be constant along each ¢, .

Lemma 5.2: For any x€S 3,

J T-'FT 2C
c, rinr

<

Proof: We suppose that x is on § 2, that ¢, is taken to be
the great arc from p to x, and that d@ ', d@ * are orthonormal
at x. The general case will fillow easily. Note that

|[d6'| = csclt /r), |dt]=1.
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Let
F=F,dtN\d@' + F,,dt \d8> + F,,d6 ' ANdb?,

2
jT"FT: EUT—'FO,.M:)de".
Cx i=1 Cx

Thus

SO

LT“'FTt(i |Fo:| dt

i = Ive,

<2 L “F sin(ir) dt

C -
Plnr

If x is a point in the northern hemisphere (i.e., t < 77/2),
then we have by Theorem 3.1,

<2

r.

Alx)= -dTT"+T(JT"FT)T“. {5.3)
If T, is constant, the substituting 77, for T leaves (5.3) un-
changed. It follows that (5.3} is also valid if x is in the south-
ern hemisphere. Hence we have

Corollary 5.4: (i) |4 +dT T ~'|<2C /rinr. (ii) |dT |
<C, (In Inr)/r for some constant C,.

Given 5¢(0, 1), let R be the set of points in S with
Yorr — & <t <imr + 6, and let

U@)= lim T(,8)

From Corollar& 5.4(i1), it follows that there exists a constant
C, such that the inequality
|[dU |<Cy{In Inr)/r (5.5)

holds on R. By Lemma 5.1, we can choose § sufficiently
small that on R,

|U — T|<2C,/Inr.

We suppose that 2C,/Inr < | so that f: R—u(N ) may be de-
fined by the power series

& 1
=InU " 'T= — —(1-U—'T)y"
f ngln )
Then

3

lfl<2—’11—|1~U*'T|"

n =1

o« 2C| )n
<,,2;;1( inr

4C,
<__

. (5.6)
Inr
Let ¢: R—[0, 1] be a smooth function satisfying
1 lel>1,
t)=
¢) {0 ¢ |<1.

Define 7: R—U(N) by
T(t,6)=U(B)expld (£ — imr)/5) f(2, 6)]

and extend 7 to be a smooth function on S } by setting it
equalto TonS] — R.
Lemma 5.7: Let V and E be matrix valued functions.
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(i) If V = e* then [dV |<e'*l|dE |,
(i} If [l — V|<u <1and £ =In ¥, then

dE |[<—— |aV|.
1
—p

Proof: This follows from differentiating the power series
for exp and In.

Lemma 5.8: There exist constants C,, C,, C, such that
on R,

) |af|<c, o0
r

N aT ‘ ~ C

i ——dt | <|dT | <=5,
(i) ' at a7 Slinr
2 9T : In Inr
iit) ’ ———-_dB’l<C .
( ,-;ae' T

Proof: (i) Apply Lemma 5.7(ii) withu = §.

(i) By Lemma 5.7(i),
af(=) i

|dT |<|dU e + eV|df | +eV! >

Then, using (5.5), (5.6), and Lemma 5.8(i),

[dee“C'/""(C}ln Inr C41n Inr " Cs 4C,)
r r 5 lnr
Co
< .
Sinr

(iii) Similar, except that the term involving & is
absent.
Lemma 5.9: For some C,,

U’ te(T ' dT)? _f tr(f~ldf)jl<cg(ln lnr)z.
s, 5! Inr

Proof:

L‘tr(T"dT)“—J;Itr(f"df)“

L"(T*'dT)" - Jktr(f"df)-‘

<NJ |dT|3+Jitr(f"dT)’|.
R R

By Lemma 5.8(ii} and 5.8(iii), there exists C, such that
[tr(T ~'dT )| <Cy(1/8In)[(In Inr)/r]>.

The volume of R is bounded by 4715, so from Corollary
5.4(ii) and the above,

J‘tr(T_‘dT)3~J tr(T ~'dTY)
s? s

<N 478 [(C, In Inr)/r)? + 4mr?8 C, (1/8Inr)[(In Inr)/r]?
<Cy{ln Inr)*/Inr.

We now complete the proof of Theorem 1.1. From
trF? =dtr(dF — 14 ") and

|Fi<C /rinr,
it follows that
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‘ I,Jter— l,jtr(AF—l‘A")l
R Jw 87 Js: ’

* 2
2 Yo ap =
87 J. \p'lnp Inr
From Proposition 4.2,
) 1,J trF2+ﬁL;J- tr4*? <C”lnlnr.
87 Jw 247 Js: Inr

Corollary 5.4(i) shows that the hypothesis of Proposition 4.3
is satisfied if B= —dT-T ', so

1,j ter——l—,J to{(T ~'dT)}
87 Jw 247 Js:

By Lemma 5.9,

—~1—, f trF* —n

8 Jn

where # is the integer
«—I—;J t(T ~'dT).
247 s,

The proof of Theorem 1.1 is now finished by letting 7 tend to
infinity

<C,, (In In7)” A
Inr

<C,, (In Inr)* ’

Inr

6. AN EXAMPLE

Let 72 §*-SU(2) be the standard identification. Let o
be the pull-back to R* of T ™' dT by the radial projection.
The structural equation is

do + ow® =0.
Let £: [0, « )—R be a smooth function satisfying
0 0<rgd,
S = [a r>1,

for some real number a. Using r for the radial coordinate,
flr)w is a well-defined smooth form on R*, and we define it to
be a connection on the trivial SU(2) bundle.

We compute

F=fdrhow + (f* —fo?,
so FeO (1/r7%). Also,
F2=2f*~f1f"drho’
has compact support and
"l_' 2 = J—Jw ’ 2, _ f 3
87 R‘trF 872 Jo s (r) = Sf(r)) ar S‘tra)
= 81172 (370 —fz(r)] 412 volume S”°
=2a° — 3%

By varying @, we may obtain any real number.

7. A GENERALIZATION

Theorem 1.1 generalizes to the following situation. Let
Gbeacompact Lie group and let p: G—U(N ) be a representa-
tion. Let F be the curvature of some connection on some
principal G bundle over R*". Let

¢u = [(— 1)"* /nltr{(F )/ 2mi)".

If the connection extends to a connection on some bundle
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over $%, then the Chern number'” of the associated vector

bundle is fg..c, . This is an integer and is always divisible by
(n — 1)! (see Ref. 7, p. 77 or Ref. 11, p. 156).

Theorem 7.1: Suppose 2 > 1. If there eXists a constant C
such that

Flamse, 132,
rlnr
then

; ‘f
C,
(n — 1)' ®

is an integer. Any integer value is possible if G = SU(N ) and
N>n.

Proof: The proof requires only minor modifications of
the proof of Theorem 1.1, which we now discuss. According
to the Chern—Weil theory (Ref. 7, p. 114),

1
trF" =ndj tr{d [tF+ (17 —1)4%]" 'lde
0

It follows as before that in the radial gauge,

1
ftrF”:nj (£2—t)" ~'dt lim trd 2"~
i Q roeJgn !
An elementary integration by parts gives

flt" =)y g = L= 11" 1)!]2.
o (2n — 1)

Approximating A by —d T T ~' for some smooth T
S7—U(N), we find that

1 f .
(n— 1) S "

is approximated by
—1 (n—1)
(2mi)” (2n — 1}
This is an integer because it is the integral that gives Bott
periodicity,”
Tan_ 1 UN )L,

for n<N. The integral is zero if n > N.

The proof of Theorem 7.1 breaks down if n = 1. In or-
der to estimate the holonomy around a closed curve near
infinity, we expressed the curve as the boundary of a surface
where the curvature was small and used Corollary 3.4. But
the sphere of radius »in R*" is simply connected only if # > 1.

The following theorem shows that Theorem 7.1 actual-
ly fails if n = 1.

Theorem 7.2: Let F be a two-form on R? with values in
some Lie algebra. Then F is the curvature of some connec-
tion on a principal bundle over R

Proof: Write

f (T~ dT P~
s !

F=f(x,y)dx ANdy.

Then F is the curvature of the connection

Aty = ([ sy ax) ay
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Various simple transport models of electron temperature in a confined plasma are reducible to the
quasilinear equationp(x)u, = [c(xjuy |, + 4 (xJu’, — 1 <x < 1,u( £ 1) = 0. uisthetemperature,
plx) the density, and ¢ = g[ p(x)] the density-dependent part of the thermal diffusion. p(x) and ¢(x)
may vanish at the plasma edge, rendering the problem singular. The temporal behavior depends
criticaily on the boundedness of R = { * | ¢~ '(x) dx. If R < « then in the absence of heat sources,
A =0, every initially given state u(x, 0) evolves toward an algebraically decaying, universal space-
time separable solution. Its existence and uniqueness is proved. The method developed in this
work may be used to show the equilibrization of the solution in the presence of a heat source of the
form A4 (xju’, s < n, p(xj> 0. On the other hand, if R = « and 4 = 0 then the system becomes
isothermalized: u—# = § * {u(x, 0) p(x) dx/§' | p(x) dx > 0. In such a case addition of heat

sources will cause a thermal explosion.

PACS numbers: 52.25.Kn

I. INTRODUCTION

Mathematical modeling of radial transport in a con-
fined plasma in its simplest formulation requires the solution
of a quasilinear parabolic equation(s) in a fixed, bounded,
domain.'~'° In a tokamak, the presently most promising low
B device, one distinguishes between energy and particle time
scales, and it has become a common practice in theoretical
calculations to treat each time scale separately. Thus calcu-
lations of thermal evolution,>*'° or conditions for the set up
of thermonuclear ignition”® are done under the assumption
of a stationary, homogeneous plasma. Here the rationale is
that the particle confinement time is much larger than the
energy confinement time. In the same spirit, in calculations
of particle crossfield diffusion it is assumed that the plasma is
in an isothermal state.'"'?

In this work we will be mainly concerned with an
asymptotic analysis of a certain mathematical model of a
thermal evolution of a heated plasma. It will be assumed that
the density is stationary but, unlike in previous studies, inho-
mogeneous. In fact, it is the study of the impact of inhomo-
geneity that distinguishes this work from previous studies.
Since the density has a low value at the limiter, it is natural to
assume it to vanish at the boundary. Moreover, since as a
rule, present day theories predict the electron thermal diffu-
sion to be density dependent such that it vanishes with den-
sity, the considered problem becomes singular. More will be
said about this later.

Using an energy equation, the radial evolution of plas-
ma temperature in a slab geometry, x€( — 1, 1), may be de-
scribed by

ar o

oT
= K(px, TV @(x, T, p), 1.1
o o {px )ax+ x, T, p) (1.1)

*This work was partially supported by U.S. Air Force Contracts AFOSR-
78-3602 and AFOSR-76-2881.
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where p(x) is the particle density, T is the temperature, and
K, is the perpendicular thermal conductivity; its form de-
pends on the collision mechanism assumed. @ represents the
volumetric heating of the plasma.

We shall model K| assuming it to be of the form K
~ p*T "~ 'x, t). Thus, for instance, @ = 2 in the classical,
neoclassical, and banana diffusion or @ = 1 for the Bohm
and plateau diffusion.

Similarly, the heat sources considered will be of the
form @ = 4 (x)T*, where A = O (1), s = 1.5 for Ohmic heat-
ingin aconstant electric field, and 4 = O (p?),s = 2 foralpha
particle heating in the 6-20 keV regime.'®> Reduced to nor-
malized units, the model equation to be studied is

Bix) %’:— - 53; clx) ‘2’; YA, xe(—1,1). (1.2)
Consider next
xoy=Rx)=| & (1.3)
o cix)

If ¢ '(x) has integrable singularities, the case considered in
this paper, (— 1, + 1)={(y;, ¥}, [:| < . Rescaling the in-
terval to ( — 1, 1) and defining

x=y, ply)=cx)plx),

A(y) =4 (x)elx), (1.4)
y—x and we obtain
{ ﬁ'—‘—-—(zz— "+ Axp, xel—1,1) {1.5)
Jr Ix? ’ T
ul—1,8)=u(+1,1)=0 (1.6)

together with
xe(— 1, 1), (1.7)
with ¢(x), 4 (x), and p(x) that are known, bounded smooth

functions of x and may vanish at |x| = 1. Equation (1.5)is in
the form in which our results will be presented. Our main

u(x, 0) = uofx),
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concern will be with the purely diffusive case. Thus in what
follows unless otherwise stated A4 (x)=0 will be assumed.

The asymptotic behavior of the solution of {1.5), (1.6) for
A4 (x}==0 and p(x)=:1 was studied in Refs. 14-17. (In Ref. 17
this problem is studied in R ¥, N > 1). It was shown there that
the solution of such a problem converges to the separable
solution of Eq. (1.5), namely,

1= Dyix, £ }>polx), oo, {1.8)
where vy(x) is a nontrivial solution of
1

)" +

1v=0, v+ 1)=0. (1.9)
In the present work this result is generalized to the case
plx)#const. In particular p(x) may vanish at x| = 1. In the
diffusive case, 4 {x}=0, we prove the uniqueness (Theorem
3.1) and existence (Theorem 3.2) of the positive separable

solution of Eq. (1.5). This solution has the form
1

where v,(x) satisfies Eq. (3.1). We prove also (Theorem 3.3)

that if u,(x)s£0 then ¢ /"~ Yu(x, t }»v,(x), £— 0. Note that

this result holds for n > 1 and that the algebraic rate of decay

depends on n. For n < 1 the solution will be extincted within

a finite time.'*'¢

The method for the diffusive case presented in Secs. 2
and 3 may be used to study the asymptotic behavior of Eq.
(1.5). More will be said in Sec. 4.

Let us emphasize the importance of the integrability
condition of ¢ ~'(x). [See Eq. (1.3).] Let ¢~ ' be nonintegrable
over[ — 1, 1). Now (1.3) maps( — 1, 1} — w0, «0)and(1.5)
defined in R ' X (0, «o) becomes a Cauchy problem. If also
A (x)=0, then, as was proved by us elsewhere, '®

ulx, t)= ), @ =const,

1 1
u—u = f u(x, 0} plx) dx/f plx)dx>0 ast—ow.
—1 -1

In physical interpretation, in the nonintegrable case, c{x) in-
sulates the system thermally and hence the isothermaliza-
tion occurs. Clearly, if in this case a heat source is added, the
solution of (1.5) will explode in time.

We note that the vanishing of ¢(x}, on the boundary
causes the degeneration of the problem. For linear operators
such types of problems are well known.

Finally, recall that our problem models transport in
axial symmetry. Therefore, one is naturally interested in c{x)
being an even function of x. Consequently, ¢ ™' satisfies the
same integrability conditions in both ends; a tacitly used as-
sumption throughout this work. As a mathematical prob-
lem, one may also be interested in the mixed case with ¢~
being integrable only at one end. This problem will not be
considered here.

2. SOME PROPERTIES OF THE SOLUTION
We consider the problem

o) 2T
ot ox?

ul— 1L, t)=u(l,t)=0,

inQ=1{lx|<1,¢>0}, {2.1)

(2.2)
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ulx, 0) = uy(x). {2.3)
We assume that p(x) is a smooth function and

pl+1)30, plx}>0 iflx|<1. 2.4)
As for ug(x), we assume
ulX)EC' [ — 1, 1)), uglx)>0, uo(+1) =0 (2.5)

In this section we present some properties of the solu-
tion of (2.1}42.3) which we use in the next section for the
asymptotic analysis.

We define first the weak solution for the problem (2.1}~
(2.3).

Definition 1: A function f (x, ¢ } will be called a test func-
tion if it has continuous derivatives f,, £, f., in Q and
f(£L,1)=0V1>0.

Definition 2: The function u(x, t ) defined in Q is a weak
solution of (2.1)-(2.3) if

(i) u is bounded, continuous, and non-negative in Q;

(ii) the weak derivative du"/dx exists, and for any test
function f'(x, ¢) and any ¢,>0, t,>¢,,

J:,tz fi, (puf, +u"fox)dx dt
(2.6)

-[ Lt . 1) ~ s, 1]

(iif) u(x, ¢) satisfies the initial condition (2.3)

Theorem 2.1: Assume (2.4}—(2.5) to hold. Then the weak
solution of the problem (2.1)-(2.3) exists and is unique.

Theorem 2.1 is proved in Ref. 19 for the case
pix)> po >0 for jx|<1. For pix) satisfying {2.4), the unique-
nesss is proved along the same lines as in Ref. 19. The exis-
tence may also be proved in a similar way to the one pro-
posed in Ref. 19. We shall only outline it here.

Let

Qur = {lx, t): [x|<h, 0<2< T}, O<h<l,
and consider the solution of {2.1) that satisfies the conditions

u(x,0) = ug(x) + (1 — A) for |x|<h,
ul—ht)=uy(—h)+1—h fort>0, (2.7)
ulh,t)=ugh)+1—h fort>0.

Such solution exists and is denoted by ,,(x, ). The function
uy(x, t ) satisfies (2.1) in the classical sense. By the maximum
principle

1 — h<u, (x, t )<M = max|ug(x)]|. (2.8)

Moreover, for every T> 0,

T ph n h a nl2
2'[ J p.a_u_k_a_(zﬂ_dxdt_f_J [ (uh) ]dngv
o J—nh at ot .y

ox
{2.9)

where M, is a constant that does not depend on 4.

The last inequality may be obtained by multiplying Eq.
{2.1) for u,, by J{(u, )"/t and integrating it over the domain
Q1

Let ~—1. It follows from (2.9) that the sequence of
functions

wyix, t)= [u,,(x,t)]"
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isbounded in W?(Q,, 1) for every T> 0, 6€(0, 1). Thus, by the
imbedding theorems there exists the subsequence w,, (x, t)
such thatw, (-, #) convergesin L,( — b, b)forall z€[0, T'] and
all be(0, 1). Moreover, we can extract w,, in such a way that
w,, (x, t) converges a.e. in Q, 7. The limit function, denote it
by wix, t), is defined in the whole @, . It follows from (2.8)
and (2.9) that wix, t) is bounded and continuous in @, .

Setu = (w)'/". Thenu,, (x, t }>u(x, t)a.e.in Q, ; and for
fixed ¢, and , we may extract the subsequence 4; so that a.e.
up (x, e} >ulx, 1) (k= 1, 2).

Let f(x, t) be some test function. We have for every
4H>0,t,>1,,

.[lfjh [pus fo + (u))" fix ) dx dt

- f PLA thunts, ) =l e, )] d

{7 af h
- s
+£ L upyrar |

Passing to the limit as A—1 we obtain (2.6).
Corollary 2. 1: Let u,{x, t ) and u,(x, t ) be two solutions of
Eq. (2.1) that satisfy the conditions

u(t+L,t)=u(+1t)=0

(2.10)

h

and
u,(x, 0)<u,(x, 0).
Then u,(x, t)<uyix, t).
Let

Lz={"),, —pz,. (2.11)

We show the following comparison principle.
Lemma2.1:Letz(x,t}eC*Q, 1), b < 1,2(x,1)>0inQ, .

Be u(x, 1 ) the weak solution of the problem (2.1}-(2.3)in 0, ;.

Then

Lz>0 in Q, (2.12)

z2(+6,8)=0, 0<KT, (2.13)

0 <z(x, O)<uyix) for x| <b (2.14)
implies

z{x, t)<ulx, t) inQ,,. (2.15)

For the proof we recall first that the solution u(x, ¢ ) may
be obtained as a limit of classical positive solutions. Thus it is
enough to prove the assertion of Lemma 2.1 for the case that
u(x, t)>0in Q, , and satisfies (2.1) in the classical sense. We
have

u(+b,t)>0=2z(+b,t) 0tT. (2.16)
By continuity, the inequality (2.16) remains true for
|x| = b — € for € small enough. Therefore
u[+b—e)t]l>z[ +(b—6),t]>0. (2.17)

Next we compare u(x, t) and z(x, ¢} in @, _, . Following
Refs. 19 and 17 we set U =u", Z = z". Then

—pU, +nU'""""U, =0 inQ,_.p,

—pZ, +nZ'"V"Z 50 inQ,_ ..
Therefore, for w = U — Z we obtain

nUY™y_, —pw, +n(UV" —Z'™Z <0

1387

in @, _ . r. The last inequality may be written as
alx, tw,, —w, + bix, t Jw<oO, 2.18)

wherea(x, t Jand b {x, 1 )areboundedin @, _ . ,-. By the classi-
cal maximum principle?’ it follows from (2.18), (2.17), and
(2.14) that

wix,t)=U—2Z50
in @, _ . ;. Therefore U»Z and
upz inQ,_.r. (2.19)

From (2.19) follows (2.15). Similarly, it may be proved that
Lemma2.2:Letz(x,t)C*Q,, T),z(x,t)>0inQ, ; and
u(x, t) is a weak solution of (2.1}+2.3). Then

Lz<0 inQ,r,

z{x, 0)3uolx) for |x|<1
implies

z(x, t)pulx, t) inQ, .

Remark 2.1: Lemma 2.1 is true if instead of @, ;- one
considers the domain |x — x,|<b, 0 <7 < T, where
(xg — b, x, + b)C( — 1, 1) and the condition (2.13) is
changed to

Zix, + b, 2} =0.

Set

[cos(/28 )ix — xo)1'"
(t + l)l/(n— 1}

where x,, a, and B are constants such that

— 1<x5 — B <x,+ B <1 and a will be chosen later. Using
{2.11) we have

Z_[x, t;xpa,B)=a ,  (2.20)

Lz = —qg" (_1[_)2 cos(m/28 )lx — x,)
- 2B (t+ 1=
pa  [cos(m/2B)x — x,)1"
+ n—1 (t+ l)n/(n— ] (221)
Set py = min p(x) for |x — xy|<f and
2 1/(n —1)
%o = [(,f f)":,z (2.22)

It follows from (2.22) and (2.21) that for a<a,, Lz_ >0 for
x€(xy — B, xo + B) and t > 0. The function z_ defined in
(2.20) with a<a, will be referred to as a subsolution of Eq.
{2.1). Similarly, we set

1/n
z . (x,t;aj=a __i____[oos uad ,
(t+ l)l/(n—l)
p1 = max,,, p(x) and

= 16p, JV("—“ 1/
a=|—"— {(v2)'n,
[(n — 1j? v2)
Then if aya
Lz <0 for|x|<1, t>0.

Thefunctionz, defined in (2.23) witha>@ is a supersolution
of (2.1).

Theorem 2.2: Assume u(x, t ) is the weak solution of the
problem (2.1}+2.3) and (x4 — ¥, xo + ¥)C{ — 1, 1). Suppose
that

(2.23)

S. Kamin and P. Rosenau 1387



Uplx)>»6 for [x — xy|<y.
Then there exist two constants M, and m, such that

u(x, I)Q m&TT for > O, ,xl<l, (224)
mg Y

ulx, t)p ———2—— fort>0, |x —x5|< 4. (2.25

17 x—ml< L. 225)

The proof of (2.24) follows applying Lemma 2.2 and using
the function z__(x, ¢; @) with a large enough a. The proof of
(2.25) follows from Lemma 2.1 and Remark 2.1 using
z_{x, t; x,, a, ¥) with a small enough a.

Next we set

v¥(x, t
ulx,t)= —————( m")‘ T
t+ 1)

If u(x, ¢ ) is the classical solution of (2.1) then v*(x, ¢ ) satisfies
the equation

(2.26)

ov* ) 1
X+ ) e =~
px)it+1) e pRc—
Introducing the new variable

7=In{t + 1)

and denoting

vlx, 7) = v*(x, 1), (2.27)
we obtain the equation for v(x, 7),
dv 1
X} —— = —— + v. 2.28
plx) Frarwr (2.28)

In the general case v(x, 7) satisfies the integral identity

Ty 1
[ [oos+ v+ —por] axar
T, -1 n—

= f l/D(JCJ[f (x, To)olx, 75) — flx, 7 Jolx, 7)1 dx (2.29)

for any test function f (x, 7). The integral identity (2.29) is
easily obtained from (2.6) substituting (2.26)and (2.27). From
the definition of v(x, 7) and Theorem 2.2 follows

Theorem 2.3: For v(x, 7) defined by (2.26), (2.27), and
under the assumptions of Theorem 2.2,

vix, T)<M,,  for |x|<1,

vix, 7)=my  for |x — xo|<) ¥,
We shall need also the following estimates.

Lemma 2.3: Let u(x, t ) be the solution of (2.1)—(2.3) and
v(x, 7) defined in (2.26) and (2.27). Then there exist the weak
derivative dv'" * 2/3r and, for every fixed 7, the weak deri-
vative dv"/dx. Moreover,

T ot av[n + 1)/2\2
f J plx) (———————) dx dr<M,,
o J 1 ar
1 n\2
e
1 \ox
where M, is some constant depending only on u(x).
We prove first (2.32) and (2.33) for v = v,, where
v, (x, T) = XX, t) = u,x, t)(1 + 7)Y,

where u, is defined as in the proof of Theorem 2.1. To prove
the integral estimates for v, we multiply Eq. (2.28) by
d (v,)"/d7 and integrate it over @, ;. Integrating by partsand

>0, (2.30)

7>0. (2.31)

(2.32)

(2.33)

<M2,

T=T
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using {2.30) we get

3 (n+1)/2\2
f J- plx) (—(”—”——-) dx di<M,,
Cnr or
h a n\2
f ( (vs) ) dx
—a\ Ox
Passing to the limit as A—1 we get the assertion of the
lemma.

<M,

=T

3. ASYMPTOTIC ANALYSIS

Suppose that the assumption on p(x}) and u(x) stated in
the beginning of Sec. 2 hold.
Theorem 3.1: The solution of the problem

W + [1/(n— 1] plxjp=0, |x|<], (3.1

o(— 1) =v(1) =0, (3.2)

u(x)>0, vix)z£0, |x|<1 3.3
is unique.

Theorem 3.2: The nontrivial solution v,(x) of the prob-
lem (3.1)—(3.3) exists.

Theorem 3.3: Let u(x, ¢ ) be the weak solution of the
problem (2.1)-(2.3) and v,(x) the solution of (3.1}~(3.2). Then

Y Dy(x, £y, (x)  if >0

uniformly for |x|<1.
Proof of Thearem 3. 1: Suppose there exist two solutions
of (3.1)~(3.3), v,(x) and v,(x). By the maximum principle

,(x)>0, v,x)>0 for|x| <1 (3.4)
Moreover,
n d n
avi 20, 22 £0. (3.5)
dx lx= +1 dx |x= +1

1t follows from (3.4) and (3.5) that there exist a, &, such
that

at vt (x)<vi(x)<as vy (x)  for |x|<1
or
a v, {x) <oofx) <agvy{x). (3.6)
Set
vyfx) . __ uilx)
= gy T e
vy(x)
Uyfx, 1) = TrET

The functions u,{x, ¢ ), #{x, t ), and u,{x, t ) are the solutions of
Eq. (2.1)for every £, >0and &, >0. Be £, = a] 7",
&, =aj;~ " Then by (3.6) we have

u,(x, 0)<u(x, 0)<u,(x, 0). (3.7)
Applying Corollary 2.1 we obtain

uy(x, 2)<u(x, t )<uylx, t)

t+l)l/(n—1) (t+1)1/1n—~1)
vyix LU,{x)<y,{x) .
IHQ+§ S

Passing to the limit as #— o0 We get v,(x)=v,(x).
Lemma 3.1: Let v(x, 7) be defined by (2.26) and (2.27).

or
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Assume that v(x, 0) = u(x, 0)=0. Then there exists a se-
quence {7;}, 7,— o such that the sequence of functions
vlx, ;) ( — 1<x<1) converges uniformly to the limit function
v,(x). Moreover,

v,(x)5%£0. (3.8

The proof follows from (2.33) and (2.31).
Lemma 3.2: Let v(x, 7,;) be the sequence defined in
Lemma 3.1 and

v,(x) = lim v(x, 7,). (3.9

Then v,(x) is the solution of the problem (3.1}+3.3).
Proof: Let I = {{x, 7), |x|<1, |7|]<1}. We prove first
that

o 2, 7+ ) = 00 (3.10)

as 7,— 0. Let € be some arbitrary, small number. By (2.33)
there exists b = b (€) such that

O<vix, 7i<e, for7>0, b<|xi<1 (3.11)
and
O<w,(x)<e for bgx(<1. (3.12)
Next we choose T = T (¢} large enough so that
Ti+ 1 b Ju'n+ w2 ]2
J- f [——-] dxdr<e forr,>T. (3.13)
T; — & aT

Such T exists because of (2.32). It follows from (3.13) that
b
f W W2, 7 7} — 0"V x, )P dx<e  (3.14)
—b

for r.> T and all 7[0, 1]. We conclude from (3.9) and (3.14)
that for 7; large enough and 7€[0, 1]

b
f o * 2, 7, 4 1) — o T 1V 3(x)[ dx<2e. (3.15)
—b

From (3.15), {3.11), and (3.12) we obtain that for 7, large
enough and all 7€[0, 1)

1
[ 7 ) — e Vi etz + /2
-1
(3.16)

Hence (3.10) is proved.
Next we conclude from (3.16) and (3.10) that there exists
a subsequence of 7; such that

pn+ 12 7, + )= T V2%x) ae. in ),

W 2x 1 4+ 1ot x)  ace. for x| < 1.

(3.17)
(3.18)

if 7,— o0 . We use the same notation for this subsequence.
From (3.17) and (3.18) we have

vix, 7+ 7,),{x) ae.in Z, (3.19)
vx, T+ 7,V (x) ae. in D, (3.20)
vlx, 7; + 1}—v(x) a.e. for |x|<1. (3.21)

Let f(x) be some test function depending only on x.
Using (2.29) we have

f ) £ [0t 7, + 1) — o, 7)) s
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=J:"+' fil [v"(x,r)f" + ni - pol, T)f] dx dr.
(3.22)

It follows from (3.19)—(3.21), (2.30), and (3.9) that we can pass
to the limit as 7,— o0 in (3.22). We obtain

.EH,[I [("*)"f" + ni lﬂvlf]dxdt=0.

Therefore,
1 ., 1
f (v'{f + pvlf)dx=0.
-1 n—1

The last equality holds for every test function; thus v,(x) is a
weak solution of Eq. (3.1). From the continuity of v,(x} it
follows that y(x) = v{(x)is the unique classical solution of the
problem

V= — [1/(n = 1} pxjo,{x),

N+1)=0.

Therefore v,(x) is the classical solution of (3.1}. Theorem 3.2
is thus proved.

By Theorem 3.1, v,(x) is the unique solution of (3.1}~
(3.3) and thus the whole sequence v{x, 7} converges to v,{x) as
T—>00.

Returning to the definition of v(x, 7) by (2.26) and (2.27)
we obtain the assertion of Theorem 3.3

Remarks: 1. Theorem 3.3 may be also proved using a
decreasing Liapunov functional (for a good survey and cor-
responding references see Ref. 21). Such an approach is equi-
valent to the one used in our work.

2. Note that via the study of the asymptotic behavior of
the nonstationary problem, as a by-product we have ob-
tained the existence of the solution of the eigenvalue problem
(3.1), (3.2). In Ref. 17 the existence of the relevant eigenvalue
problem is a consequence of a theorem by Amann.?? This
theorem is nonapplicable in our case because p(x) may vanish
on the boundary.

4. FINAL REMARKS
Consider the problem
dv " 1
—_— = 4+ — N 4.1
P) S =2+ ———plp (4.1
vlx, 0) = vylx), (4.2)
v+ 1,¢)=0. {4.3)

A weak solution of (4.1}-{4.3) can be defined by translating
directly the definition of the weak solution of the problem

{2.1)2.3). Similarly, as a consequence of Theorems (3.1)-

(3.3) we obtain, if v{x, #) is a solution of (4.1}—(4.3), then

V(x, t}>v,({x) ast—oo

and v,(x) is the unique stationary solution of the Eq. (4.1).
Note that the functions

v, (x, t)=alcos rx}"" (4.4)
and
v_(x, t)=a[cos(m/28 )(x — x,)]"" (4.5)
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are the appropriate super and subsolutions for (4.1).
The method we have presented may be used to study the
stabilization of the solution of the equation

v
ax?
with g, (x) satisfying the same conditions as p(x) [see (2.3) and
(2.4)] and 1<s < n. Theorems (3.1) and (3.2) provide the exis-
tence and the uniqueness of the stationary solution of (4.6).
The functions defined in (4.4) and (4.5) may be used here as
super and subsolutions.

p(x)%= + il (4.6)
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